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WILLMORE SURFACES IN SPHERES VIA LOOP
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Abstract. The family of Willmore immersions from a Riemann surface into $"*2 can
be divided naturally into the subfamily of Willmore surfaces conformally equivalent to a min-
imal surface in R”*2 and those which are not conformally equivalent to a minimal surface in
R"*2. On the level of their conformal Gauss maps into Gr1’3(Rl'"+3) =So0t(1,n+3)/
SOT(1,3) x SO(n) these two classes of Willmore immersions into sn+2 correspond to
conformally harmonic maps for which every image point, considered as a 4-dimensional
Lorentzian subspace of RL243 ) contains a fixed lightlike vector or where it does not con-
tain such a “constant lightlike vector”. Using the loop group formalism for the construction
of Willmore immersions we characterize in this paper precisely those normalized potentials
which correspond to conformally harmonic maps containing a lightlike vector. Since the spe-
cial form of these potentials can easily be avoided, we also precisely characterize those po-
tentials which produce Willmore immersions into $"*2 which are not conformal to a minimal
surface in R”*2. It turns out that our proof also works analogously for minimal immersions
into the other space forms.

1. Introduction. This is the third paper of a series of papers concerning the global
geometry of Willmore surfaces in terms of loop group theory. Our aim is to derive a criterion
characterizing the normalized potentials of all strongly conformally harmonic maps which
either correspond to minimal surfaces in R”*2 or to no Willmore surfaces at all. On the one
hand, this provides a characterization of minimal surfaces in R”+2, as well as this special
class of strongly conformally harmonic maps. On the other hand, it also allows us to derive
Willmore surfaces different from minimal surfaces in R”*2 by excluding this special type of
normalized potentials. This is particularly important for the application of the main results of
[14] to generic Willmore surfaces in $”"2.

It is well-known that minimal surfaces in Riemannian space forms provide standard ex-
amples of Willmore surfaces [3], [4], [28]. To pick up all minimal surfaces in space forms
among Willmore surfaces, we provide a description of them via potentials.

To be concrete, let F be a harmonic map from a Riemann surface M into Gry 3(R""13)
(=S0%(1,n+3)/SO0™(1,3) x SO(n)), withalift F : M — SO (1, n + 3) and M-C form

_ A B Al Bl _
= FlgF = d Z —)dz.
* <—Bi11,3 Az) et <—Bi11,3 Az) ¢

2010 Mathematics Subject Classification. Primary 53A30; Secondary 58E20; 53C43; 53C35.

Key words and phrases. Willmore surfaces, normalized potential, minimal surfaces, Iwasawa decompositions.

The author is thankful to Professor Josef. Dorfmeister, Professor Changping Wang and Professor Xiang Ma for
their suggestions and encouragement. This work is supported by the Project 11201340 and 11571255 of NSFC.




142 P. WANG

Here
A1 € Mat(4x4,C), Ax € Mat(nxn,C), B1 € Mat(4xn,C), I3 =diag(—1,1,1,1).

F is called strongly conformal if B; satisfies Bi[ 1.3B1 = 0. Note that this condition is inde-
pendent of the choice of F' [14]. We also recall that the conformal Gauss map of a Willmore
surface is a strongly conformally harmonic map [14]. Conversely, by Theorem 3.10 of [14],
there are two different kinds of strongly conformally harmonic maps:

Those which contain a constant lightlike vector and those which do not contain a con-
stant lightlike vector.

Moreover from Theorem 3.10 of [14], we see that if a strongly conformally harmonic map
F does not contain a lightlike vector, f will always be the conformal Gauss map of some
Willmore map. And, most importantly, these Willmore maps correspond exactly to all the
Willmore maps which are not Mébius equivalent to any minimal surface in R”*2, since mini-
mal surfaces in R"*2 can be characterized as those Willmore surfaces whose conformal Gauss
map contains a constant lightlike vector [19], [30], [21] (See Lemma 1.2 below, see also [3],
[17], [23], [22] and [5]). Since minimal surfaces in R”*2 can be constructed by a straight-
forward way, one will be mainly interested in Willmore surfaces notr Mobius equivalent to
minimal surfaces in R”*2. It is therefore vital to derive a criterion determining whether a
strongly conformally harmonic map f contains a lightlike vector or not. Note that this will
also yield an interesting description of minimal surfaces in R”*2. Applying Wu’s formula,
one will obtain the following description of the normalized potential of F when it contains a
constant light like vector.

THEOREM 1.1. Let D denote the Riemann surface S*, C or the unit disk of C. Let
F:D — SOt(,n+3)/SOT(1,3) x SO(n) be a strongly conformally harmonic map
which contains a constant light like vector. Assume that f(p) = Iy4+4 - K w.r.t some base
point p € D and z is a local coordinate with z(p) = 0. Then the normalized potential of f
with reference point p is of the form

fii f o f
B ~ — — e —
M =i A(,) ") dz, where B = S —fi2 Jin
_B111,3 0 f§1 f§2 fé"
ifstr ifs2 - ifam

Here the functions f;; are meromorphic functions on D.
Moreover, F is of finite uniton type with maximal uniton number < 2.

It is well-known that minimal surfaces in Riemannian space forms can be characterized
by the following lemma (The statements and proofs can be found in [19], see also [21] for a
proof of Case (1)).
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LEMMA 1.2 ([19],[30]). Lety : M — S$"t2 be a Willmore surface, with F as its
conformal Gauss map. We say that F contains a constant vector a € RY"3 if for any
p € M, a is in the 4-dim Lorentzian subspace F (p). Then

(1) y is Mébius equivalent to a minimal surface in R"*2 if and only if F contains a
y q Yy
non-zero constant lightlike vector.
(2) y is Mobius equivalent to a minimal surface in some S™2(c) if and only if F contains
y q Yy
a non-zero constant timelike vector.
(3) vy is Mébius equivalent to a minimal surface in H'2(c) if and only if F contains a
y q Yy
non-zero constant spacelike vector.

Applying this lemma and Wu’s formula, one obtains the following descriptions of mini-
mal surfaces in space forms.

THEOREM 1.3. Let F: M — SO (1,n+3)/S0O(1,3) x SO (n) be a strongly con-
formally harmonic map. Let

_ 0 B .
2 =1 . dz, B) = e ,
(2 n (-Bih,s 0) z, Bi=(vi v Va)
be the normalized potential of F with respect to some base point zo. Then, up to a conjugation
by some T € 07 (1,3) x O(n),

1. F contains a constant lightlike vector, if and only if every v has the form

3) vi = fjo ( fiv —=fir fiz ifj3 )t , with fj meromorphic.
2. F contains a constant timelike vector, if and only if every v has the form
4) Vi =gj ( 0 2¢ 1- gg i1 ~|—g§) )t, with gj, go meromorphic.
3. F contains a constant spacelike vector, if and only if every v has the form
) vi=hj( 2ihg O 1—h3 i(L+h3) ), withhj, homeromorphic.

Potentials of above form will be called canonical potentials for the corresponding minimal
surfaces in space forms.

The proof of Case (1) of this is more elaborate than the proof for the other cases. It
also has a more general background. The classical theorem of Bryant [3] tells us that every
Willmore two-sphere in S is Mobius equivalent to some minimal surface with embedded
planer ends in R3. However, when the co-dimension increases, this does no longer hold true
and there are Willmore two-spheres in §* different from minimal surfaces in R* [17]. In
[27], by using the loop group methods developed in [14], [15], we provide a classification
of Willmore two-spheres in S"*2 via the normalized potentials of their harmonic conformal
Gauss maps. The basic idea is to combine the work of Burstall and Guest [6], [16] with the
DPW method [15] and to characterize harmonic conformal Gauss maps of Willmore surfaces
by describing their normalized potentials. We would like to point out that these potentials take
values in nilpotent Lie sub-algebras by the results of [6] and [15]. In [27] it was shown that
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there are m — 2 different types of such nilpotent Lie sub-algebras when n + 4 = 2m. The
possible forms of normalized potentials are also listed explicitly.

To derive concrete expressions for Willmore surfaces, and to understand their geomet-
ric properties one needs to perform Iwasawa decompositions of the meromorphic frames of
the given normalized potentials. Since the potentials take values in some nilpotent Lie sub-
algebra, the meromorphic frames, i.e., ODE solutions with the normalized potentials as coef-
ficient matrices, are Laurant polynomialsin A € S 116], [16], [15]. A theoretical procedure for
the Iwasawa decompositions of such algebraic elements in a loop group has been presented in
[8]. However, for the first type of normalized potentials in the classification theorem of [27],
the Iwasawa decomposition can be obtained in an easier and more straightforward way.

To be concrete, assume that the normalized potential is of the form (See Section 3 of
[14], Section 2 of [27] for the definitions and notations)

(6) n=Axr""n_1dz
with
X S fizoo fee21 fme22
0 B - fir fizo oo fme21 fme22
7 1= A~ , and B = ’ ’ ,
@ (—Bilm 0) : fis fie oo fmw—23 fm-24

ifi3 ifia ... ifm-23 ifm-24

where f;; are meromorphic functions on the Riemann surface M. Note that this 7 is conjugate
to the one in (1) by 7 = diag(1, —1,1,...,1). So the corresponding harmonic maps are
Mbobius equivalent to each other. Moreover, we have the following theorem, which is in fact
part of (1) of Theorem 1.3.

THEOREM 1.4. Let F : D — SO+t(1,2m — 1)/SO%(1,3) x SOQ2m — 4) be a
strongly confomally harmonic map with its normalized potential being of the form in (7).
Then F contains a constant light like vector.

Moreover, if F is the conformal Gauss map of a strong Willmore map y : D — §2"~2,
then rank(él) < 1 and y is Mobius equivalent to a minimal surface in R 2,

It is easy to verify that such F is of finite uniton type. Moreover, F actually belongs
to one of the simplest cases, called Sl invariant (See [6], [11], [27]). For such harmonic
maps, by using a straightforward and lengthy computation, one can derive the harmonic map
explicitly and then read off all needed information, which will provide a proof of Theorem
1.4.

COROLLARY 1.5. Let F: DD — SOT(1,n+3)/SO"(1,3) x SO(n) be a strongly
conformally harmonic map with its normalized potential 1 of the form (1) and of maximal
rank(By) = 2. Then F can not be the conformal Gauss map of a Willmore surface. In
particular, there exist conformally harmonic maps which are not related to any Willmore map.

As a consequence, at this point we have obtained a complete description of the strongly
conformally harmonic maps which produce either minimal surfaces in R”*2 or no Willmore
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surfaces at all, which make our theory workable for the study of non-Euclidean-minimal Will-
more surfaces. This corollary shows that the characterization theorems here do make sense
for the theory in [14] to deal with global Willmore surfaces different from minimal surfaces
in R" 2,

This paper is organized as follows. Section 2 provides the form of the potentials of
strongly conformally harmonic maps containing a constant lightlike vector. The proofs of
Cases (2) and (3) of Theorem 1.3 are also derived in this section. Section 3 contains the
characterizations of minimal surfaces in R"*2 in terms of potentials and several technical
lemmas providing a proof of our main theorem. The proofs of these technical lemmas are
derived in Section 4.

For simplicity we will, in this paper, always retain the notation of [14] and [27]. For
more details we also refer to [14] and [27].

2. Potentials of strongly conformally harmonic maps containing a constant light-
like vector. This section is to derive the forms of the normalized potentials of strongly con-
formally harmonic maps containing a non-zero constant real vector. The basic idea is to char-
acterize the Maurer-Cartan form of such a strongly conformally harmonic map F : D —
SOT(1,n+3)/SO™(1,3) x SO(n).

2.1. Proof of Theorem 1.1. The proof of Theorem 1.1 relies on the following tech-
nical lemma.

LEMMA 2.1. Let
0 0 a3 aus
Al = 0 0 -—aji3 —aus
az aiz 0 ass
a4 aig —azs 0
be a holomorphic matrix function on a contractible open Riemann surface U. Let Fy1 be a
solution to the equation

Fy'dFo1 = Avdz, Foil:=0 = Is.

Then
430k +01) 30 +bL) s b 1
Py T2CH TR 1-3@h4bl) b —bi 1
b3 b13 1 0 cosg sing
big b4 0 1 —sing cosg@
with
Zz
€0=/ az4 dw
0
and

z z
b13 = / (6113 CoS® + ajs4 Sin(p)dz, b14 = / (—6113 sin<p+a14 COS(D)dZ.
0 0
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PROOF. Set
1
F()] = ! .
cosg  sing
—sing cosg
and
1+1%(b%3+b%4) %(?%3+b%4) bis b
fao| AL 1=teh+R) bn by
bi3 b3 1 0
b4 by 0 1
Straightforward computations yield
0 0 0 0
- - 0 0 0 0
FldFy =
or dFor 00 0 a |9
0 0 —aszy O
and
0 0 b’1§ bié
A A 0 0 -b —b
F_ldF()l = 13 14 14z,
01 b:13 b:13 0 0
bi, by 0 0
with
bis = ai3cos@ + aissing, b, = —aizsing + a4 cos .

Moreover, one obtains

0 0 a3 aus

S 1 (r=1,5 )\ £ 0 0 =—ai3 —aus

F 1(F 4y )F -

01 01 01 01 aiz anz 0 0
ais aig 0 0

Since Fy; = 1:"01 F01, one derives
Foi' Fore = Foy' (Fyi'dfor) Fou + Foy Fore = A1
a
PROOF OF THEOREM 1.1. Let F(z,z,A) = (¢1, P2, ¢3, Ppa, V1, ..., ¥y) be a frame of
f with the initial condition F(0, 0, A) = I,+4. W.L.g, we may assume that
Yo=¢1 —¢
is the constant lightlike vector contained in f. As a consequence, we derive

b1 = b2 = a13¢3 + aaps + V2BV .

j=1
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That is
0 0 aiz ais V2B \/§,3n>
o) = “F".
b1z, $2) (0 0 a3 aiyw V2B V2B,
Comparing with
A B
-1 . 1 1
Frk= <—th,3 Az) ’
we obtain
0 0 a3 aus
A= 0 0 =—ai3 —aus ’
a;3 a3 0 azy
a4 aijg  —aszs 0
and
‘/ZBI ﬁﬂn
B = _‘/231 _ﬁﬂn
! —k —k,
—ki —kn,
Since 3{11,331 =0,
ki =ik, ... kn=iky, orky = —iky,..., kyn = —iky.

Similar to the discussion in Lemma 3.8 of Section 3 of [14], without loss of generality, we

assume that on 1\71, 121 =ik, ..., 12,, =ik,.

For the computation of the normalized potential, we will apply Wu’s formula (Theorem

4.23, Section 4.3 of [14], see also [29]). Let §; =

(a;j) denote the “holomorphic part” of A;

with respect to the base point z = 0, i.e., the part of the Taylor expansion of A; which is
independent of z. Let Fp; be a solution to the equation

(8)
By Lemma 2.1, Fp; is equal to
L4301 +aty) 307 +ajy)
—3 (0% +b1) 1= (b5 + b7y
b3 by
b4 b1y

with

Fy'dFoy = 81dz,

b13cosp — basing
—b13¢c0s¢ + biasing

Fotlz=0 = I4.

bizsing + biacos ¢
—(b13sin@ + b4 cos @)
sin ¢
cos @

cos ¢
—sing

Z
</)=/ az4 dz
0

V4 V4
b3 :/ (a13cos@ + ajasing)dz, by =/ (—aizsing + ajacos)dz .
0 0

and
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Let &, denote the “holomorphic part” of A,, with respect to the base point z = 0, and let Fp,
be a solution to the equation

Fp,'dFop = 82dz, Fopli—o = In.

Let Bl denote the holomorphic part of B;. By Wu’s formula (Theorem 4.23 of [14]), the
normalized potential can be represented in the form

- -1
_1 { Fo1 0 0 B For 0

=1 . d

! ( 0 Foz) (_Billﬁ 0) < 0 Foz) -

0 B

-1 1

=* (-Bfl o)dz’
111,3

with
By = Fo1B1 Fy,
fin Jizoo S
-l —fiz -+ —fu -1
= FOI ~ ~ ~ . F
—fgl —f§2 . —f§n 02
—ifay —ifp -0 —if
i fiz o S
- —fiz - —fu
-1 —f o —fum
—ifs1 —ifx2 - —ifa
The statement that F is of finite uniton type with maximal uniton number < 2 comes
from Lemma 3.1 in Section 3.2. O

2.2. Proof of Theorem 1.3.

PROOF OF THEOREM 1.3. Case (1) comes from Theorem 1.1 and Theorem 1.4.

Now we consider Case (2). Since F contains a constant timelike vector eg. We can
assume |eg| = 1 and it is time forward. Then there exists a transformation 7 € SO(1,n + 3)
transforming e into (1, 0, ..., 0)" and transforming F into 7' F. So without loss of generality,
we assume ey = (1,0,...,0)". Let F = (e, €9, €1, €2, ¥1,...,Yy) be a lift of F. As a
consequence, every entry of the first column and the first row of « = F~'dF is zero. The
same holds for F; when introducing the loop parameter into F'. Then using Wu’s formula [29]
(see also Theorem 4.23, and Theorem 4.24 of [14] for the Willmore case), we see that every
entry of the first column and the first row of the normalized potential stays zero. Moreover,
by Theorem 4.24, él also satisfies éi[ljél = 0, which yields

V§11’3V1 =0, forall j,I=1,...,n.

Formula (4) follows by a simple computation similar to the one in deriving the Weierstrass
representation of minimal surfaces in R3.

The converse part is straightforward. In fact, integrating n, we see that all the entries
of the first column and the first row of F_ are 0, except the (1, 1)-entry which is 1. Then
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performing an Iwasawa decomposition one observes that F inherits the same property, that is,
the harmonic map F contains eg = (1,0, ..., 0)" at every point.
Case (3) follows by a similar argument.
O

3. Minimal surfaces in R" as Willmore surfaces. This and the next section aim to
give by direct computations, a concrete description of all Willmore surfaces corresponding to
the first type of nilpotent Lie subalgebras in [27]. To this end, since there are many lengthy
and elementary computations, we will divide the proof into several technical lemmas, which
will be stated in this section. The proofs of these lemmas will be left to Section 4.

The basic idea in our computations is to express the normalized potentials by some
strictly upper triangular matrix-valued 1-forms, since this will simply the computations sub-
stantially. For this purpose, we need to transform the original group into a different one such
that the matrix coefficients of the potentials in (7) will be upper triangular matrices. So we
will first recall the Lie group isometry in Section 3.1. Then we state five technical lemmas in
Section 3.2.

3.1. Preliminary. To begin with, we first recall some basic notations and results. The
detailed descriptions and proofs can be found in Section 3 of [27]. We will retain the notation
of [27].

Recall that SO (1,n + 3) = SO(1, n + 3)g is the connected subgroup of

SO(l,n+3):={AeMat(n+4,R) | A'I} ns3A = I} y3,det A = 1},
with
I py3 = diag{—1,1,...,1}.
The subgroup K = SO (1, 3) x SO(n) is defined by the involution

o:50T(1,n+3) — SOt(,n+3)

©) A > DAD™!,

where D = diag{—1I4, I,}. For simplicity, we assume that n is even and n + 4 = 2m. We
also have
(10) Gn+4,C):={AcMat(n+4,C)|A"J14A = Jyyq,det A =1},
with
Jnva = (jk,l)(n+4)x(n+4) s Jkd = Oktints forall 1 <k,l <n+4.

By Lemma 3.1 of [27], one obtains a Lie group isometry from SO*(1,2m — 1, C) into
G (2m, C), defined by the following map

P: SOoT(1,2m—-1,C) — G(@2m,C)

an A — P lAP
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with

~
Il
Sl -

12)

—i i

1 1

Under this isometry, we have that P (S ot(,2m — 1)) is equal to the connected component
of {F € G2m,C) | F = S, FS»,} containing . Here

1
(13) Som = Jom—2
1

Moreover, this induces an involution of the loop group AG (2m, C):

T:AG2m,C) — AG(2m,C)

(14) —17
F > Syl F Som

with P(ASO*(1,2m — 1)) = {F € AG(2m, C)|7(F) = F} as its fixed point set. We also
have that the image of SO (1, 3) x SO (2m — 4) under P is of the form

(15) P ((50+(1, 3) x SOQ2m — 4))C) ={FeG2m,C)| F=D,'FDy}
with

(16)

D0=15_1Df~’=diag{—1,—1, I2m—41_11_1}= IZm—4

3.2. Technical lemmas. With the notations as above, we are able to state the follow-
ing lemmas:

LEMMA 3.1. Letn € A so(l,n + 3)s be the normalized potential defined on D in
Theorem 1.4. Then
0 f 0
Py=r"'1 0 0 —f% |dz, with f e Mat2x 2m —4),C), f*:= Jop_af'Ja.
0 0 O
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LEMMA 3.2. Let n be as in Lemma 3.1. Then H = I, + A VH) + A2 H, is the
solution to

(17) H™'dH =P(), Hl.=0 = b
with
0 f 0 0 0 ¢
(18) H=|00 —ff|,Hb=|100 0],
0 0 0 0 0
Z - Z -
(19) f=/0 fdz, g=—/0 (f fHdz.

Note that if 7 is derived from some strong Willmore map, then 7 is meromorphic and also
H, the integration of P(n), is meromorphic. If in Lemma 3.1 we start from some normalized
potential and want to construct a strong Willmore map defined on D, then we need to assume
that n is meromorphic and also that H is meromorphic.

LEMMA 3.3. Retaining the assumptions and the notation of the previous lemmas, as-
sume that P (n) is the normalized potential of some harmonic map, we obtain:
The Iwasawa decomposition of H is

H=FF,, with F € P(ASOT(1,2m — 1),) C AG2m,C), , Fy € ATG(2m,C), .
And F is given by (see also (3.7) of [27])
(20) F=HtW)L,".
Here W, Wy and L are the solutions to the matrix equations

TH)'H = WWot (W)™, Wo =%(Lo) Lo

with
0O u O 0 0 g
W=bn+2""Wi+272Wwo, wy=| 0 0 —u? | ., Wa=(0 0 0],
0 0 O 0 0 O
and
a 0 b i 0 I
Wo=|0 g O],Lo=]| 0 [p O , withly, ls upper triangular.
0 0 d 0 0 Iy
Moreover, we have
(21a) d=D5L+Esf*f¥ + E45'Erg,
(21b) u'd = f* — f'Eg,
2lc) q+ufdEsi™ = by 4+ f'E\f

21d) a+uqi' Ey+ gE4d'§'E1 = I,
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2le) b+ uqi' Ex + gE4d'§' Ex = Eo [ f* + Erg' Evg,
(211) ug — gE4i™ = f .
Here E1, E>, E3 and E4 are defined as

(00 o {01 (10
(22) m-(01>,@_@_(0(),m_<00>,

REMARK 3.4. 1. Since in Lemma 3.3 the matrices f and g, whence also f 1 are given,
equation (21a) determines d, where d is invertible (certainly true for small z close to z = 0).
Then equation (21b) determines u*, hence u. Inserting this into (21c) results in determining
q. Inserting what we have so far into (21d) determines a and similarly from (21e) we obtain
b. The last equation, (21f), is a consequence of the previous equations. Therefore, the only
condition for the solvability of the system of equations is the invertibility of d.

2. If f and g are rational functions of z, the invertibility of d is satisfied locally, whence
on an open dense subset due to the rational expression in z, z.

LEMMA 3.5. Retaining the assumptions and the notation of the previous lemmas, the
Maurer-Cartan form of F in (20) is of the form

0b 0 ar 0 a
(23) dp=2""10 0 —b* |dz,@=| 0 a 0 |dz.
00 0 0 0 ay

LEMMA 3.6. LetF:M — SOT(1,2m—1)/SOT(1,3) x SO (2m —4) be a strongly
conformally harmonic map with an extended frame F. If the Maurer-Cartan form of F =
P(F) is of the form (23) in g(2m, C), then F contains a constant light like vector. Therefore,
if F is the conformal Gauss map of some Willmore map y, y is Mobius equivalent to a minimal
surface in R*™,

Lemma 3.1 and Lemma 3.2 can be verified by straightforward computations. And the
other lemmas will be proven in the following section.

PROOF OF THEOREM 1.4. Combination of the above five lemmas provides the proof
of Theorem 1.4. O

Note that Corollary 1.5 already follows from the above three lemmas. The fact that n_;
takes values in a nilpotent Lie subalgebra of rank 2 comes from Theorem 2.6 and Lemma 3.5
of [27].

REMARK 3.7. 1. For a general procedure for the computation of Iwasawa decompo-
sitions for algebraic loops, or more generally for rational loops, see §7.2 of [8], where they
provided a somewhat constructive method to do the decompositions for such loops. One may
also compare our treatment here with the ones for CMC surfaces in [12].

2. For the theoretical description of the loop group of a non-compact Lie group, we refer
to [1] and [20]. Another concrete discussion of ASU(1, 1) can be found in [2].
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3. Recently there have been several publications concerning harmonic maps into com-
pact Lie groups and compact symmetric spaces which have used methods which are different
from ours, see [18], [9], [25] and reference therein. Most of their work basically follows
the techniques developed by Uhlenbeck [26] and Segal [24]. We also note that in [25], a
converse procedure is used for the computations for the Iwasawa decompositions of loops
in Ay qU (n)C, which provides another way to do the concrete Iwasawa decomposition for
algebraic loops.

4. Iwasawa decompositions. In this section we first provide the proof of Lemma
3.3, which corresponds to the Iwasawa decompositions. Then, we derive the M-C forms
by the information from the explicit Iwasawa decompositions, which yields the geometric
descriptions of the corresponding harmonic maps.

4.1. Iwasawa decompositions and Lemma 3.3.
PROOF OF LEMMA 3.3. The first question is the existence of the Iwasawa decomposition
for H. This is guaranteed by the existence of an Iwasawa decomposition on an open subset
containing the identity and H|,—o = [ (see Theorem 4.1 of [14], Theorem 2.3 of [15], also
[20]). So certainly near z = 0 we have H = FF+. Since f(I:") = F, the maximal and
minimal powers of A of F are A2 and A2 respectively. Hence in F,. the maximal power of
X is at most 2. Moreover, from the definition of G(n + 4, C) we infer that also (ﬁ+)_1 only
contains the powers of A from —2 to 2. Moreover,

Insa = 2(F)" ' F = (f(ﬁ;l))_1 PH)'HE,

implies that
t(H)'H = t(FHF, .

Let’s write
2FH =WiLo™
with
W = DLy + 2" "W +272Ws,
where
0 u 0
W1= —vﬁ 0 —I/lt
0 v 0
Set Wy = T(Lg) "' Lo with
a 0 b a 0 b L 0 b
Wo=10 ¢q 0|, wWy'=0 ¢g' 0],andLo=| 0 Ip 0
c 0 d & 0 d 0 0 I

With these notations, we obtain

T(H)'H = WWos (W)~ .



154 P. WANG

For explicit computations we recall from (14) (See also (3.7) of [27]) that for any F €
G(2m, C) we have

(24) 2F) ' = o Fldom
where
E 0 E>
(25) Jom = Somdm=| 0 IDma O
E3 0 E4
Recall that (22)

(00 . (01 (10
f=(o V) mmm=(00) 5= (o 0)

As a consequence, we derive
WoWo = Hy,
(26) Wi Wo + WaWo(Jom W} Jom) = Hi + (Jow B} Jom) Ha
W = Loy + (Jom H} Jom) Hy + (Jo HL Jom) Ho .
Here
W = Wo + Wi Wo(Jom Wi Jom) + WaWo(Jom W5 Jom) .
The first equation of (26) yields

g¢ 0 gd
Wo=HW,'=[ 0 0 o0
0 0 O
Next we evaluate the second matrix equation of (26). We compute
0 f 0
Hi+ (LnH{Jw)H2=| 0 0 —f*+ f'Eig |,
0 0 0
0 —E\ 0" — Eyii”! 0
JomWiJom = | @' Ej + 0 E3 0 WEy+0'Ey |,
0 —E3v% — Equ® 0
0 —gE30™ — gE4®™ 0
Hy(JomWiJom) = | 0 0 0],
0 0 0
0 uq 0
Wiwo=| —via—ufe 0 —v'b—uld
0 vg 0

As a consequence we read off the equations

vg =0, —vta —ufe =0, ug — gE30" — gE4i™ = f, —v*b—ufd = —f* + f'Eigq.
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Since g is invertible, v = 0. Therefore these equations reduce to the following ones:
v=0, ufc=0, ug — gE4i" = f, utd = f*— f'Eig.

Similarly, for the third equation of (26), we first compute matrix expressions for the sum-
mands:

0 0 ngttft
(JH{))H =| 0 f'E\f 0 )
0 0  E4ftfft
0 0 Exj'Erg
(JESHH,=| 0 0 0 ,
0 0 E43"Eryg
uqu' E; 0 uqu' E,
WiWo(JW[J) = 0 utd E4it™ 0 :
0 0 0
E\'GE + Exd'§E) 0 E'§ Ey+ Exd'§'Es
TWiJ = 0 0 0 ,
E3ét§tE1 + E4£?t§tE1 0 E3ét§tE2 + E4(2t§tE2
| 9EETE N+ gEd'FEr 0 gEsd§ Ea+ gEsd'§ Es
WaWo(Jom W3 J) = 0 0 0
0 0 0

Substituting these expressions into the third matrix equation of (26), we derive that ¢ = 0.
Therefore we have

c=0, a+uqi'E1+ gE4d'§'E1 = I,
b+uqi' Ex+ gEsd'§' Ey = Ex f'* f* + E25' Eng
g+ uPdEqi" = Lyg+ fIE\f, d = b+ E4f * f* + E4g'E1g.

Summing up, we obtain (21).
The only thing left to prove Lemma 3.3 is the statement of the form of L. To derive this,
we first consider Wy. Recall that

Wo = W2 (H) T HE (W) = £(Wo) ™ = Jom W Jam,
and Wy € G(2m, C). Hence, in particular, we also have
WidamWo = Jom .
A direct computation using these equations shows
ail a2 a3 aig
o=(C )= 0 T |
0

0 0 an
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with
_ apdil laia|?
lan> =1, anazz =1, a3 = — , 14 = .
a» axn
Set
I Lz hs ha
l~ _ l1 l3 _ 0 122 0 124
= o )Tl 0 0 3 B |
0 0 0 Iy

with /;; satisfying

2 7 2
an =17, arx = liliz + sl , axn = |In|”,

and
ha = el 24 = SUEL l33 = L 34 = S lag = L
hy ' T - hila’ T
Moreover, let [y be a solution to
q = l_()l() .

Applying (24), it is a straightforward computation to verify that

#(Lo) " Lo = Jom Ll JomLo = Wo .
This finishes the proof of Lemma 3.3. |

REMARK 4.1. In the proof above the splitting ¢ = Ioly implies a strong restriction on
q. This condition will always be satisfied near the identity. While in general it may happen
that one needs some middle term in the splitting ¢ = ol due to the non-globality of the
Iwasawa splitting in our case. Actually the situation is much more complicated (for a similar
situation, see [2]). Since we have two open Iwasawa cells by Section 6 [14], Theorem 6.7, it
may happen that g starts at I in the first open Iwasawa cell I; for some zp and moves forward
to the boundary between the two open Iwasawa cells 7 and I>. It could touch the boundary
and return to /7 or it could cross into /. What this means geometrically has been investigated
only to a very small extent so far, but would seem to be a highly interesting project. But there
are certainly cases where everything works just fine. See the example below.

EXAMPLE 4.2. Let2m = 6 and assume
(N fz) _(91 gz)
f_<f3 £) 9 s )
with f;, g;, j = 1,..., 4, meromorphic functions. It is easy to derive that
n+au=—fifa—-fofs, p==fif, 3=—f3/a
holds. From the last equation in (21a), and from

P+l i+ f_4f2)

sttt _ g rety_ (1] J
Ff _JffJ_(f1f3+fzf4 A+ 151



MINIMAL SURFACES IN SPACE FORMS VIA POTENTIALS 157

and
2 —
g :(|_93| gag4>’
P97\ g 1ol
we obtain
g (AHIBEDA+ILD LA+ fah)_(d d
B 0 1 ~\o0 1 )/)°
Therefore

_ hBt Rt pe
L+ A2+ 1 fal> + g3l

ar=1,as' =1+ 1ADA+ 1P, a =

Moreover, we have

-1 -1
P d; —d; d, .
0 1
From (21b) we obtain

uﬁ:(f4_f393 f2_@94>.d_1:(1/l4 uz)

=g fi— fag Uz uy
with
fi— Lf3fs— fam o= Af3fa— froa /3 Ja
U= o W= T BET AR “TTR AR
1+ f3] 1+ | fa 1+ | f3l 1+ fal
Moreover, since
ct f3f3 J;3f4)
El = < ~ ~ )
FES fafs  fafa
d _ Lfal> (41 f31%) if
¢ g lualy waizdy) _ 1+ fal? 3J4
wdB™ =\ iy sl ) ; APAHER |
fafs /17
from (21c), we have
1+\f3|§
_ 1+ f4l
= L[ fa 2
1+ f31?

Clearly, such expression can be written in the form ¢ = l_{l 1, and the above computations
provides a global solution of equation (21). This shows that for the case 2m = 6 there exists a
global Iwasawa splitting for harmonic maps with normalized potential of the form in Theorem
1.4.
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4.2. The Maurer-Cartan form of F.
PROOF OF LEMMA 3.5. To take a look at the Maurer-Cartan form of F , we first recall that

0 f 0
H'H.=x""n_y=2""[ 0 0 —f¢
0 0 0
Since
FTUR, =27 Lot (W) "' (W)LY + Lot (W) ' #(W). Ly + Lo(Lg )z,
and

T(W) = Dy + AE(W1) + 228 (W),
we may assume that
F7'Fodz = 27"a g + 6o + A@y + A%a + 2263 + A%as, @—1 = Lon—1L; 'dz.
On the other hand, the reality condition yields
t(F'dF) = F~YdF,

and

F'Fdz=x2""a ) +ao + ra
with

a; =1(@_1), and ay = (@) .
Moreover, a straightforward computation yields

&) = Loln—1, t(WDILy" + Lo(Ly ") dz.

Since Ly is an upper triangular block matrix, &’ is of the desired form stated in (23). O

PROOF OF LEMMA 3.6. By Lemma 3.5, there exists a frame F such that & is of the form
stated in (23). By (3.3), (3.5) and (3.7), we obtain

/ —1,~r Al )\_IBI
o =P 1(0‘):<—)\—18i11,3 A, >dz,
with
0 an a3 an
A= | @ 0 aiz a4
a3 —aiz 0 ax
ayy —ais —azs 0
and
iy hu hi hin o him—s him—
B| = hit f:lll hi2 612 o hym—a f:ll,m—z
h3t  hs1 ha hz - 3m—2  h3m—2

ih31 ih3y ihzy ihz -+ ih3 g2 ih3m—2
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F =P YF)= (1, 92, $3, b4, V1, - .., Yom—a) -

We have now

$1z; = ang2 +aizgs +auds +hnyr +--- + f:l1,m—2lﬁ2m—4 ,
2, apd — aizds —aads — hiiyn — - — Ay m—2¥om—4 .

This indicates

(D1 + ) = ain(d1 + ¢2) .

Since ¢1 + ¢» is a non-zero real vector-valued function, let ¢g; be the first coordinate of
¢1 + ¢, it is straightforward to verify that ﬁ(fﬁl + ¢») is a non-zero constant lightlike
vector. As a consequence, a well-known fact states that if F is the conformal Gauss map of a
Willmore surface y, y is Mobius equivalent to some minimal surface in R?"~2 [19]. O
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