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ATOMIC DECOMPOSITIONS OF WEIGHTED HARDY
SPACES WITH VARIABLE EXPONENTS
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Abstract. We establish the atomic decompositions for the weighted Hardy spaces
with variable exponents. These atomic decompositions also reveal some intrinsic structures
of atomic decomposition for Hardy type spaces.

1. Introduction. There are two main themes for this paper. The first one is to es-
tablish the atomic decompositions of weighted Hardy spaces with variable exponents. The
second one is the intrinsic structure of the atomic decomposition of Hardy type spaces.

The atomic decomposition is one of the most remarkable results for the study of Hardy
spaces. It is impossible to review all the applications and impacts of the atomic decompo-
sitions on the theory of function spaces. Thus, to match the main theme of this paper, we
briefly review some extensions of the atomic decompositions of Hardy spaces built on some
non-Lebesgue spaces on R”.

Shortly after the introduction of the classical Hardy spaces [49], we already had the
study of weighted Hardy spaces and established the corresponding atomic decomposition in
[5, 22, 51]. As shown in [51], the weighted Hardy spaces provide an enlarged point of view
for the study of function spaces. For instance, it is shown in [51, p. 86] that the Dirac delta
function, being one of the most important distributions on the study of partial differential
equations, belongs to some weighted Hardy spaces.

Moreover, the atomic decompositions had been extended to the Hardy-Orlicz spaces in
[39, 52]. Hardy-Orlicz spaces were introduced in [39] by using maximal functions while
Hardy-Orlicz spaces given in [52] is used to study an extension of the function space of
bounded mean oscillation. The atomic decomposition for Hardy-Lorentz spaces is given in
[1].

Recently, Hardy-Morrey spaces and weighted Hardy-Morrey spaces are introduced in
[33, 45, 46, 47] and [29], respectively.

The study of Hardy spaces with variable exponent is inspired by the Lebesgue spaces
with variable exponents which recently, gain the attentions of a substantial number of re-
searchers. The Lebesgue spaces with variable exponents were introduced independently by
Orlicz and Nakano [40, 41, 44]. For some comprehensive accounts on the study of Lebesgue
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spaces with variable exponents, the reader is referred to [10, 15]. Notice that one of the ma-
jor breakthroughs on the Lebesgue spaces with variable exponents is the boundedness of the
Hardy-Littlewood maximal operator [8, 11, 14, 42]. This study has been extended to weighted
Lebesgue spaces with variable exponent Lf,(‘) in [9].

The Hardy spaces with variable exponents are introduced in [38]. The atomic decompo-
sition for the Hardy spaces with variable exponents was also established in [38]. It has been
further extended to the Hardy-Morrey spaces with variable exponent in [30]. For the studies
of Morrey spaces with variable exponents, the reader is referred to [2, 24, 25, 28, 31, 34].

For the atomic decomposition of the classical Hardy spaces H”, 0 < p < 1, we see
that the atom satisfies two essential conditions, namely, the size condition and the vanishing
moment condition. More precisely, the atom a with suppa C Q for a cube Q satisfies

1_1
(L.1) lalle <1Qla »
(1.2) /x”a(x)dx =0, for all multi-indices y with |y| < [ﬁ — n}
4

for some 1 < g < oo.

In this paper, we are particularly interested in the intrinsic structure of the atomic decom-
position. Precisely, the intrinsic structure consists of two questions related to the definition of
atoms. How do we determine the order of the vanishing moment condition by the information
from the Hardy spaces and how do we identify the range of ¢ from the size condition satis-
fied by the atom? We find that the answers for both of the above questions are related to the
boundedness of the Hardy-Littlewood maximal operator.

The atomic decomposition for classical Hardy spaces is so refined that the relations be-
tween the boundedness of the Hardy-Littlewood maximal operator M on Lebesgue spaces and
the indices appeared in the atomic decomposition can only be clearly revealed if we chase the
details of the proof of the atomic decomposition very carefully.

On the other hand, the atomic decompositions of weighted Hardy spaces with variable
exponents H}) © can fully and easily reveal the connection between the boundedness of M
and the indices used in the definition of the atoms for the atomic decomposition.

Roughly speaking, we find that the order of the vanishing moment condition satisfied by
the atoms used in the atomic decomposition for HY ) is determined by the infimum of those
r such that the Hardy-Littlewood maximal operator is bounded on the associate space of the
r-convexification of L2"), that is, (L:ﬁg',.))’ (see [43, Section 2.2] or [37, Volume II, p.53-54]
for the definition of r-convexification). In addition, the index ¢ in the size condition for atoms
used in the atomic decomposition for HJ) ) is related to the left-openness of the boundedness
of M on (L;’ii',))’.

In this paper, we extend the atomic decomposition of weighted Hardy spaces to weighted
Hardy spaces with variable exponents. Thus, the main results obtained in this paper, on one
hand, generalize the atomic decompositions in [5, 22, 38, 51]. On the other hand, they also
clarify the relation between the atomic decompositions of Hardy type spaces and the bound-
edness of the Hardy-Littlewood maximal operators on function spaces.
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This paper is organized as follows. Section 2 gives the definition of weighted Lebesgue
spaces with variable exponents and some of their preliminary results. We also introduce
indices related to the intrinsic structure of the atomic decomposition and define weighted
Hardy spaces with variable exponents in this section. Section 3 presents the Fefferman-Stein
vector-valued maximal inequalities on weighted Lebesgue spaces with variable exponents.
The smooth atomic decompositions of HJ O s given in Section 4. Our main results on the
atomic decompositions of HJ} ) are established in Section 5. As an application of atomic de-
composition, we show the equivalence of the Littlewood-Paley characterization and the max-
imal function characterization of weighted Hardy spaces with variable exponents in Section
6.

2. Preliminaries and Definitions. Let B(z,r) = {x € R" : |x — z| < r} denote the
open ball with center z € R"” and radius r > 0. Let B = {B(z,r) : z € R?, r > 0}. Let M
be the class of Lebesgue measurable functions on R".

We begin with the definition of the well known Muckenhoupt class of weight functions.

DEFINITION 2.1. For 1 < p < 00, a locally integrable function w : R” — [0, 0c0) is
said to be an A, weight if

P

o, = (157 000 ) (17 [ Fax) " <o0

where p’ = %1. A locally integrable function w : R” — [0, 00) is said to be an A; weight
if for all ball

k]

9 5

1
ﬁ/ w(y)dy <Cw(x), a.e.x€eB
B

for some constant C > 0. The infimum of all such C is denoted by [w]a,. We define Ay, =
U p>1 A[”

For any B € B and locally integrable function w, write w(B) = f g o(x)dx.

We recall the definition of Lebesgue spaces with variable exponents and some of theirs
properties.

Let p(-) : R" — (0, oo] be a Lebesgue measurable function, the Lebesgue space with
variable exponent L”() consists of those Lebesgue measurable function f satisfying

1 Fllzre =inf{k >0:ppo(IfOI/A) < 1} < 00

where R?, = {x ¢ R" : p(x) = oo} and
pr (f) = / | F@IPDdx + esssup| £ ()]
R7\RS, RZ,

For any Lebesgue measurable function p(-) : R” — (0, oo], define

p— =essinf{p(x) : x € R"}, pi =esssup{p(x) : x € R"}
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and

@.1) pi = min(l, p_).
DEFINITION 2.2. Let p(-) : R" — (0, o0) be a Lebesgue measurable function and
w be a Lebesgue measurable function such that 0 < w(x) < oo almost everywhere. The

weighted Lebesgue space with variable exponent Lf,(‘) consists of all Lebesgue measurable
functions f : R" — C satisfying

1Al po = I f@llLpe) < 00.
w

We call p(-) the exponent function of Lf,(‘).

For any p(-) : R" — (0, 0c0), we can also define the weighted Lebesgue spaces with
variable exponents by the modular

Pp() o = / |f(x)|p(x)a)(x)dx.

Since 0, ,r0) (f) = pp)(fw), for brevity, we study the weighted Lebesgue spaces with
variable exponents defined in term of the quasi-norm || - || 120

When p(-) = p, 0 < p < o0, is a constant function,
(2.2) LPO = LP(wP) = {f eM: / | f ()PP (x)dx < oo} )

For any p(-) : R” — [1, 00), the conjugate function p’(-) is defined by ﬁ + % =1.

Notice that Lf)(‘), 1 < p(x) < o0, is not necessarily a Banach function space with respect
to the Lebesgue measure. Particularly, when p(-) = p, 1 < p < oo, for any unbounded
Lebesgue measurable E with |E| < 0o, | xell, o) = w(E)'/P is not necessarily finite.

On the other hand, several crucial properties with respect to the Lebesgue measure are
still valid for L2,

The following is the Holder inequality for the pair L2 and L’ o,

LEMMA 2.1. Let p(-) : R" — [1, 00) be a Lebesgue measurable function and w be a
Lebesgue measurable function such that 0 < w(x) < 0o almost everywhere. We have

[ 1rgeoidx < 207109l
R~ @ w1

The proof of the above lemma follows from [15, Lemma 3.2.20].
Next, we have the norm conjugate formula for Lf,(‘).

PROPOSITION 2.2. Let p(-) : R" — [1, 00) be a Lebesgue measurable function and
w be a locally integrable function such that 0 < w(x) < oo almost everywhere. We have

1 £l g0 ~sup{ /R [Fgldx g € LY, gl g < 1}.
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The proof of the preceding proposition follows from [15, Corollary 3.2.14].

Next, we show that || - || Lo is an absolutely continuous quasi-norm. For the definition
of absolutely continuous quasi-norm, the reader may consult [4, Chapter 1, Proposition 3.2]
or [26, Definition 2.4].

LEMMA 2.3. Let p(-) : R* — (0, 00) be a Lebesgue measurable function with 0 <
pP— =< py <ooand w € Wpy(,). Let { fj}jen be Lebesgue measurable functions with f; | 0.

If fi € L0, then | £l por 4 0.

PROOF. We have {f;}jen C L,’f,(') and wf; | 0. As LP®) possesses absolutely continu-
ous quasi-norm, || - || () is absolutely continuous. Thus, || f; ||Lp(‘) = |lofjllipe 4 0. O

The convergence of the atomic decompositions of H/) ) in the topology of HY O s guar-
anteed by the above lemma.

We now introduce weights that we use to define weighted Hardy spaces with variable
exponents.

DEFINITION 2.3. Let p(-) : R* — (0, 00) be a Lebesgue measurable function with
0 < p— < py < 00. Let W, consist of those Lebesgue measurable function w satisfying;
() Wxallporee < 0o and ixall opy < 00, VB €B,
wP* w—P*
(2) there exist k > 1 and s > 1 such that the Hardy-Littlewood maximal operator is

bounded on Liff ,((2,)// L

Notice that L:ﬁ&;,) is the s-convexification of L2,

It is necessary to introduce s since the Hardy-Littlewood operator is not bounded on
those Lebesgue spaces with variable exponent Lf,(') with p_ < 1.

The introduction of « is inspired by the left-openness property from the Muckenhoupt
class and the class A defined and studied in [15, Chapter 5]. For the left-openness of the class
A, the reader may consult [15, Theorem 5.4.15].

In fact, the « is also used to determine the size condition satisfied by the atoms for the
atomic decompositions of the weighted Hardy spaces with variable exponents.

We introduce the following indices so that the intrinsic structure of the atomic decom-
positions of weighted Hardy spaces with variable exponents can be precisely stated. For any
® € Wp(,, write

(23) so =inf{s > 1 : M is bounded on Liff,(/'z),} and
(2.4 So=1{s:s > 1, M is bounded on LS{’K%)//K for some « > 1}.

By using Jensen’s inequality, we find that for any s € S, we have s > s,,.
For any fixed s € S, define

k} = sup{ > 1: M is bounded on LS{’};?’/K}.
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The index «;, is used to measure the left-openness of the boundedness of M on the family
{L(YP( ) /K}K>1

K/s
The indices s, and «, are defined for presenting the atomic decompositions of H} O,
They are also related to the intrinsic structure of the atomic decompositions. The index s, is
related to the vanishing moment condition and the index «, is related to the size condition.
When p(-) = p,0 < p < 00, is a constant function and w = 1, we have s, = 1/p and
Ko ? = o0.
Furthermore, by using Jensen’s inequality, for any 1 < r < oo we have

2.5) Mf" =MUfI).

Therefore, when w fulfills Definition 2.3 (2), the Hardy-Littlewood operator is also bounded

on L7

Since for any s € S, s > 5, > i and is a Banach lattice, Lemma 2.1 and
the Holder inequality for Banach lattice [37, Volume II, Proposition 1.d.2] yield that for any
BeBand f e L’

[ s @1 = 1y L £

wP*
1 1

< U, womo PPN e . ||XB|| pff/*,,*

w—P* wP* L pi
1
(2.6) ”XB”L(p(p)/p*)’ I 70 ||XB||Lp(Yf/*p* .
In view of the definition of L p,(/z) ,x € L" fl(/)) forany B € B.

Thus, when w satisfies Deﬁnmon 2.3 (1), we have

(27) ”XB ”L(vp( N /e — ”XB ”K(;p( ) — ”XB ”L(Sp(l-})’ <00, VB € B .
w—1/s

WK/ w—1/s

(Y” ( )) /¥ is non-trivial and it does make sense to

assume the boundedness of the Hardy- L1ttlewood maximal operator on L(Sp P /2) /e

When p(-) = p, 1 < p < o0, is a constant function, Definition 2.3 (1) is equivalent to
the assumption that w” and w P are locally integrable functions.

When p(-) = p,0 < p < 1, is a constant function, Definition 2.3 (1) is equivalent to the
assumption that e is locally integrable and ™! is locally bounded.

Furthermore, for Definition 2.3 (2), we have the following result:

That is, Definition 2.3 (1) guarantees that L

PROPOSITION 2.4. Let 0 < p < oo. If p() = p, then a Lebesgue measurable
function w : R" — (0, 00) satisfies Definition 2.3 (2) if and only if wP € Aso.

PROOF. Letw? € Ay. Then, for some large s, we have w” € Ay, and sp > 1. In view
of [23, Proposition 9.1.5 (4)], W BT € Agspy-
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p 1 sp L
- =—- =—=Gp),
sp—1 ssp—1 s

w3 6P) ¢ A(spy. By using the left-openness property of Ay [23, Corollary 9.2.6]. There

| PR . . !
isak > 1 suchthat o 5Y?" € A(y,y/.. Thatis, M is bounded on L(sf) /e
([7)/ wK/s

Next, let M is bounded on Li‘jf 3;{" for some «, s > 1. The Jensen inequality assures that
M is bounded on Li‘:fl(/'z)/. Thatis, 0™+ € Ay
Thus, by [23, Proposition 9.1.5 (4)] again, we find that

1 4 ;
T3P ) € Asp .

o) (= =) = ()= -
<—;(SP) _m)_<_sp—l (=6p—1)=p,

we have w? € Ay, C Aco. O

Since

The above proposition and (2.2) show that when p(-) = p,0 < p < oo, Lf,(') becomes
the weighted Lebesgue spaces with weight belonging to A.

For a general Lebesgue measurable function p(-) : R* — (0, 0o), we have the following
result which guarantees w satisfies the first condition in Definition 2.3 (1).

LEMMA 2.5. Let p(-) : R* — (0, 00) be a Lebesgue measurable function with 0 <
p— < py < oo. If wP+ is locally integrable, then for any B € B, ||)(B||Lp<.>/p* < o0.
wP*

PROOF. Since w?+ is locally integrable, we have
Pp/p.(XBOT) = / (@(@)PVdx < |{x € B: o(x) < 1} + / (@ () +dx
B B
<|B| +/(a)(x))p+dx < 00.
B

As p(-)/ps : R" — [1, 00), [10, Proposition 2.12] ensures that xgwP* € LP")/P+  That is,
X8Il r¢ype < 00 m

Whenever p(-) is log-Holder continuous and satisfies log-Holder decay condition [10,
Definition 2.2] and [15, Definitions 4.1.1 and 4.1.4], a necessary and sufficient condition for
the boundedness of M on Lf,(‘) is given in [8, Definition 1.4 and Theroem 1.5].

Since our results for the Hardy spaces with variable exponent are valid for exponent
function p(-) which is not necessarily log-Ho6lder continuous nor satisfying log-Holder decay
condition, we refer the reader to [8] for the boundedness of M on L,’:,(') with p(-) being log-
Holder continuous and satisfying log-Holder decay condition.

Furthermore, the main results obtained in this paper also generalize the atomic decom-
positions given in [38] since the atomic decompositions obtained in [38] apply to the Hardy
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spaces with variable exponent with the exponent function being log-Holder continuous and
satisfying the log-Holder decay condition.

At the end of this section, we use the Littlewood-Paley function to define weighted Hardy
spaces with variable exponents.

Let S(R") and S'(R") denote the classes of tempered functions and Schwartz distribu-
tions, respectively. Let P denote the class of polynomials in R".

DEFINITION 2.4. Let p(-) : R" — (0, 00) be a Lebesgue measurable function with
0 < p- < py <ooand w € Wp(,). The weighted Hardy space with variable exponent HY ©
consists of those f € §'(R")/P such that

1/2
11y = H(ZI%*]‘I )

veZ
where ¢, (x) = 2""¢@(2"x), v € Z and ¢ € S(R") satisfies

(2.8) supp @ € {x € R" :1/2<|x| =2} and [9()|=C, 3/5=<x[=5/3

<
Lz(-)

for some C > 0.

Hardy spaces with variable exponents can also be defined via the maximal functions. In
Section 6 of this paper, as an application of the atomic decompositions of H} ('), we establish
the equivalence of these two characterizations of H/) O,

3. Vector-valued maximal inequalities. We apply the extrapolation theory to obtain
the Fefferman-Stein vector-valued maximal inequalities on L,’:,(') in this section.

THEOREM 3.1. Letl < g < ooand p(-) : R" — (0, 00) be a Lebesgue measurable
unction with 0 < p_ < p4 < oo. If ® € W), then for any r > s,,, we have
()

s (e ez

ieN ieN

VP( rp()
La)]/r

for some C > 0.

PROOF. According to the definition of s, we have s > s, satisfying s < r such that M

is bounded on L(Yp,(/z) )

We follow the idea from the extrapolation theory, see [7]. For any non-negative function
h, define

00 k
M"h(x
Rh(x) =3 W
k=0 I “L(Sp(-))’
w—1/s
where || M || LGP0 is the operator norm of the Hardy-Littlewood maximal operator on L(ép 1(/3) .
—1/s

We find that
(3.2) h(x) < Rh(x),
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(3.3) ”Rh”L:f(l}i/ =< ZHhHLSf(JI/ ,
3.4 [Rhla, < 2IMIl, cpeyy -

w—1/s
Write

K 1/q K 1/q
F= {((Z(Mﬁ)‘f) : (Z |ﬁ|‘1) ) K eN, {fi}5, C L;’gmp}
i=0 i=0

where ngmp denotes the set of bounded functions with compact support.

Let 6 = r/s > 1. According to the weighted norm inequalities for Lebesgue spaces
obtained in [3], for any (F, G) € F and w € A1, we have

(3.5) /F(x)gw(x)dx < C/G(x)gw(x)dx.
In view of Proposition 2.2, we find that
L L
(3.6) < Csup{ /R F@ g@ldx g € LD Mgl oy < 1}

for some C > 0.

Since F' is non-negative, we are allowed to taking over those non-negative g only. For
(sp())
w

any fixed non-negative g € L"" |

with ||g||L(Sp(,))/ <1, (3.2) assures that
w—1/s

(3.7) f F(x)? g(x)dx < f F(x)’Rg(x)dx

for some C > 0.
Property (3.4) assures that Rg € A;. Therefore, (3.3), (3.5) and Lemma 2.1 give

/ F(x)'Rg(x)dx =< C / G()"Ry(r)dx = CIG I IR oy

w=1/s

rp()
wl/r

% %
(3-8) = ClGI ”g”ij‘fﬁ'};’ = CIGII,

wl/r

for some C > 0.
Thus, (3.6), (3.7) and (3.8) yield (3.1) when {f;}iey € LS The validity of (3.1)

comp*
for all f € L:ﬁg,) follows from the fact that fy 1 f and Mfy 1t Mf as N — oo where
IN = [ XixeRm|x|<N,| f(x)|<N}- O

Theorem 3.1 is a key component for establishing the atomic decomposition for HJ O,
Moreover, the above result also has its own independent interest. It extends several exist-
ing results on vector-valued maximal inequalities. It covers the vector-valued maximal in-
equalities for weighted Lebesgue spaces in [3]. It also generalizes the vector-valued maximal
inequalities for Lebesgue spaces with variable exponent in [6].
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4. Smooth atomic decompositions. In this section, we establish the smooth atomic
decomposition for H. . n [26], a general approach is given for the study of function spaces
defined via the Littlewood-Paley function. Thus, in this section, we recall the results from
[26] and apply it directly to HS ©). Some similar approaches for studying function spaces are
given in [36, 53].

Forany j € Z and k = (k1, ka2, ..., ky) € Z", Qjk = {(x1,x2...,x,) € R" 1 k; <
2ixi <kj+1,i=1,2,...,n}. We write |Q| and [(Q) to be the Lebesgue measure of Q and
the side length of Q, respectively. We denote the set of dyadic cubes {Qjx : j € Z, k € Z"}
by Q.

DEFINITION 4.1. Let p(-) : R" — (0, 00) be a Lebesgue measurable function with
0 < p- < py < ooand w € Wy(. The sequence space hf,(‘) is the collection of all
complex-valued sequences s = {sg}pcg such that

1/2
sl po = H(Z(ISQD?Q)Z)
0

where xo = |Q|_1/2XQ.

< 00,
Lz(-)

We restate the definition of the ¢-y transform introduced by Frazier and Jawerth in
[16, 18, 19]. Let ¢, ¥ € S(R") satisfy

(4.1) supp @, suppyr C {£€ € R" :1/2 < [§] <2},
(4.2) GEN 1P E)]=C if 3/5<|5 <5/3 forsomeC >0,
(4.3) D Qe TE) =1 if E#0

VEZ

where ¢ denotes the Fourier transform of ¢ and similarly for 1&
Define ¢(x) = ¢(—x). Write ¢, (x) = 2" 92 x), ¥, (x) = 2" (2"x) and

po(x) =107 202" x — k), Vo) =017 ?Yy(2'x —k), veZ, keZ"

for 0 = Qyx € Q. Forany f € §’'(R")/P and for any complex-valued sequences s = {sg},
we define

Se(f) =1{(Syolge = {{f 90)lgee and Ty(s) =) sovo.
0

We find that Ty 0 S, = id in HEY because HLY is a subspace of S'(R™)/P [18, Theorem
2.2].
By using the terminologies given in [26, Definition 1.8], Theorem 3.1 guarantees that the

pair (14, Lf,(‘)), 1 < g < o0, is an a-admissible pair when 0 < a < i

THEOREM 4.1. Let p(-) : R" — (0,00) be a Lebesgue measurable function with
0 < p- < py <ooand w € Wy(,y. The weighted Hardy space with variable exponent H,f,’m
is well defined. That is, it is independent of the function ¢ in Definition 2.4.
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Moreover, the operators S, and Ty, are bounded operators on HY O and hf)('), respec-
tively. In addition, we have constants C1 > Ca > 0 such that

4.4 Call £l s < ISp(Nlper < Cill fll oo, Vf € HEO

PROOF. We apply the general approach given in [26, Theorem 3.1]. According to [26,
Definition 1.2], we have to show that

4.5) (14 xp~terr®

for some L > 0.
According to [21, Chapter II, Theorem 2.12], for any 1 < p < oo and for any Lebesgue
measurable functions ¢ > 0 and f on R", we have

“6) | @txmo ) ewds < €, [ o ner M@)o

for some C,, > 0 independent of f and ¢.
We have
4.7 S < (M xB(y,rn)(x)
(r+lx =y~ )
for some C > 0 independent of x, y € R” and r > 0.

(sp())
Consequently, for any ¢ € Lw,, i s

/ (I+ xD™"Pp(x)dx < Cp/ M(¢)(x)dx
R~ B(0,1)

(4.8) =Clixsonll 0 11 wpeyy -
Wl/s L

w=1/s

Since Definition 2.3 (1) assures that ”XB”LZ“ = |IxB ||SLW(,) < 00, VB € B, by taking
wl/s

PO) \with 1611, iy < 1 0n (4.8), we obtain
w1/

supreme over all ¢ € Lw_1 /s

—s 1/s —
[T+ [x )™ /,,<.) = [[(L+ 1xD™™ I, 0 = Clixso,nll sp0) < 00.
Ly wl/s wl/s

Therefore, (4.5) is valid with L = snp. Finally, our claimed results follow from Theorem 3.1
and [26, Theorem 3.1]. O
We state the definition of smooth atoms from [19, p.46].

DEFINITION 4.2. For each dyadic cube Q, A is a smooth N-atom for H,{,’('), N eN,
if it satisfies

4.9) /xVAQ(x)dxzo for 0<|y|<N,y eN',
(4.10) suppAg € 30,

and for y € N,

@.11) 107 Ag(x)| < Cy| Q| 127,
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In view of [27, Theorem 2.1], we have the smooth atomic decomposition for HY O,

THEOREM 4.2 (Smooth Atomic Decomposition). Let N € N, p(:) : R" — (0, 0o) be
a Lebesgue measurable functionwith0 < p_ < p, < oocandw € Wy(,. Forany f € Ha’,’('),
there exist a sequence s = {sg}pcQ € hf,(') and a family of smooth N-atoms {Ag}ocg such
that f = ZQEQ sgAg and ||s||h£(») < C||f||H£<.) for some constant C > 0.

5. Non-smooth atomic decompositions. In this section, we establish the non-smooth
atomic decomposition for weighted Hardy spaces with variable exponent. It consists of a de-
composition theorem and a reconstruction theorem. They extend the atomic decompositions
of the weighted Hardy spaces and the Hardy spaces with variable exponent obtained in [51]
and [38], respectively.

We obtain our non-atomic decomposition of H}) © by using the smooth atomic decompo-
sition of H)) © given in Theorem 4.2. Theorem 4.2 exhibits a connection between the weighted
Hardy space with variable exponent and the sequence space h,’f,('). In this section, we first ob-
tain an atomic decomposition for the sequence space hf)(‘). Then, we rearrange the atomic
decomposition of hf,(') and reassemble it into the non-smooth atomic decomposition of Ha’,) (').
The reader may refer [18, Section 7] and [29] for using some similar ideas to study the atomic
decompositions for Triebel-Lizorkin spaces and weighted Hardy-Morrey spaces, respectively.

In addition, in this section, the intrinsic structure of the atomic decompositions of Hal)’ ©
is presented explicitly in the statement of Theorem 5.3.

For any sequence s = {sg}pcg, write

1/2
g(s) = ( > (|sQ|xQ>2) :

QeQ

We call g(s) the Littlewood-Paley function of s. According to the definition of hf)(‘), we have
Il = g, po-

DEFINITION 5.1. Let p(-) : R" — (0, 00) be a Lebesgue measurable function with
0<p- < py <oocandw € Wy(,y. Asequencer = {rg}pcg is an co-atom for hf,(') if there
exists a dyadic cube P € Q suchthatrg =0if O ¢ P and [|g(r)|l L~ <

We call P the support of r and write supp(r) = P.
Moreover, a family of co-atoms indexed by O, {r;};c0, is called an co-atomic family
for hf,(') if supp(ry) = J.

The reader is referred to [16, p.403] for the definition of co-atom for the classical Hardy
space.
We now establish the atomic decomposition of the sequence space hf,(‘).

THEOREM 5.1. Let p(-) : R" — (0, 00) be a Lebesgue measurable function with
0<p =<py <oocandw € Wy(,). Foranys € h,’f,('), there exist a family of co-atomic
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family for hg('), {ri}seq, and a sequence of scalars {t;} jco such that

5.1 s = thrj, and
JeQ
0 1
2] 9
(52 Z XJ <Clsll,p», Y0<6 <o0,
lxsll, per pO) he
JeQ Ly L’

for some C > 0 independent of s.

PROOF. Forany P € Q, define

gp(s) = (

Whenever P; € P>, we have 0 < gp,(s) < gp,(s). We also find that, for any given x € R",
gp(s) satisfies

1/2
3 <|Q|—%|sQ|>2> .

0eQ,PCQ

(5.3) lim gp(s) =0,
[(P)—00,xEP
(5.4) Z(P)E%}xepgp (s) = g(s)(x).

For any k € Z, define Ay = {P € Q : gp(s) > 2F}. Identity (5.4) guarantees that
(5.5) (x eR": g(s)(x) > 2k} = U P.
Pe Ay

According to the proof of [29, (4.4)], we have

1

(5.6) ( > (|sp|>zp(x)>2>zszk, Vx eR".
PeQ\ Ay

For any k € Z, let By denote the set of maximal dyadic cubes in A\ Ax+1. As maximal
dyadic cubes exist in Ay, By is well defined. According to the proof of [20, Theorem 7.3], for
any J € By, the family of sequences 87 = {(Bs) 0} pecg defined by

(,b’J)Qz{sQ’ Q0cJ and Qe A\Art1,

0, otherwise ,

satisfy s = Y_ ;.o By and |g(By)| < 25+
Letry = 27 sl o By and 1y = 2 sl po- As

(5.7) Q=<U <U{QeQ:QCJ}>)U{QeQ:sQ=O}

k=—o00 “JeB

is a disjoint union, we find that s = Z]EQ tyry and {r;}jeg is an oo-atomic family for h{f,(').
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In view of the disjoint union in (5.7), we find that

0
(= o =

joo Ml po keZ JeBy

for some C > 0. Applying the quasi-norm || - || L p()/6 ON both sides of the above inequalities,
WP

> (Y

Jeo Mixallpo

we obtain

% %
= Clig6N Nl pere = ClIsll e -
Lpé-)/() o? ha)
1)

a

Next, we transfer the result from the atomic decomposition of hf)(‘) to the atomic decom-
position of the weighted Hardy spaces with variable exponent. We begin with the definition

of the non-smooth atoms for HY O,

DEFINITION 5.2. Letl <r < oo, p() : R* — (0, c0) be a Lebesgue measurable
function with 0 < p_ < py < coand w € Wp(,). For any N € N, a family of functions
{ag}pecgiscalleda (p(-), r, N)-atomic family with respect to w if

suppag €30, VQeQ,
/xVaQ(x)dx =0, VyeN' with 0<|y|<N,
101"
lagllyr £ ————.
||XQ||LZ(-)

We now ready to use the atomic decompositions for the sequence spaces hf,(‘) to establish
the atomic decomposition of weighted Hardy spaces with variable exponent H/) O,

THEOREM 5.2. Letl < g < oo, p(-) : R* — (0, 00) be a Lebesgue measurable
SfunctionwithO < p_ < py < ocandw € Wy(,. Forany f € H,f,’m and any positive integer
N, there exist a (p(-), q, N)-atomic family with respect to o, {ag}pcg, and a sequence t =
{to}geg suchthat f =3 5 gtoap and

> (Y

jeo Mixallpo

1
7
SClfligpo . YO<6 <oo

p()/0
L’
for some C > Q.

PROOF. Theorem 4.2 assures that, for any f € HJ (‘), there exist a family of smooth
N-atoms {Ag}pco and a sequence s = {sp}pecQ € h?Y such that f =2 0pcgS0Ap and
Isll s < ClLFN g0
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According to Theorem 5.1, we have t = {t;};c0 and an co-atomic family for hf,('),

{rJ}JeQ, such that s = Zjegtjr.] and

0
21
Dol ) w
Wl pes

JeQ

1
7

=Clsll, 0, Y0<6 <00
LP(-)/H @
of

for some C > 0.
Consequently, we rewrite f as

f=Y sodg=Y (Zm,>QAQ =Y tyas

0eQ 0eQ “JeQ JeQ
where a; = ZQg(rJ)QAQ. We have suppa; < 3J because suppAg € 3Qand Q € J.
In view of the Littlewood-Paley characterization of Lebesgue spaces L7, 1 < g < o0
and the boundedness of the ¢- transforms on F, [?2 = L9 and f%2, respectively [18, Theorem
2.2], we obtain

1
|/«

laslize = Cllgrplis < C———
xs 1l peo

for some C > 0. The vanishing moment conditions for a; are inherited from the correspond-
ing conditions from {Ag}pcg. Thus, {a;},;cgisa (p(-), g, N)-atomic family with respect to

w and
< It] )9
D)«

jeo Mixall o

1
9

= Clfllpo -

p()/6
ng

a

The following is the reconstruction theorem for the atomic decompositions of weighted
Hardy spaces with variable exponents.

THEOREM 5.3. Let p(-) : R" — (0, 00) be a Lebesgue measurable function with
0 < p_ < py <ooand w € Wy(,. Suppose that 0 < 0 < 1 satisfies é € S,.
For any (p(-), q, [ns, — nl)-atomic family with respect to w, {a;} jen, with q > 9(/(6})/9)/,

suppaj C Q; and sequence of scalars {A;} jeN satisfying

Z ( Mj—| )GXQ/'

G Mixellpo

6
(5.8) < 00,

r()/6
Laﬂ

the series f =3 ;o Ajaj convergesin S'(R") and f € HEZY with

5 (L)XQ

e Mol po

1
4

(5.9) 1l g0 = c‘

p()/0
Laﬁ

for some C > 0 independent of f.
Moreover, f =}y Ajaj also converges in HEY.
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Theorems 5.2 and 5.3 extend the atomic decompositions for weighted Hardy space [5,
22,51]to HY O, They also generalize the atomic decompositions for the Hardy spaces with
variable exponents in [38, 48] to HY O,

The intrinsic structure of the atomic decomposition of H/ O jg clearly presented in the

above theorem. The order of the vanishing moment conditions satisfied by the atoms is [ns,, —
(sp())

w—1/s
satisfied by the atoms is given by g > 9(/(63,/ 0)’. It is related to /cc},/ % and condition (5.8).
When w = 1 and p(-) = p,0 < p < 1, is a constant function, we have 8 = p, s, = 1/p
and K,},/ P = o0. Therefore, Theorem 5.3 becomes the atomic decomposition of the classical
Hardy spaces.
We need the subsequent supporting results to obtain Theorem 5.3.

n]. It is determined by the boundedness of M on L . The index g for the size condition

LEMMA 5.4. Let p(-) : R* — (0, 00) be a Lebesgue measurable function with 0 <
P— < py <ooandw € Wpy(y. Let s € S, and {A}ken be a sequence of scalars. For any
r > (k) {bitken C L™ with supp b € Ok € Q and

1
(5.10) Ibrllr < Akl Qkl™,

where Ay > 0, Vk € N, we have

Z My

keN

(5.11) =C

sp()
Lwl/x

> Akl xoy

keN

e
for some C > 0 independent of {Ay}ken, {bk}ken and {Ax}ken.

PROOF. Fixans € S,. Forany g € Lgfl(/z) with ||g||L(Sp(l,})/ < 1, we find that

r

1 ’
< lbllerllx el < Akl Qkl” (/ lg@)I" dX)

Ok

/ b () g (x)dx
RVL

where r’ is the conjugate of r. Consequently,

1 ! r
A — "d
< Akl Q«l (|Qk| /leg(x)l X)

< CAL Okl inf (M(1gI")(x)7
x€Qk

‘ / bi(x)g(x)dx
Rn

<Ay / (Mgl )x) 7 dx
Ok

for some C > 0.
Therefore, Lemma 2.1 gives

‘ / (Zxkbkm)g(x)dx
Rn

keN
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<CZAkIAkIf (M(1gI")(x)) 7 dx

keN
r’ 5
<C [ (D Arlrklxoc(x) ) (M(1gI") ()7 dx
R" \ reN
ro
C| Y Arlrklxos o 1A D7
keN wus w1/
1
| > Aclrlxo, L 1M sV Lo
keN wu w1l

As r’ < kg, the definition of « guarantees that there exists ' < k < & such that M is
bounded on L(Yfk(/z) /¥ Thus, (2.5) asserts that M is bounded on L(Y”(,/)A) ",
Finally, Proposition 2.2 yields (5.11). O

The reader is referred to [30, Proposition 5.8] for a similar result of the above lemma on
Morrey spaces with variable exponents.

PROOF OF THEOREM 5.3. Let ¢ € S(R") satisfy the conditions in Definition 2.4. For
any h € §'(R"), define the Lebesgue measurable function G(h) by

1/2
G(h) = (Zl(h*wu)|2> :

veZ

Write N = [ns, — n]. According to the proof of [29, Theroem 4.4], we find that for any
(p(+), g, N)-atomic family with respect to w, {a;}jen, with suppa; C Q;,

N+1 —
l(@j o) (x)] < C2NT DY 04157 (1 4+ 2°)x — xg, ) L/3Q laj()ldy

J

N+1 _ ’
sc2<N+"+””|Q,-| z (1+2“|x—xQ,-|) LllajlizalQ;s1

- 10514014
;1 po
1
Ixo; Il po

< C2(N+}’l+l)l) | Q

+2"|x —xg il

N+1
= 2V 0 L 42 — xg, )

for some sufficient large L > 0.
By using the embedding /' < [? and the inequality

Zz(N-‘rrH-l)U(l _|_2V|x _ le)—L < CIx _ xQ|—N—n—l ,
VEZ
we find that
G <CY IMIX;+CY Ay, =X +Y

jeN jeN
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for some C > 0 where
Xj(x)=G(a;j)(x)xa0;(x)
—N-n—1
XR\40,; (x) <1 + %) .
We first consider X. Since 6 < 1, by using the #-inequality, we obtain
X' <cy nlf1x;l°
jeN

Yix) = ————
R P2

for some C > 0.

The Littlewood-Paley characterization of L7 gives
0
19,17

0 0 0
X5 llpae = ClGlaplipe < Cllajlie < Coe———
X0l perve

[0}

for some C > 0.
Since ¢ > 6(k))’, X satisfies (5.10) with suppX; € 4Q; and A; = ||XQ,-||Z,€(.)-

Furthermore, since % € Su, we are allowed to apply Lemma 5.4 with r = ¢ /6 to obtain

x| “X0”1/0 < C‘ Z( |)»j| >0 1/6
rt) = p()/0 = —— ] X40; .
Fo L Jam Mxo; Il po Mo
Since
(5.12) x40, < C(Mxp,)
for some C > 0 independent of j, we get
21/6
1217
IXl0 =€) 3 (Jie/zMXQj o
jeN ||XQj||Lup)(-) L:ﬁ
1
|)Lj|9/2 2\ 7 1|2/0
=C ——— Mxg,
H(Z <|| 1192 X0, 2P0/
jeN MXQ; po o

for some C > 0.
Moreover, as % € Sy, Sp < % < %. The Fefferman-Stein vector-valued maximal in-
equality, Theorem 3.1, yields

2\ 41276
|)Lj|9/2 2
Xl 0 =€ H(Z (70/2)(9/ 200
jeN ”XQj ”LZ(-) L o
1/6
4,17
6 J .
jeN “XQ/ ”L(I;(A) LZ(H)/Q

for some C > 0.
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Then, we deal with the function Y.
By using (4.7), we have

Y=} = —

|x _xQ-| —N—n—1
XRM\4Q; (X) (1 + —2=

N ||XQ, ||Lp 1(Q))
1/ B
=C X ) (x))
%( <||XQ,||Lp(> e
N+n+1
forany 1 < g < ==,

As N = [ns,, — n], we have

N 1 —n—1 |
(5.13) tatl Me-n-ldndl

n n

Therefore, we can select g satisfying
N 1
1 S Sa) < ﬂ < & .

Applying the quasi-norm || - ||, »» on both sides of the above inequality, we find that

A 1/B\ B
> (m(te) )
= Ixo;ll,ro

I’ 1/B\ B\ 1/
B ]
=C M(—"—xp,
Ixo; 1,70

jEN

1Yl 50 < c‘

Lz(-)

Bp() ’
Ls

As B > s, the O-inequality and Theorem 3.1 yield

1/8
|)\.| 1/B\ B
Yl >(><CH< ((7X ;

L. lxo; 0"

0
o H ( )
T = X
Z T o Z Ixo, ||Lp<> 2
for some C > 0.

Py ”XQJ'”LZ”
The above estimates for ||X||Lp<.> and ||Y||L,,<.> yield

Z( al )QXQ/

AN PTI

Br()
Los

p()/0
Lwe

1
o

11l yper = NGO per < €

p()/6
ng

for some C > 0 independent of f € HY 0,

6
. oo |21 . .
Since Sy =) J=N (7‘”% “Lp<->> X0; J 0as N goes to infinity, Lemma 2.3 assures that

o] |)\| %
lim H <7f> X0 =0.
N—o00 ];:V ||XQJ.||LZ(_) J ng)/g
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Write fy = Y170 A;a;. Then (5.9) yields

0

p()/6
ng

=y
lim [ = fivllpo < C lim H (7j> o
N—>00 HY N—oo Jg:\l ”XQJ'”LZ(') Qj

which asserts the convergence of the atomic decomposition in HY (‘). O

6. Characterization by maximal functions. In this section, we present an appli-
cation of the atomic decompositions. We show that H/ 0 possesses the maximal function
characterization. That is, the definitions of H} ©) via the Littlewood-Paley function and the
maximal functions are equivalent.

For classical Hardy spaces, this equivalence can be obtained by studying the boundedness
of singular integral operators on vector-valued Hardy spaces [23, Sections 6.4.4-6.4.6]. This
idea is also used in [38] for Hardy spaces with variable exponents.

However, in this paper, we establish this equivalence for HJ} 0 by atomic decomposi-
tions.

We first recall some terminologies and notations from the study of maximal functions.

We say that f € S'(R") is a bounded tempered distribution if ¢ * f € L>(R") for any
¢ € S(R).

For any N € N, define

N (p) = sup (1 +xDY D" 107¢(x)|, Vo € SR").
vl YISN+1

Write
Fn={p € S(R") : Ny() < 1}.
Forany ¢t > 0 and @ € S(R"), write ;(x) =t~ "®(x/1).
For any f € S&'(R"), the grand maximal function of f is given by
M[f)(x) = sup sup[(P;* f)(x)],

PeFy t>0

see [50, Chapter III, (2)].
The grand maximal function depends on N, for simplicity, we use the abused notion M.

DEFINITION 6.1. Let p(-) : R" — (0, 00) be a Lebesgue measurable function with
0 < p- < py <ooand w € Wp(,. The weighted Hardy space with variable exponent ’Hf)(')
consists of all bounded f € &' (R") satisfying

Ifllypeor = IMFNlpo < 00

The main result of this section is the equivalence of the definitions of the weighted Hardy
space with variable exponents by using the Littlewood-Paley characterization and the grand
maximal function characterization.
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THEOREM 6.1. Let p(-) : R" — (0,00) be a Lebesgue measurable function with

0<p- < py <ooandw € Wy(,). The quasi-norms || - || ,p) and || - ) are mutually

HEC llggpc

equivalent.
We prove the above result by showing that ’Hf)(')
as what we obtain in the previous section for HY (‘).
Even though the statement of the atomic decomposition for H, ~ is precisely the same

as Theorems 5.2 and 5.3, the proofs are different. For the sake of completeness, we present
140
w

also possesses atomic decompositions

pC)
w

the atomic decompositions for H,, * in the following.

THEOREM 6.2. Letl < g < oo, p(-) : R* — (0,00) be a Lebesgue measurable
Sfunctionwith0 < p_ < py <oocandw € Wpy(,. Forany f € Hf)(') and any positive integer
N, there exist a (p(-), q, N)-atomic family with respect to o, {ag}pcg, and a sequence t =
{to}geg suchthat f =3, gtoag and

> ()

2\l g0

1
3
= Clifllype, YO <6 < o0

p()/0
L
for some C > 0.

We also have the reconstruction theorem for the atomic decomposition of Hf,(‘).

THEOREM 6.3. Let p(-) : R" — (0,00) be a Lebesgue measurable function with
0 < p- < py <ooandw € Wpy(,. Suppose that 0 < 6 < 1 satisfies é € Se.
Forany (p(-), q, [ns, — nl)-atomic family with respect to w, {a;} jen, with q > 9(/((},/9)/,

suppa; C Q; and sequence of scalars (A} jeN satisfying

(I

AN PT

0

< 00,
p()/0
Lwe

6.1) ‘

the series

=2k

jeN
converges in S'(R") and f € Hcf(‘) with

> () e

AN PEN

1
g

(62) | fllypr < €

I p()/0
of /
fb’ some C > ‘) independenl ()ff.

Theorem 6.1 follows from Theorems 5.2, 5.3, 6.2 and 6.3. Thus, it remains to establish
Theorems 6.2 and 6.3.

We use the ideas from [50, Chapter I1I, Section 2] and [30, Section 5] to obtain Theorems
6.2 and 6.3.
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We recall a crucial supporting result for the atomic decomposition [50, Chapter III, Sec-
tion 2.1] and [51, Chapter VIII, Lemma 3]. We use the presentation given in [30, Proposition
5.4] and [38, Lemma 4.7] .

For any d € N, let P; denote the class of polynomials in R” of degree less than or equal
tod.

PROPOSITION 6.4. Letd € Nand o > 0. For any f € S'(R"), there exist g €
S'(R™), {br}ken C S'(R™), a collection of cubes {Qr}ren and a family of smooth functions
with compact supports {n} such that

(1) f=g+bwhereb="7 " _nbk
(2) the family { Qi }ren has bounded intersection property and

U ok =tx eR": M) > 0},
keN
(3) suppnk C Ok, 0 < mx < 1 and

Z Nk = X{xeR":(Mf)(x)>0}s
keN

(4) the tempered distribution g satisfies
(Mg)(x) = (M X)X xeRm(M f)(x) <o} (X)

n+d+1
‘o Z 1(Qk)
keN

((Qk) + |x — xghrrd+t”

where xi denotes the center of the cube Qy,
(5) the tempered distribution by is given by by = (f — cx)nir where ci € Py satisfying

<f_ck1q'77k):07 qu,Pd?
and

I(Qk)n+d+1

WXR"\Qk(x>

(6.3) (Mbi)(x) = CM X)) xo,(x) + Co

for some C > 0.

For brevity, we refer the reader to [50, Chapter III, Section 2.1] for the proof of the above
proposition.

PROPOSITION 6.5. Let p(:) : R" — (0, 00) be a Lebesgue measurable function with
O<p-=<py<oocandweWy.If [ € Ha’,’('), then the distribution g given in Proposition
6.4 is locally integrable.

PROOF. We first show that Mg € L} . In view of Proposition 6.4 (4) and (4.7), it

loc*
n+d+1

suffices to show that F = 3", (y(Mxg,) = €L

loc*

For any B € B, by [21, Chapter II, Theorem 2.12], we have

[ 1Fwlas =Y [ 00,0 xp oy

keN
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< /R n (ZXQk (x))(Mm(x)dx

keN

because > 1.

The definition of s, (2.3), there exists an r such that s,, < r and the Hardy-Littlewood
maximal operator M is bounded on Lgf 1(/2) . Therefore, the bounded intersection property

and Lemma 2.1 yield

n+d+1
n

/BIF(x)IcleC/IR X(xeR:(M f)(x)>0} (X)) (M xB) (x)dx

< C”X{xeR”:(Mf)(x)>zr}||Lr1>l(/~) IMxBI, epiry

w1/

1
< C”X{xeR”:(Mf)(x)>U}”L/pr(.) X8Il cpory
2] w1/

- 1
6.4) = Co M o Ixall gy < o0

Thatis, F € LllOC and, hence, Mg € Llloc’ By using the idea from [50, Chapter III, 2.3.3], we
now prove that g € Llloc.

For any B € B, let Ap be the space of finite Borel measures on B. Ap is the dual of the
space of continuous functions on B and Mg € LllOC C Ap. Taking an approximate of identity
@, we have |®; x g| < Mg and ®; x g — ¢in S'(R"). The Banach-Alaoglu theorem assures
that there exists a subsequence of @; x g converges weakly to a measure du € Ap.

Since |®; * g| < My, we find that du = hdx is absolutely continuous with

fB |h(x)|dx < oo and, hence, g = h. Therefore, g € L} |

loc*

The proof of the following proposition also provides a supporting result for the proof of
Theorem 6.2.

PROPOSITION 6.6. Let p(-) : R* — (0, 00) be a Lebesgue measurable function with

0<p_ < pr <ooandw € Wpyy. Then ’Hf)(‘) — S'(R") and Hf)(‘) n LllOC is dense in
()
w -

PROOF. According to [50, Chapter III, (21)], for any ¢ € S(R"), there exists By € B
such that

I(fs ) =CM[f(x), Vxe By

for some C > 0. That is,
C C
F )P < —f Mo Pdx < -
|Bol Jg, | Bol

Definition 2.3 (1) assures that || x5, ||L(p(.)/,,*y < 00. Thus,

w” P*

ICMEYPI oo | XBoll oo -
wP*

w P*

C
I(f b} = @IIMfIILgm = Clifllgro

for some C > 0 independent of f € Hf,('). That is, ’Hf,(') — S'(RM).
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Next, we show that Hf)(') N LllOC is dense in ’Hf)(').

For any f € ’Hf,(‘), by applying Proposition 6.4 with d = d,, = [ns, —n]and o = 2j?
j € Z,wehave f = g/ + b/ with b/ = >, b]. The b] are supported in the cubes Qy
where these cubes satisfy

(6.5) ol =txeR: MH@&) > 2/} = 07
keN
We have 0/ | @, as j — oo.

We now show that 5/ — 01in H2") when j — occ. The definition of s, (2.3) and the
inequality (5.13) assure the existence of » such that

[nsy —n]l+n+1 _dw—i—n—i—l
n - n

S < T <

and the Hardy-Littlewood maximal operator M is bounded on Lgf 1(22)/.

In view of (4.7) and (6.3), for any h € LPO) Gith 1All, opery < 1, we have
w=1/r

w1/

/|(be>(x>|”’|h(x>|dx
]Rn

1/r .
= [ T IMHWI @y (s

keN

I(Qli)n+dw+1XRn\Ql{ (x) )l/rd
X

+ Ccoilr /R |h(x)| Z(

£t NP + Ix — ] [yt

<cC / AMP@NM Th)ldx + €2y / (M3 o) (o)At D ) dx
o/ keN R ‘
By using [21, Chapter II, Theorem 2.12], we obtain

/Rn((Min)(X))

n+dg
T

Hihwidr = [ g
Rn k

n+d,
’

w+1
n (Mh)(x)dx

=[xy = [ oamedx
Rn k Q/]c

n—+dy,+1
rn

as > 1.

Lemma 2.1, the bounded intersection property satisfied by {Qi }ken and (6.5) assure that
fR |(MBb)Y()|7 |h(x)ldx < C fO (MY (MR (x)dx
n J
= Cllxos MOl wo IMAI oprs

for some C > 0.
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Since M is bounded on Lgf ,(/'2) and ||h||L(,p(,))/ < 1, we obtain
w=1/r

/ |(MBDEIMThC)ldx = Cllxos M)l ey Wl s
, Lr ’
= Cllxos Ml

for some C > 0.
By taking supremum over those h €

A

L rp(-))’

w1/

1, Proposition 2.2 yields

with ||I’l “L(rp(-))/
w1/

inl i 1
IMBI I = 1By = Cllor MOy = Clixor My -
Thus, b/ € HE.
Since Lemma 2.3 asserts that || - || 120 is an absolutely continuous quasi-norm, M f €

Lf)(') and x5, Mf | 0as j — oo, the above inequality gives

lim 167]l,p00 = lim M|, 0 = C lim |lxo; Mfll, p0) = 0.
j—oo ® j—o0 ® j—o0 ©

Consequently, ¢/ = f—b/ € HE. Since ¢/ € HE" NL],, we find that im;_, o || f —

g/ llyper = lim;_, 00 b7 0> = 0. Therefore, ’Hf,(‘) N L! isdensein HZ(‘). O

loc

We now ready to prove Theorem 6.2.

PROOF OF THEOREM 6.2. It suffices to establish the atomic decomposition for
(p(:), 00, d) atoms with d > d,,.

In view of Proposition 6.6, ’Hf)(') N Llloc is dense in Hf,('). Therefore, by using the density
1

argument, it suffices to assume that f € ’Hf,(‘) N L.

Foranyd > d, and f € ’Hf)(') N Llloc,
we have f = ¢/ 4+ b/ with b/ = D keN b,ﬁ. The b,ﬁ are supported in the cubes Qi where these
cubes satisfy (6.5).

Let {n,ﬁ} be the family of smooth functions given in Proposition 6.4 (3) for the collection

by applying Proposition 6.4 with o =2/, j € Z,

of cube {Q}}.
In view of (4.7) and (6.4), there exists a x; € B(0, 1) such that
1(Q})" ! c B
Z ‘ = Z(MXQ,{(X)) nodx < C27IT

5 00D + Ixj — xpyrrd+t T IBO. DI o &

for some C > 0 independent of j € Z. For any ¢ € S(R"), write ¢/ () = ¢(- — Xj), we
have (¢ * g/)(0) = (¢’ * g/)(x;). As x; € B(0, 1), My (Cy’) < Ny(p) for some C > 0
independent of j € Z. Proposition 6.4 (4) ensures that
. . . . . 1
o % g7 ()] = (¢ % g7)(x))| < M(g/)(xj) < C2/I=P

for some C > 0. Asr > s, > 1, we obtain gj — 0in S'(R") as j — —oo.



408 K.-P. HO

In addition, Proposition 6.6 ensures that b/ — 0in S’(R") as j — oo. The convergence
of g/ and b/ guarantees that f =Y, (¢/T" — g/) converges in S'(R").
Moreover, Item (5) of Proposition 6.4 gives

g =gl =0 T =3 = = (f = D)

keN

where c,{ € P, satisfies
/R (f(0) = el (x)gIml(x)dx =0, Vg ePy.

Consequently, we have f =) ik Aj where
1 1
=(f =Dl =D (F =TTl 3 ewan”

leN leN
and cx; € Py fulfills

/Rn((f(X) - cl (x))nk (x) — cx, I(X))q(X)n]H(x)dx =0, VgePy.
Define

J =1 4] j
a :A.j’kAk and Xj1k=C2/||XQ£||LZ(.)

where c is a constant determined by the family {A,i} j.k- Most importantly, the constant c is
independent of j and k, see [50, p.108-109].

The proof for the classical Hardy space [50, Chapter III, Section 2] assures that a,{ isa
(p(+), 00, d) atom.

The definition of Q,i and the finite intersection property of the family {Q,i}keN yield that
forany 0 < 6 < oo

el ) :
> (77’ ) Xoi () = C2% x4 (x)
ke Mxgillpo k
for some C > 0.

That is,

0
A :
Z (M) Xoi @) = C Y 27x0i(0) < CMPH@) .

X il peo ‘<

Applying the quasi-norm || - || p( ,so On both sides of the above inequality, we find that

0
A j .kl 7
> (T Xo]
7 Mxgillpo ke

for some C > 0 independent of f. |

SCIIfIIHZ(-), 0<6<o0
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PROOF OF THEOREM 6.3. Let {a,}en be a family of (p(-), ¢, [ns, — n]) atoms with
suppa;j € 3Q;. Let {A;}en satisfy (6.1).

Write
P
jeN LY
SC( Z)»j)@QjM(aj) + Z)‘jXR"\3QjM(aj) >=1+11.
; Lp(-) X Lp(-)
jeN w jeN w

We consider I. As @ € S(R"), @ has a radial majorant that is non-increasing, bounded
and integrable. In view of [50, Chapter II, (16)], we have

sup [P * a;j(x)| < M(aj)(x) /Rn |P(2)|dz = CRN(P)M(aj)(x), Vx €30,

t>0

for some N, C > Oindependentof j € N, ® € S(R"),x € R" and ¢ > 0.
By taking supreme over those @ € S(R") with 9y (@) < 1, we obtain

(6.6) Maj(x) <CM(aj)(x), VYxe3Q;

for some C > 0. Therefore, the 8-inequality gives

1/6
6
el gmamn], el (Zmen) ],
jEN Ly, jEN Ly,
o172
=C| > (xjIM@)|
jeN Lwe

The boundedness of the Hardy-Littlewood maximal operator M on LY yields

19l

1xQ; Il perve
@'

[4
q

1M @) Nl g = IM @)%, < Cllajllf, <C

for some C > 0.
Since % € Sy and g > 0cl/?y, we apply Lemma 5.4 with b; = (M(aj)XQj)o and
Aj=lxo; ”;pl(-)/e to obtain
wf

1/0
1 <C

> (1M @)

jeN

1/6 )] 9
(Y e

(/0 . .
L7 = Ixo; Il po

Lo
Furthermore, (5.12) and Theorem 3.1 yield

Mjle/z 2\ 3 2/0
en re| (2 ) ) [

jEN “XQ/ ”Lg(A)

1/0

|21
=C|>.—L5—xo,

6
S lxo, 1

p()/6
ng

for some C > 0.
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Next, we deal with /. For x € R"\3Q;, we use the vanishing moment condition
satisfied by a; to obtain

—xn )
[(aj *x @) (x)] < /Rn Iaj(y)<<1>z(x—y)— Z way@(ﬁc—w,)ydy.

ly|=de

By using the reminder terms of the Taylor expansion of @;, we have

@ro0wi= [ Jaml ¥

ly|=dwt+1

(y —xg,)”
|

3D (x —y+6(y —XQj))‘dy

forsome 0 < 0 < 1. Since y € O, we have |(y —ij)”| < |Qj|% forany |y| =dy, + 1.
Moreover, forany y € Q;,

1
lx =y +0(y—x0)l =[x —xg;[ = (A =0)|y —x0,;| = Elx —xg;l
We obtain

_ dp+1 _ _
(@) * D) (0)] < CRY @)+ 0 1% (14 1= x — xg,]) L/ laj () Idy
30;
for some sufficient large L > n + d,,, + 1 and some C > 0 independent of ¢+ > 0 and @. The
Holder inequality and the definition of @ yield

10l
(6.8) / lajMIdy < llajlizallxzo;ll ey < —=
30, xo;ll o
where ¢’ is the conjugate of g. That is,
|Q |n+dw+l
[(aj % B) ()] < CRy (D) @ortntDZIL T (1 4=y — xo L.
Ixo;llro

As L > n+d, + 1, by taking supremum over t > 0 and @ € S(R") with 9y (®) < 1
on both sides of the above inequality, we obtain

n+dep+1

Q1™ 1
Mai(x) <C , Vx e RMN\3Q0;.
J ||XQ,- ||L5<.) |x — ij_|n+dw+1 J
Furthermore, (4.7) yields
n+dg+1
(Mxg;(x))
(6.9) Maj(x) < C 1% . ¥x eRM\3Q,

Ixo; Il po

for some C > 0 independent of the atoms {a;}.
Write o = ”“ﬁl—“’“. Consequently,

A1 e
Il < CH(Z (Mg, (x))"‘)
e Ixollpo

o

ap()
Lwl/oc
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Since
_n~|—dw~|—1 >n—l—[nsw—n]—l—l

o = = > Sw
n n

the Fefferman-Stein vector-valued maximal inequality asserts that

)1 Ve 1)1
1= CH <]ZN X0, 1,70 XQf‘) T = P T A
for some C > 0. Then, the 8-inequality gives
IA,1° 1/6
(6.10) 11<c gillxgjllizo X0, Lo
In conclusion, (6.7) and (6.10) yield (6.2). O

Finally, Theorem 6.1 is a straightforward consequence of Theorems 5.2, 5.3, 6.2 and 6.3.
Hence, the quasi-norms || - || HPO and | - || 200 are mutually equivalent. When w = 1, this
result extends the Littlewood- Paley characterization for Hardy spaces with variable exponents
in [38] because the exponent function considered in Theorem 6.1 is not necessarily to be log-
Holder continuous.

Acknowledgments. The author would like to thank the referee for careful reading of the paper and
valuable suggestions for improving the context and presentation of this paper.
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