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Abstract. We give the boundedness of the maximal operator on Musielak-Orlicz-
Morrey spaces, which is an improvement of [7, Theorem 4.1]. We also discuss the sharpness
of our conditions.

1. Introduction. For f ∈ L1
loc(R

N), its maximal function Mf is defined by

Mf(x) = sup
r>0

1

|B(x, r)|
∫

B(x,r)

|f (y)| dy ,

where B(x, r) is the ball in RN with center x and of radius r > 0 and |B(x, r)| denotes its
Lebesgue measure. The mapping f �→ Mf is called the maximal operator. When f is a
function on an open set Ω in RN , we define Mf by extending f to be zero outside Ω .

The classical result that M is a bounded operator on Lp(RN) for p > 1 has been ex-
tended to various function spaces. Boundedness of the maximal operator on variable exponent
Lebesgue spaces Lp(·) was investigated in [3] and [4]. Variable exponent Lebesgue spaces are
special cases of the Musielak-Orlicz spaces, which were first considered by H. Nakano as
modulared function spaces in [12] and then developed by J. Musielak as generalized Orlicz
spaces in [9]. The boundedness of the maximal operator was also studied for variable ex-
ponent Morrey spaces (see [1, 8]). All the above spaces are special cases of the so-called
Musielak-Orlicz-Morrey spaces

In [7, Theorem 4.1], we established the boundedness of the maximal operator M on
Musielak-Orlicz-Morrey spaces LΦ,κ(RN) defined by general functions Φ(x, t) and κ(x, r)

satisfying certain conditions. Our aim in this paper is to give its improvement by relaxing
assumptions on Φ(x, t) (Theorem 7). In fact, we shall show our result by assuming (Φ5; ν)
and (Φ6; ω) below instead of (Φ5) and (Φ6) in [7]. Further, the result is proved without the
doubling condition on Φ(x, ·) which is (Φ4) in [7]. As a result, we can include a variety of
examples of Φ(x, t) to which our theory applies; in particular, non-doubling functions Φ(x, t)

as in Examples 2–5. See also Hästö [6]. His conditions for the boundedness of the maximal
operator on Musielak-Orlicz spaces are different from ours.

In the final section, we discuss the sharpness of the conditions (Φ5; ν) and (Φ6; ω).

2010 Mathematics Subject Classification. Primary 46E30; Secondary 42B25.
Key words and phrases. Maximal operator, Musielak-Orlicz-Morrey space, variable exponent.



484 F. MAEDA, T. OHNO AND T. SHIMOMURA

2. Preliminaries. Let Ω be an open set in RN and consider a function

Φ(x, t) : Ω × [0,∞) → [0,∞)

satisfying the following conditions (Φ1)–(Φ4):

(Φ1) Φ( · , t) is measurable on Ω for each t ≥ 0 and Φ(x, · ) is continuous on [0,∞)

for each x ∈ Ω ;
(Φ2) there exists a constant A1 ≥ 1 such that

A−1
1 ≤ Φ(x, 1) ≤ A1 for all x ∈ Ω;

(Φ3) t �→ Φ(x, t)/t is uniformly almost increasing on (0,∞), namely there exists a
constant A2 ≥ 1 such that

Φ(x, t1)/t1 ≤ A2Φ(x, t2)/t2 for all x ∈ Ω whenever 0 < t1 < t2 .

Note that (Φ2) and (Φ3) imply

Φ(x, t) ≤ A1A2 t for 0 ≤ t ≤ 1 and Φ(x, t) ≥ (A1A2)
−1 t for t ≥ 1.(1)

Let φ̄(x, t) = sup0<s≤t Φ(x, s)/s and

Φ(x, t) =
∫ t

0
φ̄(x, r) dr

for x ∈ Ω and t ≥ 0. Then Φ(x, ·) is convex and

Φ(x, t/2) ≤ Φ(x, t) ≤ A2Φ(x, t)(2)

for all x ∈ Ω and t ≥ 0.
We also consider a function κ(x, r) : Ω × (0,∞) → (0,∞) satisfying the following

conditions:

(κ1) there is a constant Q1 ≥ 1 such that

κ(x, 2r) ≤ Q1κ(x, r)

for all x ∈ Ω and r > 0;
(κ2) r �→ r−εκ(x, r) is uniformly almost increasing on (0,∞) for some ε > 0, namely

there exists a constant Q2 ≥ 1 such that

r−εκ(x, r) ≤ Q2s
−εκ(x, s)

for all x ∈ Ω whenever 0 < r < s;
(κ3) there is a constant Q3 ≥ 1 such that

Q−1
3 min(1, rN ) ≤ κ(x, r) ≤ Q3 max(1, rN)

for all x ∈ Ω and r > 0.
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Given Φ(x, t) and κ(x, r) as above, the Musielak-Orlicz-Morrey space LΦ,κ(Ω) is de-
fined by

LΦ,κ(Ω)

=
{
f ∈ L1

loc(Ω) : sup
x∈Ω,r>0

κ(x, r)

|B(x, r)|
∫

B(x,r)∩Ω

Φ

(
y,

|f (y)|
λ

)
dy < ∞ for some λ > 0

}
.

It is a Banach space with respect to the norm

‖f ‖Φ,κ;Ω = ‖f ‖LΦ,κ (Ω)

= inf

{
λ > 0 : sup

x∈Ω,r>0

κ(x, r)

|B(x, r)|
∫

B(x,r)∩Ω

Φ

(
y,

|f (y)|
λ

)
dy ≤ 1

}

(cf. [11]).
In case κ(x, r) = rN , LΦ,κ (Ω) is the Musielak-Orlicz space LΦ(Ω) (cf. [9]).
We shall also consider the following conditions for Φ(x, t): Let p ≥ 1, q ≥ 1, ν > 0

and ω > 0.

(Φ3; 0; p) t �→ t−pΦ(x, t) is uniformly almost increasing on (0, 1], namely there
exists a constant A2,0,p ≥ 1 such that

t
−p
1 Φ(x, t1) ≤ A2,0,p t

−p
2 Φ(x, t2) for all x ∈ Ω whenever 0 < t1 < t2 ≤ 1;

(Φ3; ∞; q) t �→ t−qΦ(x, t) is uniformly almost increasing on [1,∞), namely there
exists a constant A2,∞,q ≥ 1 such that

t
−q

1 Φ(x, t1) ≤ A2,∞,q t
−q

2 Φ(x, t2) for all x ∈ Ω whenever 1 ≤ t1 < t2;
(Φ5; ν) for every γ > 0, there exists a constant Bγ,ν ≥ 1 such that

Φ(x, t) ≤ Bγ,νΦ(y, t)

whenever x, y ∈ Ω , |x − y| ≤ γ t−ν and t ≥ 1;
(Φ6; ω) there exist a function g on Ω and a constant B∞ ≥ 1 such that 0 ≤ g(x) ≤ 1

for all x ∈ Ω , g ∈ Lω(Ω) and

B−1∞ Φ(x, t) ≤ Φ(x ′, t) ≤ B∞Φ(x, t)

whenever x, x ′ ∈ Ω , |x ′| ≥ |x| and g(x) ≤ t ≤ 1.

Note that (Φ3; 0; 1) + (Φ3; ∞; 1) = (Φ3). If Φ(x, t) satisfies (Φ3; 0; p), then it satis-
fies (Φ3; 0; p′) for 1 ≤ p′ ≤ p; if Φ(x, t) satisfies (Φ3; ∞; q), then it satisfies (Φ3; ∞; q ′)
for 1 ≤ q ′ ≤ q .

If Φ(x, t) satisfies (Φ3; 0; p), then

Φ(x, t) ≤ A1A2,0,p tp for 0 ≤ t ≤ 1;(3)

if Φ(x, t) satisfies (Φ3; ∞; q), then

Φ(x, t) ≥ (A1A2,∞,q)
−1 tq for t ≥ 1.

If Φ(x, t) satisfies (Φ5; ν), then it satisfies (Φ5; ν′) for all ν′ ≥ ν; if Φ(x, t) satisfies
(Φ6; ω), then it satisfies (Φ6; ω′) for all ω′ ≥ ω.
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REMARK 1. In view of (Φ2), if |Ω | < ∞, then (Φ6; ω) is automatically satisfied for
every ω > 0 with g(x) ≡ 1.

In the following examples, let

f − := inf
x∈Ω

f (x) and f + := sup
x∈Ω

f (x)

for a measurable function f on Ω .

EXAMPLE 2. Let pi(·), i = 1, 2 and qi,j (·), j = 1, . . . , ki , be real valued measurable
functions on Ω such that p−

i > 1 and q−
i,j > −∞, i = 1, 2, j = 1, . . . , ki .

Set Lc(t) = log(c + t) for c > 1 and t ≥ 0, L
(1)
c (t) = Lc(t), L

(j+1)
c (t) = Lc(L

(j)
c (t)).

Let

Φ(x, t) =
⎧⎨
⎩

tp1(x)
∏k1

j=1(L
(j)

e−1(1/t))−q1,j (x) if 0 ≤ t ≤ 1 ;
tp2(x)

∏k2
j=1(L

(j)
e−1(t))

q2,j (x) if t ≥ 1 .

Then, Φ(x, t) satisfies (Φ1), (Φ2) and (Φ3). It satisfies (Φ3; 0; p) for 1 ≤ p < p−
1 in

general and for 1 ≤ p ≤ p−
1 in case q−

1,j ≥ 0 for all j = 1, . . . , k1; it satisfies (Φ3; ∞; q) for

1 ≤ q < p−
2 in general and for 1 ≤ q ≤ p−

2 in case q−
2,j ≥ 0 for all j = 1, . . . , k2.

Moreover, we see that Φ(x, t) satisfies (Φ5; ν) for every ν > 0 if p2(·) is log-Hölder
continuous, namely

|p2(x) − p2(y)| ≤ Cp

Le(1/|x − y|) (x, y ∈ Ω)

with a constant Cp ≥ 0 and q2,j (·) is (j + 1)-log-Hölder continuous, namely

|q2,j (x) − q2,j (y)| ≤ Cj

L
(j+1)
e (1/|x − y|)

(x, y ∈ Ω)

with constants Cj ≥ 0 for each j = 1, . . . , k2.
Finally, we see that Φ(x, t) satisfies (Φ6; ω) for every ω > 0 with g(x) = (1 +

|x|)−(N+1)/ω if p1(·) is log-Hölder continuous at ∞, namely

|p1(x) − p1(x
′)| ≤ Cp,∞

Le(|x|)
whenever |x ′| ≥ |x| (x, x ′ ∈ Ω) with a constant Cp,∞ ≥ 0, and q1,j (·) is (j + 1)-log-Hölder
continuous at ∞, namely

|q1,j (x) − q1,j (x
′)| ≤ C′

j

L
(j+1)
e (|x|)

whenever |x ′| ≥ |x| (x, x ′ ∈ Ω) with a constant C′
j ≥ 0, for each j = 1, . . . , k1. In

fact, if (1 + |x|)−(N+1)/ω < t ≤ 1, then t−|p1(x)−p1(x
′)| ≤ e(N+1)Cp,∞/ω for |x ′| ≥ |x| and

(L
(j)

e−1(1/t))|q1,j (x)−q1,j (x
′)| ≤ C(N,C′

j ) for |x ′| ≥ |x|.
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EXAMPLE 3. Let p(·) be a measurable function on Ω such that 0 < p− ≤ p+ < ∞.
Then,

Φ(x, t) = ep(x)t − p(x)t − 1

satisfies (Φ1), (Φ2) and (Φ3). It satisfies (Φ3; 0; p) and (Φ3; ∞; q) for 1 ≤ p ≤ 2 and
q ≥ 1.

Moreover, we see that Φ(x, t) satisfies (Φ5; ν) for every ν > 0 if p(·) = const. and for
ν ≥ 1/α if p(·) is α-Hölder continuous , namely

|p(x) − p(y)| ≤ Cα|x − y|α
with a constant Cα ≥ 0 (0 < α ≤ 1). In fact,

(1 − (1 + p−)e−p−
)ep(x)t ≤ Φ(x, t) ≤ ep(x)t

for all x ∈ Ω and t ≥ 1 and

|p(x)t − p(y)t| ≤ Cαγ α

whenever 1 ≤ t ≤ (γ /|x − y|)α.
Finally, we see that Φ(x, t) satisfies (Φ6; ω) for every ω > 0 with g(x) ≡ 0, since

1

2
(p(x)t)2 ≤ Φ(x, t) ≤ ep+

2
(p(x)t)2

for all x ∈ Ω and 0 ≤ t ≤ 1.

EXAMPLE 4. Let p(·) be a real valued measurable function on Ω such that p− ≥ 1.
Then,

Φ(x, t) = et tp(x)

satisfies (Φ1), (Φ2) and (Φ3). It satisfies (Φ3; 0; p) and (Φ3; ∞; q) for 1 ≤ p ≤ p− and
q ≥ 1.

Moreover, we see that Φ(x, t) satisfies (Φ5; ν) for ν > 0 if p(·) is log-Hölder continu-
ous, and Φ(x, t) satisfies (Φ6; ω) with g(x) = (1 + |x|)−(N+1)/ω for every ω > 0 if p(·) is
log-Hölder continuous at ∞.

EXAMPLE 5. Let p(·) be a measurable function on Ω such that p− ≥ 1 and p+ < ∞.
Then,

Φ(x, t) = etp(x) − 1

satisfies (Φ1), (Φ2) and (Φ3). It satisfies (Φ3; 0; p) and (Φ3; ∞; q) for 1 ≤ p ≤ p− and
q ≥ 1.

Moreover, we see that Φ(x, t) satisfies (Φ5; ν) for every ν > 0 if p(·) = const. and for
ν > p+/α if p(·) is α-Hölder continuous (0 < α ≤ 1). In fact, there exists a constant C > 1
such that

C−1etp(x) ≤ Φ(x, t) ≤ etp(x)
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for all x ∈ Ω and t ≥ 1 and

|tp(x) − tp(y)| ≤ |p(x) − p(y)|(log t)tp
+ ≤ C

whenever 1 ≤ t ≤ (γ /|x − y|)1/ν for ν > p+/α.
Finally, since

tp(x) ≤ Φ(x, t) ≤ etp(x)

for all x ∈ Ω and 0 ≤ t ≤ 1, we see that Φ(x, t) satisfies (Φ6; ω) with g(x) = (1 +
|x|)−(N+1)/ω for every ω > 0 if p(·) is log-Hölder continuous at ∞.

EXAMPLE 6. Let ν(·) and β(·) be functions on Ω such that infx∈Ω ν(x) > 0,
supx∈Ω ν(x) ≤ N and −c(N − ν(x)) ≤ β(x) ≤ c(N − ν(x)) for all x ∈ Ω and some
constant c > 0. Then κ(x, r) = rν(x)(log(e + r + 1/r))β(x) satisfies (κ1), (κ2) and (κ3).

3. Boundedness of the maximal operator. Throughout this paper, let C denote var-
ious constants independent of the variables in question and C(a, b, . . . ) be a constant that
depends on a, b, . . . .

For f ∈ L1
loc(R

N), its maximal function Mf is defined by

Mf (x) = sup
r>0

1

|B(x, r)|
∫

B(x,r)

|f (y)| dy .

When f is a function on Ω , we define Mf by extending f to be zero outside Ω . As the
boundedness of the maximal operator M on LΦ,κ (Ω), we give the following theorem, which
is an improvement of [7, Theorem 4.1]:

THEOREM 7. Suppose that Φ(x, t) satisfies (Φ3; 0; p), (Φ3; ∞; q), (Φ5; ν) and
(Φ6; ω) for p > 1, q > 1, ν > 0 and ω > 0 satisfying

ν < q/N and ω ≤ p .(4)

Then the maximal operator M is a bounded operator from LΦ,κ(Ω) into itself, namely
Mf |Ω ∈ LΦ,κ (Ω) for all f ∈ LΦ,κ (Ω) and

‖Mf ‖Φ,κ;Ω ≤ C‖f ‖Φ,κ;Ω
with a constant C > 0 depending only on N and constants appearing in conditions for Φ.

In case κ(x, r) = rN , we have the following corollary.

COROLLARY 8. Suppose that Φ(x, t) satisfies (Φ3; 0; p), (Φ3; ∞; q), (Φ5; ν) and
(Φ6; ω) for p > 1, q > 1, ν > 0 and ω > 0 satisfying ν < q/N and ω ≤ p. Then the
maximal operator M is a bounded operator from LΦ(Ω) into itself.

We prove this theorem by modifying the proof of [7, Theorem 4.1].
For a nonnegative measurable function f on Ω , x ∈ Ω and r > 0, let

I (f ; x, r) = 1

|B(x, r)|
∫

B(x,r)∩Ω

f (y) dy
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and

J (f ; x, r) = 1

|B(x, r)|
∫

B(x,r)∩Ω

Φ
(
y, f (y)

)
dy .

LEMMA 9. Suppose Φ(x, t) satisfies (Φ3; ∞; q1) and (Φ5; ν) for q1 ≥ 1 and ν > 0
satisfying ν ≤ q1/N . Then, given L ≥ 1, there exist constants C1 = C(L) ≥ 2 and C2 > 0
such that

Φ
(
x, I (f ; x, r)/C1

) ≤ C2J (f ; x, r)

for all x ∈ Ω , r > 0 and for all nonnegative measurable function f on Ω such that f (y) ≥ 1
or f (y) = 0 for each y ∈ Ω and

sup
x∈Ω, r>0

κ(x, r)

|B(x, r)|
∫

B(x,r)∩Ω

Φ(y, f (y))dy ≤ L .(5)

PROOF. Given f as in the statement of the lemma, x ∈ Ω and r > 0, set I = I (f ; x, r)

and J = J (f ; x, r). Note that (5) implies

J ≤ κ(x, r)−1L .(6)

By (1), Φ
(
y, f (y)

) ≥ (A1A2)
−1f (y) for all y ∈ Ω . Hence I ≤ A1A2J . Thus, if J ≤ 1,

then by (Φ3)

Φ(x, I/C1) ≤ A2JΦ(x, 1) ≤ A1A2J

whenever C1 ≥ A1A2.
Next, suppose J > 1. Since Φ(x, t) → ∞ as t → ∞ by (1), there exists K > 1 such

that

Φ(x,K) = Φ(x, 1)J .

With this K , we have by (Φ3)∫
B(x,r)∩Ω

f (y) dy ≤
∫

B(x,r)∩Ω∩{y:f (y)≤K}
f (y) dy +

∫
B(x,r)∩Ω∩{y:f (y)>K}

f (y) dy

≤ K|B(x, r)| + A2K

∫
B(x,r)∩Ω

Φ
(
y, f (y)

)
Φ(y,K)

dy .

Since K > 1, by (Φ3; ∞; q1) we have

Φ(x, 1)J = Φ(x,K) ≥ A−1
2,∞,q1

Kq1Φ(x, 1) ,

so that, in view of (6) and (κ3),

Kq1 ≤ A2,∞,q1J ≤ A2,∞,q1κ(x, r)−1L

≤ A2,∞,q1Q3L max(1, r−N) .

Since J > 1, κ(x, r) < L by (6). By (κ2) and (κ3), κ(x, ρ) ≥ (Q2Q3)
−1ρε for ρ ≥ 1, so

that κ(x, ρ) ≥ L for x ∈ Ω if ρ ≥ R := (Q2Q3L)1/ε. Thus r < R. Since R ≥ 1, it follows
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that max(1, r−N) ≤ RNr−N . Hence

Kq1 ≤ A2,∞,q1Q3LRNr−N

or r ≤ γK−q1/N with γ = (A2,∞,q1Q3L)1/NR. Thus, if |y − x| ≤ r , then |y − x| ≤
γK−q1/N ≤ γK−ν . Hence, by (Φ5; ν) there is β ≥ 1, independent of f , x, r , such that

Φ(x,K) ≤ βΦ(y,K) for all y ∈ B(x, r) ∩ Ω .

Thus, we have by (Φ2) and (Φ3)∫
B(x,r)∩Ω

f (y)dy ≤ K|B(x, r)| + A2βK

Φ(x,K)

∫
B(x,r)∩Ω

Φ
(
y, f (y)

)
dy

= K|B(x, r)| + A2βK|B(x, r)| J

Φ(x,K)

= K|B(x, r)|
(

1 + A2β

Φ(x, 1)

)
≤ K|B(x, r)| (1 + A1A2β) .

Therefore

I ≤ (1 + A1A2β)K ,

so that by (Φ2) and (Φ3)

Φ(x, I/C1) ≤ A2Φ(x,K) ≤ A1A2J

whenever C1 ≥ 1 + A1A2β. �

The next lemma can be shown in the same way as [7, Lemma 3.2]; note that the value of
ω is irrelevant in this lemma.

LEMMA 10. Suppose Φ(x, t) satisfies (Φ6; ω) for some ω > 0. Then there exists a
constant C3 > 0 such that

Φ
(
x, I (f ; x, r)/2

) ≤ C3 {J (f ; x, r) + Φ(x, g(x))}
for all x ∈ Ω , r > 0 and for all nonnegative measurable function f on Ω such that g(y) ≤
f (y) ≤ 1 or f (y) = 0 for each y ∈ Ω , where g is the function appearing in (Φ6; ω).

We use the following lemma which is the special case of the theorem when Φ(x, t) =
tp0 (p0 > 1); this lemma can be proved in a way similar to the proof of [10, Theorem 1].

LEMMA 11. Let p0 > 1. Then there exists a constant C > 0 for which the following
holds: If f is a measurable function such that∫

B(x,r)∩Ω

|f (y)|p0 dy ≤ |B(x, r)|κ(x, r)−1

for all x ∈ Ω and r > 0, then∫
B(x,r)∩Ω

[Mf(y)]p0 dy ≤ C|B(x, r)|κ(x, r)−1

for all x ∈ Ω and r > 0.
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PROOF OF THEOREM 7. Set p0 = min(p, q, q/(Nν)). Then p0 > 1. Consider the
function

Φ0(x, t) = Φ(x, t)1/p0 .

Then Φ0(x, t) satisfies the conditions (Φj ), j = 1, 2, (Φ5; ν) and (Φ6; ω) with the same g .
Condition (Φ3; 0; p) implies that Φ0(x, t) satisfies (Φ3; 0; p/p0) and condition

(Φ3; ∞; q) implies that Φ0(x, t) satisfies (Φ3; ∞; q/p0).
Let f ≥ 0 and ‖f ‖Φ,κ;Ω ≤ 1/2. Let f1 = f χ{x:f (x)≥1}, f2 = f χ{x:g(x)≤f(x)<1} with g

in (Φ6; ω) and f3 = f − f1 − f2, where χE is the characteristic function of E.
Since Φ(x, t) ≥ (A1A2)

−1 for t ≥ 1 by (1), in view of (2) we have

Φ0(x, t) ≤ (A1A2)
1−1/p0Φ(x, t) ≤ (A1A2)

1−1/p0Φ(x, 2t)

if t ≥ 1. Hence

sup
x∈Ω, r>0

κ(x, r)

|B(x, r)|
∫

B(x,r)∩Ω

Φ0(y, f1(y)) dy ≤ (A1A2)
1−1/p0 .

If we set q1 = q/p0, then q1 ≥ 1 and ν ≤ q1/N . Hence applying Lemma 9 to Φ0, f1 and
L = (A1A2)

1−1/p0 , there exist constants C1 ≥ 2 and C2 > 0 such that

Φ0
(
x,Mf1(x)/C1

) ≤ C2M[Φ0
(·, f1(·)

)](x) ,

so that

Φ
(
x,Mf1(x)/C1

) ≤ C
p0
2

[
M[Φ0

(·, f (·))](x)
]p0

(7)

for all x ∈ Ω .
Next, applying Lemma 10 to Φ0 and f2, we have

Φ0(x,Mf2(x)/C1) ≤ C
[
M[Φ0

(·, f2(·)
)](x) + Φ0

(
x, g(x)

)]
.

Noting that Φ0(x, g(x)) ≤ Cg(x)p/p0 by (3), we have

Φ
(
x,Mf2(x)/C1

) ≤ C
{[

M[Φ0
(·, f (·))](x)

]p0 + g(x)p
}

(8)

for all x ∈ Ω with a constant C > 0 independent of f .
Since 0 ≤ f3 ≤ g ≤ 1, 0 ≤ Mf3 ≤ Mg ≤ 1. Hence by (3) we have

Φ
(
x,Mf3(x)/C1

) ≤ C[Mg(x)]p(9)

for all x ∈ Ω with a constant C > 0 independent of f .
Combining (7), (8) and (9), and noting that g(x) ≤ Mg(x) for a.e. x ∈ Ω , we obtain

Φ
(
x,Mf (x)/(3C1)

) ≤ C
{[

M[Φ0
(·, f (·))](x)

]p0 + [Mg(x)]p
}

(10)

for a.e. x ∈ Ω with a constant C > 0 independent of f .
Since ‖f ‖Φ,κ;Ω ≤ 1/2, in view of (2), we have∫

B(x,r)∩Ω

Φ0(y, f (y))p0 dy =
∫

B(x,r)∩Ω

Φ(y, f (y)) dy ≤ |B(x, r)|κ(x, r)−1



492 F. MAEDA, T. OHNO AND T. SHIMOMURA

for all x ∈ Ω and r > 0. Hence, applying Lemma 11 to Φ0(y, f (y)), we have∫
B(x,r)∩Ω

[
M[Φ0

(·, f (·))](y)
]p0

dy ≤ C|B(x, r)|κ(x, r)−1

with a constant C > 0 independent of x, r and f . Here note from g ∈ L∞(Ω) ∩ Lω(Ω) for
ω ≤ p that g ∈ Lp(Ω). Therefore, by (κ3) we see that∫

B(x,r)∩Ω

g(y)p dy ≤ min(‖g‖p

Lp(Ω), |B(x, r)|) ≤ C|B(x, r)|κ(x, r)−1

with a constant C = C(‖g‖p

Lp(Ω)) > 0 independent of x and r . Hence, by Lemma 11 again,∫
B(x,r)∩Ω

[Mg(y)]p dy ≤ C|B(x, r)|κ(x, r)−1

for all x ∈ Ω and r > 0. Thus, by (10), there exists a constant C4 ≥ 1 such that∫
B(x,r)∩Ω

Φ
(
y,Mf (y)/(3C1)

)
dy ≤ C4|B(x, r)|κ(x, r)−1

for all x ∈ Ω and r > 0, so that∫
B(x,r)∩Ω

Φ
(
y,Mf (y)/(3A2C1C4)

)
dy ≤ |B(x, r)|κ(x, r)−1

for all x ∈ Ω and r > 0. This completes the proof of the theorem. �

4. Sharpness of conditions. We next show that q/N and p in condition (4) are sharp.
For p > 1, q > 1, δ > 0, η > 0 and ζ > 0, consider the function

Φ(x, t) = Φ[p,q;δ,η;ζ ](x, t)

=
⎧⎨
⎩

tp
[
(1 − h(x1))t + h(x1) max(t, gδ(x))

]η if 0 ≤ t ≤ 1 ,

tq max
(
1, h(x1)t

ζ
)

if t ≥ 1 ,

where x = (x1, . . . , xN) ∈ RN ,

h(x1) = max(0, min(1, x1)) and gδ(x) = [max(2, |x|)]−N/δ .

This Φ(x, t) satisfies (Φ1), (Φ2), (Φ3; 0; p) and (Φ3; ∞; q). We shall show:

(I) Φ(x, t) satisfies (Φ5; ζ );
(II) Φ(x, t) satisfies (Φ6; ω) for ω > δ;

(III) If ζ > q/N , then there is f ∈ LΦ(RN) such that Mf �∈ LΦ(RN);
(IV) If δ > p + η, then there is f ∈ LΦ(RN) such that Mf �∈ LΦ(RN).

These show the sharpness of q/N and p in (4).

Proof of (I). Suppose |x − y| ≤ γ t−ζ and t ≥ 1. Then

Φ(y, t) ≤ Φ(x, t) + tq+ζ |x1 − y1| ≤ Φ(x, t) + γ tq ≤ (1 + γ )Φ(x, t),

since Φ(x, t) ≥ tq for t ≥ 1. This shows that Φ(x, t) satisfies (Φ5; ζ ). �



BOUNDEDNESS OF THE MAXIMAL OPERATOR 493

PROOF OF (II). Suppose gδ(x) ≤ t ≤ 1 and |x ′| ≥ |x|. Then max(t, gδ(x)) =
max(t, gδ(x

′)) = t , so that Φ(x, t) = Φ(x ′, t) = tp+η. Since gδ ∈ Lω(RN) for ω > δ,
this shows that Φ(x, t) satisfies (Φ6; ω) if ω > δ. �

To prove (III) and (IV), we prepare the following lemma.

LEMMA 12. (1) For 0 < a < N , let f0,a(x) = |x|−aχB(0,1)∩{x1<0}(x). Then there is
a constant C0(N, a) > 0 depending only on N and a such that

Mf0,a(x) ≥ C0(N, a)|x|−a for |x| ≤ 1 .(11)

(2) For 0 < b < N , let f∞,b(x) = |x|−bχ{x1<0}\B(0,1)(x). Then there is a constant
C∞(N, b) > 0 depending only on N and b such that

Mf∞,b(x) ≥ C∞(N, b)|x|−b for |x| ≥ 2 .(12)

PROOF. (1) Let |x| ≤ 1. Since B(x, 2|x|) ⊃ B(0, |x|),
1

|B(x, 2|x|)|
∫

B(x,2|x|)
f0,a(y) dy

≥ 1

2N |B(0, 1)||x|N
∫

B(0,|x|)∩{y1<0}
|y|−a dy = N

2N+1(N − a)
|x|−a.

(2) Let |x| ≥ 2. Then

1

|B(x, 2|x|)|
∫

B(x,2|x|)
f∞,b(y)dy

≥ 1

2N |B(0, 1)||x|N
∫

(B(0,|x|)\B(0,1))∩{y1<0}
|y|−b dy

= N

2N+1(N − b)
|x|−N(|x|N−b − 1) ≥ (1 − 2b−N)N

2N+1(N − b)
|x|−b .

�

PROOF OF (III). Assume ζ > q/N . Set a = (N + 1)/(q + ζ ). Then 0 < a < aq < N .
Since f0,a ≥ 1 on B(0, 1) ∩ {x1 < 0} and Φ(x, t) = tq if t ≥ 1 and x1 < 0,

Φ(x, f0,a(x)) = |x|−aqχB(0,1)∩{x1<0}(x) ,

so that f0,a ∈ LΦ(RN).
On the other hand, by (11), Mf0,a(x) ≥ 1 if |x| ≤ c0 := min(1, C0(N, a)1/a), and hence

Φ(x,Mf0,a(x)) ≥ [Mf0,a(x)]q+ζ x1

≥ 2−1C0(N, a)q+ζ |x|−a(q+ζ )+1 = 2−1C0(N, a)q+ζ |x|−N

if |x| ≤ c0 and x1 ≥ |x|/2. It follows that
∫

RN Φ(x,Mf0,a(x)) dx = ∞, which means that
Mf0,a �∈ LΦ(RN). �
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PROOF OF (IV). Assume δ > p+η. Set b = N(δ−η)/(pδ). Then N/δ < N/(p+η) <

b < N/p < N . Since 0 ≤ f∞,b ≤ 1 on {x1 < 0} \ B(0, 1) and Φ(x, t) = tp+η if 0 ≤ t ≤ 1
and x1 < 0,

Φ(x, f∞,b(x)) = |x|−b(p+η)χ{x1<0}\B(0,1)(x) ,

so that f∞,b ∈ LΦ(RN).
On the other hand, since Mf∞,b ≤ 1, by (12) we have

Φ(x,Mf∞,b(x)) = [Mf∞,b(x)]p[
max(Mf∞,b(x), |x|−N/δ)

]η
≥ C∞(N, b)p|x|−pb

[
max(C∞(N, b)|x|−b, |x|−N/δ)

]η
if |x| ≥ 2 and x1 ≥ 1. Since b > N/δ,

C∞(N, b)|x|−b ≤ |x|−N/δ for |x| ≥ Rb := max(2, C∞(N, b)1/(b−N/δ)) .

Since pb + Nη/δ = N , it follows that

Φ(x,Mf∞,b(x)) ≥ C∞(N, b)p|x|−N

whenever |x| ≥ Rb and x1 ≥ 1. Hence
∫

RN Φ(x,Mf∞,b(x)) dx = ∞, namely Mf∞,b �∈
LΦ(RN). �
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