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MONODROMY REPRESENTATIONS OF HYPERGEOMETRIC
SYSTEMS WITH RESPECT TO FUNDAMENTAL
SERIES SOLUTIONS
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Abstract. We study the monodromy representation of the generalized hypergeometric
differential equation and that of Lauricella’s F¢ system of hypergeometric differential equa-
tions. We use fundamental systems of solutions expressed by the hypergeometric series. We
express non-diagonal circuit matrices as reflections with respect to root vectors with all entries
1. We present a simple way to obtain circuit matrices.

ai,a

by
metric differential equation, which is second order linear, and with regular singular points
at x = 0,1, 00. There are two natural ways to generalize the hypergeometric differential
equations: one is to higher rank ordinary differential equations and the other is to integrable
systems of differential equations of multi-variables. As the former, generalized hypergeomet-
ric series and equations are well known. As the latter, four kinds of hypergeometric series and
systems of hypergeometric differential equations are introduced by P. Appell and G. Lauri-
cella.

In this paper, we study the monodromy representation of the generalized hypergeomet-
ric differential equation and that of Lauricella’s F¢ system of hypergeometric differential
equations. We use fundamental systems of solutions expressed by hypergeometric series. We
express the circuit matrices along generators of the fundamental group of the complement of
the singular locus with respect to each fundamental system of solutions. The aim of this paper
is the presentation of a simple way to obtain circuit matrices.

Let us explain our method. For each case of the study of monodromy representations,
the problem reduces to determining a circuit matrix M, since the others are trivially given
as diagonal matrices. We can regard this target circuit matrix M as a complex reflection with
respect to a kind of an inner product, i.e., the eigenspace of M of eigenvalue 1 is the orthogonal
complement of an eigenvector v of M of eigenvalue A(# 1). Let H be the gram matrix of
our fundamental system of solutions with respect to this inner product. We can show that it
is diagonal. We normalize our fundamental system so that the A-eigenvector v of M becomes
(1,...,1). Though the matrix H is changed by this normalization, it is still diagonal. By
regarding diagonal entries of H as indeterminants, we set up a system of equations by the
Riemann scheme or relations arising from the fundamental group. By solving it, we can
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1. Introduction. The hypergeometric series 2 F 1( 2, x) satisfies the hypergeo-
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determine H which yields the circuit M. The point is that the target circuit matrix M can
be given by the determination of the gram matrix H. There are many studies to characterize
the gram matrix (the invariant hermitian form) by circuit matrices. It is shown by our method
that its converse is possible for the generalized hypergeometric equation and Lauricella’s F¢
system.

There are several studies for the monodromy representation of the generalized hyperge-
ometric differential equation, refer to [BH], [Le], [Mi], [Oh] and [Os]. For that of Lauricella’s
Fc system in two variables, we have many ways to compute circuit matrices, refer to [GM],
[HU], [Kan], [Kat] and [T]. The case of m variables, it was an open problem for a long time to
determine the monodromy representation. We did not have a simple system of generators of
the fundamental group of the complement of the singular locus. Recently, this open problem
is solved in [G]: it is shown that the fundamental group is generated by m + 1 loops, and that
the circuit transformations along them can be expressed by the intersection from on twisted
homology groups associated with Euler type integral representations of solutions.

This paper consists of four sections. We determine the monodromy representations of
the hypergeometric differential equation, of generalized one, and of Lauricella’s F¢ system in
§2, §3 and §4, respectively. We can obtain the results in §2 from those in §3 by regarding the
rank p as 2. However, we describe details in §2 since this section helps readers to understand
our method well, and results in §2 are needed when we prove the key proposition in §4 by
the induction on the number of variables. Our study in §4 is based on some results in [G].
Lemma 4.3 is an addition to them associated with the fundamental group. This lemma relates
aproduct of loops in C” to a loop in C"~!, and enables us to decrease the number of variables.
Anyone can simply give an expression of the circuit matrix M for the case of two variables
by the reduction to results in §2.

In [KMO], we apply our method to the study of the monodromy representation of a
regular holonomic system of rank 9 associated with a hypergeometric series in two variables,
which is defined by Kampé de Fériet as a generalization of 3 F>.

2. Monodromy representation of , Fi.
2.1. Hypergeometric differential equation. The hypergeometric  series

2 Fy (‘”l; “, x) is defined by
1
o0
2F1 <a], az; x) _ Z (alv n)(a2v n)xn ,
b — (b1,n)(1,n)
n=0
where the main variable x isin {x € C | |x| < 1}, a1, az, b are complex parameters with b ¢

—N={0, -1, -2, ...}, and Pochhammer’s symbol (a, n) stands fora(a+1) ---(a+n—1).
This function satisfies the hypergeometric differential equation

d\? d
1) [X(l - X)(E) +1{b1 — (a1 + a2+ I)X}<E> — amz}f(X) =0.
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This is a Fuchsian differential equation with regular singular points at x = 0, 1, co. The
Riemann scheme of (1) is

x=0 x=1 X =00
2) 0 0 ai
1—-b1 by —a —ar az

and a fundamental system of solutions to (1) for b; ¢ Z around x = ¢ is given by the column

vector
ag, az
2F ;X
( b )

—by+1,a0—b1 +1 ’
xl—h12F1<al 14-2_6;21 1+ ;x)

where ¢ is a sufficiently small positive real number.
2.2. Circuit matrices My and M;. In this subsection, we assume that
3) ai, az, by, ay — by, ap — by, ay+ax—b1 ¢ 7.
We set
Al = exp(2n\/—_1a1), Ay = exp(2n\/—_1a2), B = exp(2n\/—_1b1),

which are different from 1 under our assumption. Let pg and p; be loops in X = C — {0, 1}
with base x = ¢ represented by

00 - [0,1]91‘!—)862”‘/?”6)(,

4
“4) o1 [0, 1]3t 1—(1—g)e2V-lex.

Note that pg and p; turn positively around x = 0 and x = 1 once, respectively. The funda-
mental group 71 (X, X) is freely generated by these loops. We set poo = (po - p1) !, where
po - p1 1s a loop joining po to p.

We select a fundamental system of solutions to (1) around x as

F<a1,az_x)
21 ;
0 by
5 Fx) = (9 > :
©) 2() (0 [75) 1-b, ar—bi+1l,a—b+1
X 2 Fy 2 by P X

where g1 and ¢, are non-zero constants. Let p be an element of 771 (X, x). Then there exists

M pg € G L»(C) such that the analytic continuation of Fg (x) along p is expressed as
MIFS(x).

We call M pg the circuit matrix along p with respect to the basis Fg (x). We set

g _
M = M

9 _ g _
g M =M, M&=MI .

p1?

By the expression of Fg (x), the following is obvious.
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LEMMA 2.1. For any non-zero constants gy and ¢, we have

1 0
M = ( ) )
0 -1
0 B
By using an Euler type integral representation of solutions to (1), we can show the fol-
lowing as is in Lemma 5.2 of [Ma].
LEMMA 2.2. There exists H € GL»(C) such that
t v o_
MgH (Mg) =H
for any p € m(X,x), where z(a1, a2, b1)Y = z(—a1, —az, —b1) for any function z of

ai,az, by, and ZV = (zlyj)fora matrix Z = (z;j).

Since § € GL»(C) acts on H as gH gV, the matrix H depends on g; and go. We treat
the entries of H as indeterminants. By determining them, we express a representation matrix
of the circuit transformation along p;.

LEMMA 2.3. The matrix H in Lemma 2.2 is diagonal.

h1y hip
ha1 hxp

10\ (hi h\ ({1 0
MJH "M =
o (M) <0 Bf1> <h21 hzz) <0 Bl)

h Bih
_( fn thi2) _
B hat hx

Since By # 1 under our assumption, /17 and A2 should be 0. d

PROOF. Weset H = ( ) By Lemma 2.2, we have

By the Riemann scheme (2), it is easy to see that the eigenvalues of M; are 1 and A =
B1/(A1A3). Note that A # 1 under our assumption.

LEMMA 2.4. Letv=(v1, v2) be the eigenvector ofMlg of eigenvalue A = B1/(A1A»),
and w be that of eigenvalue 1. Then we have

wH ™Y =0, vH™W #£0, v #0.
PROOF. By Lemma 2.2, we have
wH v =wM{H " (M])") v = wM)H "(vM{)Y
=wH'Ow)Y = %wH V.

Since A # 1, wH "v" vanishes.

Note that
v vH Y 0
H t..v t..V — .
(w) (v Tw) < 0 wH’u)V>

Since v and w are linearly independent, if vH ‘v = 0 then H degenerates. This contradicts
to H € GL,(C). Thus we have vH "v¥ # 0.
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Suppose that vy = 0. Then (0, 1) is the eigenvector of M 19 of eigenvalue A. By the
equality wH "v¥ = 0, (1, 0) is the eigenvector of M} of eigenvalue 1. Thus we have

g 1 0
My = (0 Bl/(A1A2)> '

The eigenvalues of

1 0
Mg —1 — MgMg — ( )
(Mso) 0 0 1/(A1A2)
are 1 and 1/(A1A>); this contradicts to the Riemann scheme (2) under our assumption (3).
Hence we have v; # 0. We can similarly show vy # 0. O

Note that the eigenvector v of M 19 of eigenvalue A depends on g; and g». We can choose
g1, g2 in (5) so that the eigenvector v of M lg of eigenvalue A becomes v = (1, 1). From now
on, we fix the constants g; and ¢ as the above values. We denote the fundamental system
of solutions to (1) around x for these constants in (5) by Fa(x). The circuit matrices along
00, P1, Poo With respect to F»(x) are denoted by My, M1, M, respectively.

LEMMA 2.5. The circuit matrix M is expressed as

where idy, is the unit matrix of size m, . = B1/(A1Az) andv = (1, 1).
PROOF. We set

H'vv.
vH v

Mi =idy) —

We show that the eigenspaces of M| coincides with those of M. We have

/ . 1—a t
VM| =v|id; — H “vv
vH v

=v—({1—=X)v=2»rv,

which means v is an eigenvector of M| of eigenvalue A. Let w be a vector satisfying wH 'v =
0. Then we have

1—X
wM; :w(id2 e H ’VV)
vH 'v

(1=MNwH'v
—_— V=
vH 'v

s

which means w is an eigenvector of M| of eigenvalue 1. Since M| and M| have the same
eigenspaces, they coincide as matrices. |
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We regard the diagonal entries of H as indeterminants in the expression of M; in Lemma
2.5. By evaluating them, we determine the circuit matrix M. Note that the expression of M}
in Lemma 2.5 is invariant under a scalar multiple to H. We can assume that

1 0
H = (0 h)
PROPOSITION 2.6. We have
__Bi—-A)BI — A)
Bi(Aj —1D(A2— 1)’
Bi(A; — D(A2— 1) Bi(A1 — D(A2— 1)

. A1A2(Br — 1) A1A2(Br — 1)
M =idr, —
_(Bi—ADNB1—A) (Bi-ADBI - Ay
A1A2(B1 — 1) A1A2(B1 — 1)

PROOF. We compute the trace of MoMi, which shouldbe 1/A;+1/A> by the Riemann
scheme (2). Since

10 1—x/ 1 1
MMy = - =
o <0 Bl_1> 1+h<3;1h Bl_lh>’

(A=D1 + B 'h)

we have

tr(MoM1) =1+ B ' +

1+h
_(AlA2+ DBih+ AjAy+ B} 1 N 1
B A1A2B (14+h) AL Ay

We can reduce the last equation to a linear equation with respect to s, which is solved as

_ A1 =By - By)
Bi(A1 —D(A2—1)
We obtain the expression of M by the substitution of this solution into Lemma 2.5. O
REMARK 2.7. Note that
(A1A2 — B1)(B1 — 1)

vH'v=1tr(H) = )
(A1 = 1D)(A2 — DBy
We have
-2 AjAy— B » (A1 —D(A2—-1)B1 (A1 — D(A2— 1By
VH'Vv  AjA; (A1A2 —B)(Bi—1)  AjAyBi—1)

in which the factor A1 A> — Bj is canceled.

We conclude this subsection by the following.
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THEOREM 2.8. Suppose the non-integral condition (3) for a1, ax and by. Then there
exists a fundamental system F,(x) of solutions to the hypergeometric differential equation (1)
around x = € such that the circuit matrices My and My along the loops po and p in (4) are
expressed as

1 0 1—A
Mo = ., My=id)— H'vv,
0 <0 Bl_l) 1=id vH 'v v

where ¢ is a sufficiently small positive real number, A1 = eZ”‘/__l‘”, Ay = eZ”‘/__l“z, B =
V=101 3 = Bi/(A1A2), v= (1, 1) and

1 0
H= (A1 = B1)(A2 - By)
Bi(A1 —1D(A2—-1)

3. Monodromy representation of , F), 1.
3.1. Generalized hypergeometric differential equation. The generalized hyperge-
ometric series is defined by

a a o (ar,n)---(ap,n)
1,..., P . £ e P n
F,_ x| = X,
per 1<b17-~-sbp—1 ) Z(blvn)“'(bp—lvn)(lvn)

n=0
where the main variable x isin {x € C | |x| < 1}, ay,...,ap, b1,...,bp_1 are complex
parameters with by, ..., b,_1 ¢ —N. This series satisfies the differential equation of rank p:
d d
(6) (xa +a1>~-~(xa +ap>f(x)

d d d
=—|x—+b1—1)- - |x—+Dbp_1 -1 .
dx(xdx+ ! > <xdx+ p=1 )f(x)

This is a Fuchsian differential equation with regular singular points at x = 0, 1, co. The
Riemann scheme of (6) is

x=0 x =1 X =00

0 0 aq

1—by 1 a

@) : .
1—b, p—2 ap—1

1 —=bp 27;11 bj =31 ai ap
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and a fundamental system of solutions to (6) for by, ..., b,_1 ¢ Z around X = ¢ is given by
ay,...,dp
F— 9
Pp 1<b1,...,b,,_1 x)
_ —b1+1,...,a,—b1 +1
wl=b g ( ai p ;x)
) PPN by by — b1+ 1, by — b+ 1 ,

—by,_1+1,...,a, — b1+ 1
I=b,1 p ai p—1 yeeesdp p—1 .
e 1(b1—bp_1+l,...,bp_z—bp_1+l,2—bp_1’x

where ¢ is a sufficiently small positive real number. Note that there are p — 1 linearly inde-
pendent holomorphic solutions to (6) on an annulus {x e C |0 < |x — 1] < ¢}.
3.2. Circuit matrices My and M;. In this subsection, we assume that

)4 p—1
©) ai, bj, ai—bj, ai—ay, bj—by, Y ai—Y bj¢7,
i=1 j=1

where | <i,i’ <p,1<j,j/<p—1,i#i"andj # j'. We set
A; =exp2n~/—la;), Bj=expr+/—1bj),

forl <i <pandl < j < p—1. We choose a fundamental system Ff, (x) of solutions to (6)
around x = ¢ as the left multiplication of the diagonal matrix

9= , € GL,(C)

9p

to the column vector (8).
Let Mg and M 19 be the circuit matrices along the loops pg and p; in (4) with respect to
F(x). We set M%, = (MyM{)~".

LEMMA 3.1. Forany diagonal matrix g € GL,(C), the circuit matrix Mog is

1
-1
By

-1
Bp_1
PROOF. Itis clear by (8). |

As is in Subsection 2.2, we have the following lemma.



MONODROMY OF HYPERGEOMETRIC SYSTEMS 555

LEMMA 3.2. Let Mg be the circuit matrix along p € w1 (X, x) with respect to Fg (x).
Then there exists a diagonal matrix H € GL ,(C) such that

t v o_
MIH ' (M9 = H,

where z(ay, ...,ap, b1, ..., b,,_l)v = z(—ai,...,—ap, —b1, ..., —bp_1) for any function
Z of the parameters.

The matrix H depends on g1, ..., g,. We treat the entries of H as indeterminants.
By the Riemann scheme (7) and our assumption (9), the eigenvalues of M lg are 1 and

(o) (f10):

the eigenspace of M lg of eigenvalue 1 is p — 1 dimensional and that of eigenvalue A is one
dimensional.

LEMMA 3.3. Letv = (vi,...,Vp) be an eigenvector ofMlg of eigenvalue ). Then the
eigenspace of M lg of eigenvalue 1 is characterized as

{weCP|wH v =0}.

Moreover, the vector v satisfies

vH 'Y #0.
PROOF. Trace the proof of Lemma 2.4. o
LEMMA 3.4. Letv = (vi,...,Vp) be an eigenvector ofMiq of eigenvalue ). Then the
circuit matrix M 19 is expressed as
1—2
M{ =id, - H "o
! P wH Y
Moreover, none of vy, ..., v, vanishes.
PROOF. We set
M| =id,— ———H "v'v.
! P wH tyY

We show that the eigenspaces of M| coincides with those of M lg . Note that

/ . 1 -2 t..V
VM| =v zdp—thva v'ol=v—(0—-Xv=2Av,
i 1—A (1 —-MNwH v
wM{:w(zdp—UHtvatvvv>=w—Wv=w,

for any element w satisfying wH "v¥ = 0. By Lemma 3.3, we have M| = M.
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Suppose that v; = 0. Then the matrix M 19 takes the form

0 x
ilo 1 0o
10 x

by its expression, where 0 and 0’ are zero vectors. Since Mg is diagonal, we have
i
x 10 %
Iag9 _ -1 ’
MygM{=i|0 B_, 0],
* 10 %

where we regard By as 1. Hence M, has an eigenvalue B;_1, which contradicts to the Rie-

mann scheme (7) under our assumption (9). Therefore, we have v; # Ofor1 <i < p. O
We choose g1, ..., gp so that the eigenvector of eigenvalue A becomes v = (1,..., 1).
From now on, we fix the constants g1, .. ., gp as the above values. We denote the fundamental

system of solutions to (6) around x for these constants in Ff, (x) by Fp,(x). The circuit matrices
with respect to F, (x) are expressed by

1
B_l
1 . I-x
(10) My = , M1=zdp—VHth VV.

-1
B,
Here we regard the diagonal entries of H as indeterminants in the expression of M. By eval-

uating them, we determine the expression of M. Note that the expression of M is invariant
under a scalar multiple to H. We can assume that

1
hi
11 H =
hp_1
Note that the matrix H is unique after this normalization.

PROPOSITION 3.5. Forl <k < p — 1, we have

JFk P
—( 0 - 1))( A - B@)
I<j<p-1 i=1
I » '
Bk( I1 (Bj—Bk))<1'[(Ai—1)>
i=1

1<j<p-1

hy =
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PROOF. We consider the eigen polynomial
Q(t) =det(t - id, — MoM,)

of the matrix MoM, = Mo_ol. By the Riemann scheme (7), 1/A1, ..., 1/A, are solutions to
the equation Q(¢) = 0. Thus we have

det(MoM; — idp/Ayg)

do + U U M
wB'h di+pBr'h uB'h e
—| uBy'h uBy'hy  dy+uBy'hy - wBy 'h
uB L hpt uB L hpr B Ly o dpoi 4B Ry
do + 1 A A 7}
~doB'hy 4y 0 -0
—| —doBs'hy 0 d -+ 0
—doB, \hpt 0 0 oo dpy
v A—1 A—=1 - A-—1
—doB; "Iy di 0o - 0
_ ! ~doBy'hy 0y - 0 |_.
L+hi+--+hp . . . .
—doB;_llhp_l 0 0 - dy
where yu = ﬁ, v=dy(h1+---+hp_1)+Ai—1/A;and
Ag—1 A¢— B Ag—B,_
do = ¢ ’ dlzg,...,dp_le
Ag A¢Bq A¢Bp_1
The last determinant is linear with respect to a1, ..., h,—1 since these variables appear only

in the first column as linear terms. By the cofactor expansion with respect to the first column,
we can evaluate its coefficient of /; and its constant term. By multiplying A} _1( P A
( ]_[f;ll Bj) to them, we have a linear equation

p—1 J#k i#L j#k
—ZBk(Az—1)< I1 (Az—Bj)>< [T 4- ]I Bj)hk
k=1

1<j<p-1 1<i<p I=j=p-1
p—1 i#l p—1

(i) -1
j=1 I<i<p j=l1

from Q(1/A;) = 0. By letting ¢ vary from 1 to p, we have a system of p linear equations
with respect to A1, ..., hp_1 under the assumption (9). Since det(MoM;) = 1/ ]_[f=1 A; for
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any hi, ..., hp_1, the last equation Q(1/A,) = 0 is not independent of the others. Thus this
system is of rank p — 1 and has a unique solution. We can check that

—< jﬁk (Bj — 1)><i1;p11(Ai - Bk))

I<j=<p-1
= l1<k=<p-1
k P . (I<k=p-1D
Bk( IT (Bj_Bk)><H(Ai_1))
I<j<p-1 i=1
satisfy this system. The uniqueness of H completes this proposition. ]

REMARK 3.6. Note that

p p—1 p—1
(fie-To) e -

Jj=1

vH'v=tr(H) = =
P p—1
[T =1 [T B
i=1 j=1
We have
P p—1
[TAi =D [] B;
-2 =l j=1
vHiv P p—1 ’
[TA: [IB;—=1
i=1  j=1

in which the factor [T/_; A; — ]_[f;ll Bjin1—and vH "v is canceled.

We conclude this subsection by the following.

THEOREM 3.7. Suppose the non-integral condition (9) for ay, ..., ap, b1,...,bp—1.
Then there exists a fundamental system F,(x) of solutions to the hypergeometric differential

equation (6) around x = & such that the circuit matrices My and My along the loops py and
p1 in (4) are expressed as

1
-1
M, % Mi=idy—~—tpr
= , =id,— —H 'vv,
0 1 P vH v
~1
Bp—l
where ¢ is a sufficiently small positive real number, A; = 2V ~lai (I <i=<p),B;=
—1b; . —1
AV (1<j<p-1 = (IT5=: ;) /(TTi= Ai). v=(1..... 1) and
1
hy
H = ,
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—( il (Bj—n)(ﬁ(Ai—Bk))

_ l<j=p-1 i=1
(= — - (I<k=<p-1.
Bk( [T B;- Bk))( [1cAi - 1))
1<j<p-1 i=1

4. Monodromy representation of Fc.

4.1. Lauricella’s F¢ system. In this subsection, we refer to [AK], [HT] and [La] for
fundamental properties of Lauricella’s F¢ system. Lauricella’s hypergeometric series Fc is
defined by

ai, az
F X, .., X
C<b1,...,bm "

Z (alvnl+"‘+nm)(a27nl+"‘+nm)xn1_“xnm
W B1m) by (L) - (L)~
ny,...,ly €N
where the vector x = (x1, ..., Xx;;) consisting of the main variables is in
{x e C" [ VIxil+ -+ lxm| < 1},
and ay, a, by, ..., b, are complex parameters with by, ..., b, ¢ —N. This series satisfies
differential equations
J# J#i
[x,»(l —xX)F =X Y XY = > xx05,0),
I<j<m 1<ji,ja<m
J#i
+{bi — (@1 +ax+ Dxi}o; — (@ +az+1) Y x;0; —61102:|f(x) =0,
1<j<m
(i =1,...,m), which generate Lauricella’s F¢ system of hypergeometric differential equa-

tions. Here 9; is the partial differential operator with respect to x;. Lauricella’s F¢ system is
integrable of rank 2" and regular singular with singular locus

Sp={xeC" | x1- xnRn(X) =0},
where R, (x) is a polynomial of degree 2! given by

[T G+ovam+ - +omyam).
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FAcT 4.1 ([La]). Ifby,..
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., by & 7 then a fundamental system of solutions to Lauri-
..., Em) s given as follows:

ap, az
1 F T X
C<b1,...,bm >
1—b; ar—bj+1l,a0—bj+1
. F >
" Y C(bl,...,Z—bj,...,bm *
s ar+ Yy (1—=0bj),aa+ Y (1-0j)
|| e x
Jjedr by +281,5,(1=b1), ..., by + 28,5, (1—=by,)
> >
mooq_p, ai+ ), (1 —=>bj),ar+ ) (1 —0bj)
1 [ij ji|FC i=1 ! i=1 ];x
j=1 2—by,...,2—by

where €1, . . ., &y, are sufficiently small positive real numbers satisfying
EL> > E&m,
and J; is a subset of {1, ..., m} of cardinality r, and
1 if ield,
12 8i 7 =
(12) b {0 if i¢J.

. . 1-b; . )
We denote the solution with the factor [ ];; x ; /in Fact 4.1 by FCJ' (x). For the empty
set Jo = ¢, we omit Jy from this expression, i.e.,

Jo _ o _ a,az
Fe (x)_FC(x)_FC(bl,...,bm’x>'

4.2. Circuit matrices of Lauricella’s Fc. In this subsection, we assume that

m
m—+1
(13) b1, b, @ —_ij, az—ij, ay+ay — ij +——¢Z,
jeJ jeJ j=1
where J runs over the subsets of {1, ..., m}. We set

A; = expQrv/—la) (i = 1,2), B; =expu/—1bj) (1 < j <m).
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We choose a fundamental system Fg (x) of solutions to Lauricella’s system of F¢ around
x=1(e1,...,&pn)as

Fe(x)
Fl)=g| FA) |, g=diag(gs, .. 975> 91,) € GLam(C),
I
Fe" (x)
where diag(zi, ..., z») denotes the diagonal matrix with diagonal entries z1, ..., Zm, J C
{1, ..., m} are arranged lexicographically, i.e,

Jo=¢, {1}, {2}, {1,2}, {3}, .. .. {1,2,3}, {4}, .. .. {1, ....m} = Jp .

Note that the order of J from the smallest is

m
2 =1+ Z(Si,ﬂi_l = 148120+ 872" +83 2% -+ 82",
i=1
where §; ; is given in (12).

Let X be the complement of the singular locus S, in C™. Let p be a loop in X with base
point X = (&1, ..., &). Then there exists M, € G Lo»(C) such that the analytic continuation
of Fg (x) along p is expressed as Mg Fg(x). We call Mg the circuit matrix of Lauricella’s
system F¢ with respect to the fundamental system Fg (x).

We give a system of generators of the fundamental group 71 (X, x).

FACT 4.2 ([G]). Letp; (1 <i <m)be aloop defined by
i-th
pi 10,115t — (81, ey il Eiezn\/jlt, Eitl, ...,Sm) € X,
and let pm+1 be a loop in the intersection of X and the line

L={x-1reC"|teC}

starting from x, turning around the nearest point of the intersection S, L to x once positively,
and tracing back to x. Then these loops generate the fundamental group w1 (X, X), and satisfy
the relations

pipi = 0ipjs  (PiPm+1)* = (omt1p))*, (1<i<j<m).
LEMMA 4.3. We have

—1 -1
(Om+1* Pm * Pm+1 Py ) * Pm = Pm = (Pm+1* Pm * Pm+1 " Py ) s

—1 5(\ ’
Pm+1 " Pm = Pm+1 " Ppy ™ Pry
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where p!, is the generator of m(X', %) for X' = C"~! — §,,_| embedded into the hy-
perplane x,, = 0 in the space X = {x € C" | x1---x—1Rn(x) # 0} with base point

. X . A
x'=(e1,...,&m-1) € X/, and ~ denotes the homotopy equivalence in X.

PROOF. Itis a direct consequence from Fact 4.2 that p,,41 - o - Pm+1 - Oy I commutes
with p,,. Let the line L move along p,,. By tracing the deformation of p,,+1, we have a loop
starting from x, turning around the second nearest point S,, N L to X once positively, and
tracing back to x. Since the base point X moves along o, this deformation is homotopic to
Om * Pm+1 - P, - Thus the loop

Pmt1 - (P - Pt - P )

turns around the first and second nearest points S,, N L to X once positively. Consider
the limit as x,, — 0. These points meets and the polynomial R, (x1, ..., x,) reduces to
Ry—1(x1, ..., Xm—1)%. Moreover the duplicated point is the nearest point of the intersection
Sm—1 N L’ to x’. Hence the 100p pm+1 * Pm - Pm+1 - ,onjl is homotopic to p;,. O

REMARK 4.4. By the symmetry of the space X, Lemma 4.3 is valid for the replace-
ment p,, — p; (i =1,...,m — 1) with changing the embedding X’ — C™.

We set
Ml.g:Mgi (I<i<m+1).

LEMMA 4.5. The circuit matrix Ml.g of Lauricella’s system Fc is a diagonal matrix

whose entry corresponding to a subset J of {1, ..., m} is
i if ield
B = { Bi ’
1 if i¢J,

where B; = exp(2mw+/—1b;). It is independent of the diagonal matrix g € G Lyn (C).

PROOF. We have only to note that the solution FCJ has a factor xil_b" if and only if
iel. O

There are 2" ~! subsets J’s such that i € J forany 1 < i < m. The both eigenspaces of
M; of eigenvalue 1/B; and of eigenvalue 1 are 2”7~ ! dimensional.
We need the following two facts given in [G].

FACT 4.6. Let Mg be the circuit matrix along p € w1 (X, x) with respect to Fg (x).
Then there exists a diagonal matrix H € G Lon (C) such that

g f g\Vv _
MIH ' (M9 =H,

where z(ay, az, by, ...,by)Y = z(—ay, —az, —by, ..., —by) for any function z of the pa-
rameters.
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Note that the matrix H depends on the diagonal matrix ¢ € GL»(C). We treat the
entries of A as indeterminants.

FACT 4.7. The eigenvalues of the circuit matrix an 41 consists of 1 and ). The eigen-
space of eigenvalue X is spanned by a row vector v. The eigenspace of eigenvalue 1 is 2™ — 1
dimensional.

REMARK 4.8. Itis shown in [G] that the eigenvalue A of the circuit matrix M, is

(—1)’"“(]"[ Bj)/(A1A2>,
j=1

which is different from 1 under our assumption, where A; = exp(2r+/—1a;) (i = 1,2). In
this subsection, we treat A as an indeterminant different from 1, and we show that A should
take the above value.

LEMMA 4.9. Letv=(...,vy,...)bean eigenvectorofMg

1 Of eigenvalue ). Then

the eigenspace of Mri of eigenvalue 1 is characterized as

+1
{(weC | wHW =0}.
Moreover, the vector v satisfies
vH "vY #£0.
PROOF. Trace the proof of Lemma 2.4. o

LEMMA 4.10. Let v be an eigenvector of MiH of eigenvalue A. Then the circuit
matrix M ng1 41 Is expressed as

Moreover, no entry of v vanishes.

PROOF. For the expression of M ng1 41 trace the proof of Lemma 3.4. We show that the
Jj-th entry v; of v does not vanish. Under our assumption (13), Lauricella’s F¢ system is
irreducible by Theorem 13 in [HT]. Suppose that v; = 0. Then the matrix M ng1 4 takes the
form

J
* 0 x
jl1o 1 0o
* 0 x

by its expression, where 0 and 0" are zero vectors. Since Mig (1 <i < m) are diagonal, the
space spanned by the j-th unit vector is invariant under the actions of circuit matrices. This
contradicts to the irreducibility of the system. Therefore, we have v; # 0. O
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We choose g € G L= (C) so that the eigenvector of eigenvalue A becomesv = (1, ...,1).
From now on, we fix the entries of ¢ as above values. We denote the fundamental system of
solutions to Lauricella’s F¢ around x for this g in Fg (x) by Fc(x). We denote the circuit
matrices with respect to Fc(x) by My, ..., My, and M, ;. Explicit forms of My, ..., M,
are given in Lemma 4.5, and we have
1—A
vH v
where we regard A and the entries of H as indeterminants. By evaluating them, we determine
the expression of M,,+1. By a scalar multiplication to H, we can assume that

H =diag(l,...,hy,...),

H'vv,

My = idom —

where J runs over the non-empty subsets of {1, ..., m} arranged lexicographically. Note that
the matrix H is unique after this normalization.

LEMMA 4.11. The eigenspace of My, +1 of eigenvalue 1 is spanned by row vectors
hjep —ey, ¢ #=J C{l,...,m},
where ey = (1,0,...,0) € N2" and ey is the 27 -th unit vector of size 2.
PROOF. Sincev=(1,...,1),and H = diag(l,...,hy,...), we have
(hjep —e))H 'V = (hjey —hje;) 'v=hy—h;=0.

By Lemma 4.9, these vectors span the eigenspace of M, of eigenvalue 1. O

(4-mm)(a-nm)

(A1 = D(A2 =1 [] By
jelJ

PROPOSITION 4.12. We have

3

hy =DV

<A1A2+(—l)m ﬁ Bj> ﬁ(Bj -1
. i

w(H) = = ,
(A1 = D(A2 - 1) [] B;
j=1
)\.Z(—l)m+1<l_[BJ)/(AlA2)a

j=1
where |J | is the cardinality of J.

PROOEF. At first, we determine the entries of H. We use the induction on m. We have
shown in Proposition 2.6 that our assertion holds for m = 1.

Assume that our assertion holds for m — 1. From our fundamental system F¢ (x) to Lauri-
cella’s system Fc, we choose the 2m=1 golutions corresponding to the subsets of {1, ..., m —
1} and restrict to the hyperplane x,, = 0. Then we have the fundamental system F(. (x) to Lau-
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ricella’s system F¢ of the m — 1 variables x1, ..., x;;—1. Note that the top-left block matrix
of M; (1 <i <m—1)ofsize 2m=1 ¢oincides with the circuit matrix Ml.’ for this fundamental
system F’C (x). By Lemma 4.3, the matrix Mm+1MmMm+1Mn:1 commutes with M,,. Thus it
is block diagonal with block size om=1l je.

M, O
M+1MM+1M_1=( m )

We consider its top-left block matrix M/, of size 2~ !. By Lemma 4.3, this can be regarded as
the circuit matrix of p/, € 71 (X', x’) with respect to the restriction of chosen 2~ ! solutions
to x,, = 0. The eigenspace of M}, of eigenvalue 1 is 2”"~! — 1 dimensional by Fact 4.7. By the
assumption of the induction, the other eigenvalue of M;, is A" = (—1)"( ]_[;f’:_ll Bj)/(A1A).

We show that v = (1,...,1) € NZW1 is its eigenvector. This is equivalent to show that
the top-left block of the normalizing matrix ¢ € G L2»(C) coincides with the normalizing
matrix ¢’ € GLow-1(C) for the m — 1 variables case modulo non-zero scalar multiplication.
Let e and e/J, be the e’ -th unit vector of size 2" and that of size 2! for a subset J' of
{1,...,m — 1}. Then we have ejy M;, = e;» by Lemma 4.5. Lemma 4.11 yields that

(hyrep — €)My i1 My My 1My, = hypeg — e
for any non-empty set J' of {1, ..., m — 1}. Thus
hpey—ey (@#J Cfl,....,m—1})
span the eigenspace of M, of eigenvalue 1. Since
(hyey—e;NH'V =0

for the top-left block matrix H' of H of size 2"~!, v’ is an eigenvector of M, of eigenvalue
A’ by Lemma 4.9. Hence H' coincides with the matrix for the case of m — 1 variables, i.e.,
h y for any subset of {1, ..., m — 1} should be equal to

(- 1) (- 1 m)

( I Bj)(Al —D(A2=1)

jeJ’

(=p

From our fundamental system F¢(x) to Lauricella’s system Fc, we choose the 27!
solutions corresponding to the subsets of {1,...,m — 2, m} and restrict to the hyperplane
Xm—1 = 0. Then we can lead hy for any subset J' of {1,...,m — 2, m} similarly to the
previous way by the symmetry of the Lauricella’ system Fc. Especially, we have
(A1 — Bn)(A2 — Bp)

(A1 = D(A2 = DBy

From our fundamental system Fc(x) to Lauricella’s system Fc, we choose the 27!

solutions corresponding to the subsets of {1, ..., m} including the index m. Note that these

solutions include the factor x,}fb’". We consider the ratio of them and restrict it to x,, = 0.

himy = —
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This restriction of the ratio coincides with the ratio of the fundamental system F¢ (x) to Lau-

ricella’s system Fc of the m — 1 variables xi, ..., x,—1 with parameters a; — b, + 1,
a — by + 1, by,...,by—1 by Fact 4.1. Its circuit matrices appear in the bottom-right
blocks of M; (1 < i < m — 1) and of Mm+1MmMm+1M,;1. We can show similarly to
the previous that v/ = (1,...,1) € N2""" is an eigenvector of the bottom-right block
matrix M, of My,41 My M1 M, ' of non-one eigenvalue. By the assumption of the in-
duction, for any subset J' of {1,...,m — 1}, the ratio of /g, and hyyy coincides with

h'l(Ay,A2)—> (A{/ B, A2/ By)» Which is the transformed ;- by the replacement
(A1, A2) = (A1/Bm, A2/Bm) .
Hence we have

hyommy = himy - By l(Ar, A2)— (A1 /B, A2/ Bu)

A A
e )
__ (A1 — Bp)(Ay — By) . (_1)”/' m  jeJ m  jeJ’
(A1 = (42— DB, (ﬂ_1><ﬂ_l) s
B;n Bm jEJ/
<A1 — 1_[ Bj><A2— ]_[ Bj)
jeJ'U{m} jeJ'Uim}

A —DA -1 1 B
jeJ'U{m}

— (_1)|J'U{m}\

Next we compute the trace of H. We have seen that our assertion on tr(H) holds for
m = 1 in Remark 2.7. Suppose that our assertion on tr(H) holds for m — 1. Let H’' be the
top-left block matrix of H of size 2~ !. By the previous consideration and the assumption of
the induction, we have

tr(H) = tr(H") 4+ hyny - tt(H)|(A;, Ay)— (A1 /By, As/ Bw)

m—1 m—1
<A1A2+(—l)m_l I1 Bj) [1B; -1
j=1 j=1

m—1

(A1 = D(A2 =D [T B,
j=1

Al A m—1 m—1
< L —m Bj) (Bj — 1)
(A1 = Bu)(A2—By) \ By =1/ =1
A1 —1)(A2— DB A A m—1
(A1 — D(A2 — ) By, (_1_1)<_2_1> B,
Bm Bm j=1

By taking out the common factor

m—1 m
[ - 1)/[(A1 - DA -DJ] B,}
j=1 j=1
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from the above, we have

m m
(AlAzBm + D" Bj) - <A1A2 + (D" By [ Bj>
j=1 j=1
m

= (AlAz +=D"] Bj>(3m -1,

j=1

which yields our assertion on tr(H) for m.
Finally, we determine the eigenvalue A so thatu = (1,...,1,0, ..., 0) is an eigenvector
of My 1 My My 11 M, " Note that

_ . 1—A
1‘4;711‘4;71+11V[rn1 = idom — WH "wYw

forw=vM, ' =(,...,1, By, ..., By). Note also that

vH'v=wH'w" =tuw(H), uH'v=uH'w' =tr(H),

VH "wY =tr(H') + By himtr(H') (A} Ay)—> (A1 /By As/ Bur)

A1Ay(By, + 1) 1"_1[ (Bj -1
j=1

(A1 — (A — DB [] B

’

j=1
vH 'wY _ A1Ay(By, + 1)
vHiv m :
(A1A2 + (=)™ [] Bj)Bn
j=1
Thus we have
UMy 1 My My 1 M,
. I-A -, . 1—A (v
=u <ld2m ~VH th VV) <ld2m — mH w'w
(I=MuH'v  (1=MuH'v  (1=2)2wH 'v)(vH "w")
=u— v— w
vH v vH vy (VH v)?2
uH ’V(1 DO+ w) + (uH 'v)(vH 'wY) (1)
=u— —AMNV+w - MDw,
vH v (VH tv)?

which should be a scalar multiple of u. Since its 2™ entry vanishes, A satisfies the quadratic
equation

t,,V

v 2
1+ B —1r) = B, (1 —X)~.

H'y
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Hence we have

t m
1_)L=M:1+(_1)m(]_[3j)/(A1A2),

B,vH 'wV il
under the assumption A # 1. g
REMARK 4.13. Itis easy to obtain
m
A= :t< ]_[ Bj>/(A1A2)
j=1

inductively. In fact, the determinant of M,, 1M, M1 M,, l'is 2. On the other hand, the
determinants of its top-left block matrix and bottom-right one are

m—1
det(M},) = (-1)’”( I1 Bj)/(AlAz)a
j=1

m—1
det(M, )| (A, 42)— (A1 /By, As/Bw) = (— D™ l—[ Bj/[(Al/Bm)(Az/Bm)],
j=1

respectively. These product is equal to A2.

REMARK 4.14. We have

(A= D42 — 1) [1 B

1—A _ j=1
vH v n ’
A1Ap 1—1 (Bj -1
j=1
in which the factor Aj A + (—1)™ ]_[7:1 Bjin 1 — X and vH 'v is canceled.

We combine results as follows.

THEOREM 4.15. Suppose the non-integral condition (13) for a1, az and by, ..., by,.
Then there exists a fundamental system Fc(x) of solutions to Lauricella’s Fc system around
X = (e1,...,&m) such that the circuit matrices My, ..., My, and My, 1 along the loops
Ply -« Pm and pmy1 in Fact 4.2 are expressed as

M; =diag(1,.... B, ..) (1<i<m),
11—
M, =idm — H'vv,
m+1 2 VH 'v
where €1, ..., &y, are sufficiently small positive real numbers, A; = eV lai i=12),

Bj=eV"0i (1<j<m)v=(,...,1) e N,

(1 el it (TT e
31,1—{0 iigs *=CD (jl:[lBj)/(AlAzx



MONODROMY OF HYPERGEOMETRIC SYSTEMS 569

)

H =diag(1,...,hy,...), hy= =DV
(ﬂ Bj)(Al - D(A2—-1)

3

jeJ
J runs over the non-empty subsets of {1, ..., m} arranged lexicographically, and |J | is the
cardinality of J.
REMARK 4.16. We have seen that N,,, = m+1MmMm+1M,;1 is block diagonal with

block size 2"~1. We inductively define matrices N,,_x as

Nk = Nkt \ Mk N—kn My Lo k=1, m =2,

Then the matrix N, _i is block diagonal with block size m—k=1

[AK]

[BH]

[G]

[GM]

[HT]

[HU]

[KMO]

[Kan]
[Kat]

[La]

[Le]

[Ma]

[Mi]

[Oh]

[Os]

[T]
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