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Abstract. In this paper, we study deformations of Brieskorn polynomials of two vari-
ables obtained by adding linear terms consisting of the conjugates of complex variables and
prove that the deformed polynomial maps have only indefinite fold and cusp singularities in
general. We then estimate the number of cusps appearing in such a deformation. As a corol-
lary, we show that a deformation of a complex Morse singularity with real linear terms has
only indefinite folds and cusps in general and the number of cusps is 3.

1. Introduction. Let f : C> — C be a complex polynomial map of two variables
(z, w) with isolated singularity at the origin and f; : C? > C,r e[0,1], be a family of
polynomial maps such that fy = f, i.e., a deformation of f. A deformation of f decomposes
the singularity of f at the origin into several smaller singularities, especially into complex
Morse singularities for a generic choice of the deformation. Such a deformation is useful to
understand the topology of the singularity of f at the origin. For example, from the deforma-
tions in [1, 2, 10, 11, 12] we can describe the Dynkin diagram of the singularity and obtain
the monodromy matrix of its Milnor fibration explicitly.

We now regard f as a real polynomial map. A smooth map is called a generic map if it is
transversal, in the jet-space, to certain submanifolds called Thom-Boardman singularities [4].
Usually, a normal crossing condition (Condition NC in [7, p. 157]) is required in addition. Itis
known that the set of generic maps is a dense subset in the space of smooth maps if the source
manifold is compact, see [17]. In the case of smooth maps from R* to R?, a smooth map is
generic with ignoring the normal crossing condition if and only if it has only fold and cusp
singularities. In this paper, we are interested in deforming a smooth map into a generic one in
this sense. To avoid confusion, we call such a map an excellent map, which is a terminology
used in [21] for maps between 2-planes, and also used for maps from higher dimensional
manifolds later, e.g. in [19].

We say that a deformation of f is linear if it is given in the form

(1.1) fi(z, w) = f(z,w) +aijz+ brw + axz + bhw,

where ay, b1, az, by are analytic functions with variable t € R which vanish at ¢t = 0. The
variables z and w are the complex conjugates of z and w respectively, which are needed since
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we are studying real deformations. In this paper, we study linear deformations of Brieskorn
polynomials of form (1.1) with a; = b; = 0.

THEOREM 1.1. Let f(z, w) = zP + w? be a Brieskorn polynomial with p,q > 2. If
a,b € C are generic then there exists a linear deformation f;(z, w) of f which consists of
excellent maps fort € (0, 1] and satisfies f1(z, w) = f(z, w) + az + bw. Moreover, such an
excellent map has only indefinite fold and cusp singularities.

In the assertion, “a, b € C are generic” means that a, b € C lie outside the union of
zero-sets of a finite number of equations of the polar coordinates of a and b. See Remark 3.16
for more precise explanation.

Next, we observe the number of cusps of an excellent map obtained as a linear deforma-
tion of f(z, w) = z” + w? in Theorem 1.1, whose existence is confirmed in that theorem.

THEOREM 1.2. Let f(z, w) = z” 4+ w9 be a Brieskorn polynomial with p > g > 2.
Suppose that f(z, w) + az + bw is an excellent map. Then the number of cusps of this map
belongsto [(p+1)(g—1), (p—1)(g+ 1)]. In particular, if p = q then the number of cusps
)
is p” — 1.

There are related results about the number of cusps appearing in the versal deformations
of complex isolated singularities, see [8, 9].

If p = g = 2 then equation (1.1) can be modified as

2 2
(=+ a_21)2+ (w+ %)2+a22+b2@ - (‘114;1)1).

This is in the form z> 4+ w? 4+ aZ 4+ bw up to translation of the coordinates and addition
of a constant term. Therefore, the results in Theorems 1.1 and 1.2 hold for “any” linear
deformations.

From Theorem 1.2, we can conclude that the number of cusps in a linear deformation of
fz,w) = z2 + w? into an excellent map is 3. Furthermore, in this case, we can explicitly
describe the image of the set of singularities of the deformed map as follows.

THEOREM 1.3. Let f; be a linear deformation of f(z, w) = z> + w? into excellent
maps. Then the set of singular values of f;, t € (0, 1], in R? is a scaling and rotation of the
curve given by the map h : S' — R? defined by

h@) = ¥ + 271
This curve is a simple closed 3-cuspidal curve as shown in Figure 1. The map f;, t € (0, 1],
restricted to the set of singularities is injective and hence the number of cusps is 3.

We will use the higher differentials of H. Levine in [16] to prove Theorem 1.1, which
give a criterion to determine if a smooth map is an excellent map or not. It is important to
remark that the mappings studied in Theorem 1.1 are improper and we do not know what
happens near the infinity. Therefore the ordinary stability analysis of differentiable mappings
cannot be applied directly. It is very hard to apply Levine’s criterion to polynomial maps
which are explicitly given. We could do this because we know, in advance, that their cusps
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FIGURE 1. The curve given by h(0) = 20 4 2e~i0

are determined by the equation 7 = 0 which will be explained in Section 4. (Compare this
equation with ¢ (zp) in Proposition 3.9.) It may be possible to show the same claim using other
techniques, but, since the equation 7 = 0 contains trigonometric functions, we guess that the
difficulty of the calculation will be more or less the same. In this sense, our direct calculation
performed to prove the theorem is indispensable. The assumption that the polynomial is of
Brieskorn type is necessary to perform our calculation, otherwise the defining equation of
cusps will become more complicated so that we cannot apply Levine’s criterion practically.

Remark also that the topological studies of broken Lefschetz fibrations, initiated by the
works of Auroux-Donaldson-Katzarkov [3] and O. Saeki [19], is related to our interest. For
example, the linear deformation in Theorem 1.3 appears in [13, Move 4 in p.292] as a typi-
cal move which produces a broken Lefschetz fibration. The observation in this paper shows
concretely that such a linear deformation is really an excellent map for a generic choice of the
parameters.

In the recent work [5] of N. Dutertre and T. Fukui, they gave several formulas of Euler
characteristics for singularities of stable maps under the assumption that the maps are locally
trivial at infinity. Especially, it follows from their result that the number of cusps of stable
and locally trivial at infinity maps appearing in a small deformation in our setting is constant
modulo 2. This phenomenon can be seen in examples given in the last section in this paper.

The paper is organized as follows. Section 2 is for preliminaries. We briefly introduce
the higher differentials of H. Levine in [16] in Section 2.1, and then explain how to use it in
Section 2.2. This is the main technique in this paper, and the rest is full of hard calculation.
We prove the first assertion in Theorem 1.1 in Section 3, Theorem 1.2 and the second assertion
in Theorem 1.1 in Section 4, and finally prove Theorem 1.3 in Section 5. In Section 6, we
close the paper with presenting two examples of linear deformations.

The authors would like to express our sincerest thanks to the anonymous referee for valu-
able and constructive suggestions. Especially, his/her comments concerning the existence of
linear deformations into generic maps are very helpful for us. The second and last authors are
supported by the Japan Society for the Promotion of Science (JSPS) Postdoctoral Fellowship
for Foreign Researchers’ Grant-in-Aid 25/03014. The last author is also partially supported
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by Vietnam National Foundation for Science and Technology Development (NAFOSTED)
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2. Preliminaries.

2.1. Higher differentials. Let f : X — Y be a smooth map between an nx-dimen-
sional manifold X and an ny-dimensional manifold Y. Let j" f(p) denote the r-jet of f at
p € Xandlet J'(f) : X — J'(X,Y) be the map which maps p € X to j" f(p), where
J'(X,Y) is the set of r-jets. Denote by df the induced map from 7 X to f~NTY) and
df, =df|T,X for p € X, where T X is the tangent bundle of X, T, X is the tangent space of
X at p and f~1(T'Y) is the vector bundle over X whose fiber at p € X is TrpY.

In this section, we will introduce higher differentials of f according to [16], by which
we interpret the transversality of J!(f) with S;(X, Y) and of J 2(f) with Sin(X,Y). Here
S;i (X, Y) is defined as

Si(X,Y) = {j'f(p) € J'(X,Y) | rankdf, = min{nx,ny} — i}.
For the definition of S; , (X, Y), see [14] and also [7]. We define
Si(f) ={p € X | rankdf, = min(ny,ny) —i}.

Note that So(f) is the set of regular points of f and S(f) = |, Si(f) is the set of singular
points of f, i.e., the points at which the differential of f is not surjective. Note also that
the sets S;, ;,,....i; (f) play important role in the study of stable/generic maps. The sequence
{i1, ia, ..., ik} is called the Boardman symbol of order k. In this paper, since we are interested
in determining if a singularity is a fold or a cusp, we only need the Boardman symbols up to
order 3. The set S; , (f) will be introduced after Proposition 2.2 and the set S; ; « (f) will be
introduced in the end of this subsection.

For p € X andg € Y, let U and V be coordinate neighborhoods of p and ¢, respectively,
such that f(U) C V. Since TX|U and TY|V are trivial we can choose bases {u;} and {v;}
of the sections of these restricted bundles. Let {u}} and {v;‘} be the associated dual bases

(wisup) =8, (v, vj) =38y,

where ( , ) is the pairing of a vector space with its dual.

Letw; = vj o f and w? = v;‘? o f. Since df is linear on each fiber, there are smooth

functions g;j,i =1,...,nx, j =1,...,ny,on U such that
df = Zaiju;k Qwj,
i,J
where
ny
df@i))p =Y aij(p)w;(p).
j=1

Set E = TX|S;(f) and F = f~1(TY)|S;(f). Define L and G by the exactness of the
sequence
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af

0—L—ELFING 0.

Note that L (resp. G) is an (ny — k)-dimensional (resp. (ny — k)-dimensional) vector bundle
over S;(f), where k = min{ny,ny} — i. We denote the fibers of L and G at p € S;(f) by
L, and G, respectively. Define the map ¢! E — L*® F,foreach p € S;(f), by

@1 P )1 = > (v, daij (P 1} (P))w;(p) |

)
withv € T, X and ! € L. Then the second differential d’f : E - L* ® G of f is defined
as d? f, () (1) = m1(p), (W) (1))

PROPOSITION 2.1 ([16]). The map d?f is a well-defined bundle map and d* f|L is a
section in (L* © L*) ® G, where © represents the symmetric product.

The transversality of J L(f)to S;(X, Y) is determined by d? f as follows.
PROPOSITION 2.2 ([14, 16]). The map Jl(f) is transversal to S; (X, Y) at p € S;(f)
if and only if the map
d*fy : TyX > L5 ® G,
has rank (nx — k)(ny — k) =i(lnx — ny| +i).

Let ¥ be the restriction of d? fp to Lp, then ¥ is represented by an (nx — k) x (nx —
k)(ny — k) matrix. Assume that J'( f) is transversal to S; (X, Y) at p € S;(f). Denote

Sin(f) ={p € X |rankyy =ny —k —h}.

Note that if p € S;o(f) then p is a regular point of f restricted on S;(f). Using local
coordinates we can check that in a neighborhood of p the set S;(f) is a submanifold of
codimension (nxy — k)(ny — k). Let U denote the neighborhood of p. Define the vector
bundle 7 on S;(f) N U by the exactness of the following sequence of the vector bundles on
Si(f)NU:
a’f
0—T—>FE—>L*"®G —0.

We can prove that T is the tangent bundle to S; (f) N U.

The third differential is defined on the subset S; 5 (f). Assume that J 1 (f) is transversal
to S; (X, Y). Define the vector bundles R and K on S; 5 (f) by the exact sequence

de * )
0O—R—L—L"®G— K —0,

where dimR, = handdim K, = h(ny — k) + (nx —k — h)(ny —k — 1). Let R+ be the
annihilator of R in L*. Since R is a subbundle of L we have the exact sequence

0— R — L* — R*— 0.
Hence

0— R*"®G —>L*®G — R*®G — 0



90 K. INABA, M. ISHIKAWA, M. KAWASHIMA AND T. T. NGUYEN
is also exact. It is easy to check that d’f(L) ¢ Rt ® G. Then we have the commutative

exact diagram

d*f « b5)
L — L*®G —— K — 0

ok
R'®G —— L*®G —— R*®G —— 0.
The maps in the second square are surjective. That implies that

R*"QK — R*®R*®G — 0
is exact. Consequently, we can define the bundle R* ©® K such that the sequence
0— R*OK—R®K 5 R AR ®G — 0
is exact, where y is defined by the composition
R*FQK — R*®R*®G — R*AR*Q®G.
Now, recall that we have the projection maps
m:F—>G, m:L*"®G — K,

which induce
T :R*®L*®F > R*®L*®G,
TR*®L*®G —> R"®K.

Let {z1, ..., Zny—k} be a part of a basis of sections in E over the neighborhood U of p such
that {z; | S;(f) N U} is abasis for L|U N S;(f). We define ¢>:T - R*®L*® F by
(2.2) P2 ®1) = Z (t,d((zi, dam;)) (X)), 2, (D) (1, 27 (X)) wj (x)

i,j,m

where x € U N S;(f),r € Rand [ € L. Then the third differential > f : T — R* @ K of f
is defined as d° f, = myom o @2

PROPOSITION 2.3 ([16]). The map d>f is well-defined over Sin(f) and satisfies
df(T)C R*OK.

The following fact can be proved by calculating the differential of the jet map J2 f :
X - J3X,Y) and checking the transversal condition of Jz(f) with S; 5 (X, Y) (see [16]
and [7]).

PROPOSITION 2.4. The map J*(f) is transversal to Sin(X,Y) at p if and only if
d3fp : Tp = R}, © K is surjective.

If J2(f) is transversal to Sin(X,Y) then S; , x (f) is defined as

Sink(f)=1{p € Sin(f) |1 d(fls;,(r) drops rank by k} ,
see [7, p.156].
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2.2. Excellent maps. Suppose that dim X = 4 and dimY = 2. In this setting, an
excellent map is defined as follows.

DEFINITION 2.5. A smooth map f : X — Y is called an excellent map if for each
point p € X, there exist a system of local coordinates x1, x2, x3, x4 centered at p on X and a
system of local coordinates y1, y» centered at f(p) on Y such that f is locally described in
one of the following form:

(D) (x1, x2, x3, x4) > (x1,X2),

(2) (x1,x2,x3,%4) > (x1,X5 + x5 +x3),

(3) (x1,x2,x3,x4) > (x1,X5 +x3 — x3),

(4) (x1,x2,x3,x4) > (x1,x5 £xF + x4 +x3) .
The point in case (1) is a regular point. The point in cases (2), (3) and (4) is called a definite
fold, an indefinite fold and a cusp, respectively.

Excellent maps actually exist “generically” in C*°(X, Y) because of the following in-
terpretation in terms of transversality. Let Sl2 (X, Y) be the set of j 2 f(p)ed 2(X,Y) such
that j1(f)(p) € Si(X,Y), jl(f) is transversal to Si(X,Y) at p, and rankd(f|s,(s)) =
min{dim S1(f), dim Y} — 1, which is the notation in [16]. This set is nothing but S 1 (X, Y)
in Section 2.1. Since we are studying the case where dim X = 4 and dimY = 2, we have
rankd(f|gl(f)) =0.

PROPOSITION 2.6 ([15, 16]). A smoothmap f : X — Y is an excellent map if and
only if

(a) Jl(f) is transversal to S1(X,Y) and $>(X,Y), and

(b) J2(f) is transversal to S12(X, Y).

The condition (a) is equivalent to that d>f : E — L* ® G is surjective and Sy(f) = #.
The condition (b) is equivalent to that, for any p € S(f), either (i) p € S1,0(f) or (i)
p € Si1(f)andd? fp:Tp — R;‘7 ® K is surjective. Note that the condition (ii) is equivalent
to p € S1.1,0(f). The following proposition gives a criterion to determine if a singular point
is a fold, a cusp, or none of them.

PROPOSITION 2.7. Let f : X — Y be a smooth map. Suppose that p € S1(f) and
dzfp Ty X — L’I‘, ® G, is surjective. Then p is a fold of f if and only if p € S1,0(f), and
pisacusp of f ifandonlyif p € S1,1(f) and d3fp Ty — R;‘, © K, is surjective.

In the proofs of the main theorems, we will explicitly calculate the higher differentials
by choosing suitable basis. Let P = (Q, R) : R* — R? be a smooth map and p € Si(P).
We may choose local coordinates (x1, x2, x3, x4) of R* at p and those of R? at P(p) such that

grad 0(p) = (1,0,0,0) and grad R(p) = (0,0, 0, 0). We see that {i o 2 i} isa

9x1’ 9x3° 0x3° 0xa
basis of sections of TR* in the neighborhood of p. In this setting, dimL, = 3,dimG, =1
and d? P, is represented by the matrix
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<6'( E'L ) — 4 — 4
M =
i / i—1,2,3, s j—2,3, .

Hence d? P, is surjective if and only if rank M = 3. We can check that the restriction d? P, |L ,

is represented by
( 9%R )
H =
0x;0x i=2,3,4,j=2,34,

which is exactly the Hessian of R with variables (x2, x3, x4). In particular, p € S;,1(P) if and
only if rank H = 2.
If p € 51,1(P) and d2P is surjective by choosing suitable coordinates (x1, x2, X3, X4),

we may further assume that 3x 8x (p) = 0 forall j = 2,3,4. Then dimL; = 3,
rank(dszlL,,) =2,dim R}, = l anddim K, = 1 imply R}, © K, = R, ® K. Let
aQ 9 aQ d
0 Y 0

R R T

for j =2,3,4.
LEMMA 2.8. {&, &3, &4} is a basis of L|S1(P) N U for some neighborhood U of p.
PROOF. For j = 2,3,4, we have dQ(§;) = 0. Then dR(§;) = 0 on §1(P) in this

coordinate neighborhood. Thus &; belongs to L. Since g—g (p) = 1, they are independent in a
small neighborhood of p. O

Recall that {BXZ 8?@ 8?64} is a basis of L. Since rank M = 3 we have dx 8x4 (p) #0.
Hence T), is a one-dimensional space generated by 3—X4.

In the following, the pairing ( , ) is defined with respect to the basis {a_?c.’ &, &3, 54}.

LEMMA 2.9. The map d3P :Tp — R}, ® K is given by

a
Yo t—(§4(§4(R)))(P)< »dxa(p))wa(p) .

PROOF. Since dQ (p) =1and g—g(p) = 0for j =2, 3,4, we have

a0 a0
( L& (p)= —8—(17)( Jdxi(p)) + —(p)( .dxj(p))=( .dx;j(p))
Xj ax1
for j = 2,3, 4. The terms in (2.2) with w; (p) vanish by n{. For j =2,3,{ ,é;f(p)) belongs
to the image of d 2P,, and therefore their images by the map 7} vanish. Hence we have

0
d*Py(t) = (ta—m, d((§4, dag2))(p))( . dxa(p))wa(p).

To prove the assertion, it is enough to show that (§4, das2) = £4(€4(R)). According to the
definition of a4y we have agp = &4(R). Thus (&4, dagr) = (&4,d(E4(R))). Since dagy =
deH—Zj:mA &; (a42).§;.‘, we have (&1, dass) = &4(asn) = £4(E4(R)). This is the equality

dx 1
which we want to have. O
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The map d°3 Py is surjective if and only if

a
s GG (R))(p) # 0.
X4

Thus, in summary, we have the following criterion to check if a singularity is a fold, cusp or
none of them.

LEMMA 2.10. In the above setting, p € S1(P) is a fold if and only ifrank H = 3. It
is a cusp if and only if rank M = 3, rank H = 2 and 3%4(54(54(R)))(p) # 0.

3. Proof of the first assertion in Theorem 1.1. Throughout this section, for a func-

. . . . . 2
tion & : R” — R with variables xy, .. ., x,, we denote the partial differentials %, af« ahx. and
i i0xj
33h :
W by hx,‘ 5 hxixj and hxixjxk reSpeCthely.

We are studying polynomial maps of the form f(z, w) = z? + w? + aZ + bw. This
polynomial has complex and complex-conjugate variables. Such a polynomial is called a
mixed polynomial in [18]. Since the assertion in Theorem 1.1 is for generic a and b, we may
assume that ab # 0. Let ¢ and ¢, be non-zero complex numbers satisfying cf = acy and
cg = bcy, respectively. By changing the coordinates as z = cju and w = cyv and setting
u =aci/(bcy), we have

fz,w) = (crw)? + acru + (c2v)? + berv
=aci(? 4+ u) + bcy(v? + v)
= bor(uu? + i) + v +0).
Now we set
Pu,vip) = pw? +ia) +v? +v,
with p, g > 2 and u € C\ {0}.

LEMMA 3.1. Suppose that P is an excellent map. Then there exists a linear defor-
mation f; of f which consists of excellent maps for t € (0, 1] and satisfies f1(z, w) =
f(z, w) +az + bw. Moreover, if P has no definite fold then f; does also fort € (0, 1].

PROOF. Set A(t) = at'?~V9 and B(t) = bt?4~D and define the linear deforma-
tion f;(z, w) by fi(z, w) = f(z,w) + A(¢#)Z + B(t)w. Note that this satisfies fj(z, w) =
f(z, w) 4+ az + bw as required. Since c¢1(¢)? = A(t)¢1(¢) and ¢(t)? = B(t)ca(t), we may
choose ¢1(t) = c1,0t? and c2(t) = ¢2,0t?, where c1,0 and ¢ o are non-zero complex numbers
satisfying Cf,o = acy,o and Cg,o = béy,0, such that

CAWEM)  arPV g 011 adp
B () btPa=D g otP  bérg

Therefore, for each ¢ € (0, 1], the smooth map f; can be replaced by P using this change of
coordinates. ]

By Lemma 3.1, to prove Theorem 1.1, it is enough to show that P (u, v; ) is an excellent
map for a generic choice of u. Hereafter we study the map P instead of f.
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LEMMA 3.2. A singular point zo = (ug, vo) of P satisfies

—1 —1
pluol’™" =qlvol?™" =1,

arguo +argu = 4

argvo + km ,

where Kk is some integer.

PROOF. By [18, Proposition 1], a singular point zg = (ug, vg) of the mixed polynomial
P satisfies

opP

ou
for a complex number o with |o| = 1. Substituting P(u, v; u) = pww? 4+ ) + v? + v and
taking their conjugates, we have

opP P opP
(z0) =« i (zo) and ——(z0) = a—=(z0)
u ov av

upug_l = i@ and qvg_1 =a.
The first equation in the assertion follows by taking the absolute values of these equations,

and the second one follows by eliminating & and checking the arguments. O

Set Q(u, v; u) and R(u, v; p) to be the real and imaginary part of P(u, v; ) respec-
tively, i.e., P(u,v; u) = Q(u,v; u) +iR(u, v; u). Setry = |ul|, 6 = argu, r, = |v| and
0, = argv, so that (r1, 01, r2, 62) are regarded as the polar coordinates of C2. Note that since
any singular point zg = (ug, vo) satisfies ug # 0 and vop # 0 by Lemma 3.2 and we only
need to observe P in a small neighborhood of the set of singular points, we may assume that
r1 # 0 and rp # 0, that is, argu and arg v are well-defined. Since

P=Q+iR=puw?+a)+ w!+7v)
= |M|rf’ei(1’9‘+0“) + Iulrlei(_9'+9") + rgeiqg2 + rze_"e2 ,

we have

Q = |ulr{ cos(phy + arg ) + |u|ri cos(—0; + arg ) + r3 cos(g6h) + ra cos(—62)

R = |u|r! sin(pf; + arg ) + |u|r1 sin(—60; + arg u) + r3 sin(g62) + ra sin(—62) .

To simplify the notation, hereafter we may omit u in brackets. For example, we denote

0O(zo) instead of Q(zg; ).
Now we calculate the gradient of the real part Q at a singular point zg = (ug, vg) of P.
Let (k1, k2, k3, ka) be the gradient at zp, i.e.,

(k1, k2, k3, ka) = (Qr,(z0), Qg (20), Or,(20), Qp,(20)) -
We set

1 -1
P+ arguo, @2:17
1 —1
@3=iafgvo, Oy 1

arguo +arg u,

argvp .
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LEMMA 3.3.
k1 = 2|u| cos @1 cos Oy , ky = —2|u||ug| sin @1 cos O ,
k3 =2cos®3cos By, k4 = —2|vg| sin @3 cos Oy .

PROOF. By Lemma 3.2,

ki = O, (20) = plulluo|”~" cos(parguo + arg j1) + || cos(— argug + arg (1)
= |pl{cos(p argug + arg ) + cos(—argup + arg u)}

p+1 p—1
= 2|u| cos argug | cos 5 argup + arg i

= 2|u| cos @1 cos O .

The equations for k>, k3 and k4 are obtained similarly. d
LEMMA 3.4. The values ©1, ©y, O3, O4 satisfy the following relations:
O = O4 4«
©®1 = pargug — O + argu = arguo + O —arg
O3 =qgargvy — Or +km =argvg + &y — kT,
Sa—

where K is the integer given in Lemma 3.2.

O3 4+«

PROOF. The assertion follows from Lemma 3.2 and the defining equations of ®;’s. O

3.1. Fold singularities in case k1 # 0. In this subsection, we always assume that
k1 # 0. The case k1 = 0 will be studied later.

Let (r{, 61, r5, 65) be new coordinates in a small neighborhood of z¢ defined by
(r1, 01,15, 65) = (kiri + ka1 + kara + kb, 01,12, 62) .

LEMMA 3.5, (Q,/(20), Qg (20), Qs (z0), Qg (z0)) = (1,0,0,0).

- k k k
PROOF. Since r| = %ri — 50 — ©ry — 10 we have 0,/ (z0) = kl_ler (z0) = 1,

Qp1 (20) = =1 01, (20)+ Q0 (20) = 0, 0,5 (20) = =& Qry (20)+ 01, (0) = 0 and Qg (20) =
—8.0r,(20) + Qs (20) = 0. D
Set R = R — s Q, where s = R, (zo), so that 1%,; =R, - SQ’i vanishes at zg .
LEMMA 3.6. The Hessian H oflé with variables (01, r}, 05) is
k3A —2kyB +C  k3(koA — B) ka(krA — B)

H=| ki(koA—B) KA+D  kiksyA+E
ka(kyA—B)  ksksA+E  KJA+F

3

where
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~ 1 - A
Rr]r] ) B = k_er19] ) C = R9]01

D = ],érzrz ’ E = Rr292 ’ F = ]%9202 .

A=

2ol =

Its determinant is

det H = (kiD — 2k3ksE + k3 F)(AC — B*) 4 (kA — 2kaB + C)(DF — E?).

PROOF. Sincer; = %ri — %9{ — Ig—?ré — i—‘l‘eé, we have

. k> A . . . . . ky A
Re/ = __Rr1 + RQ] ) Rr/ = __Rr] + er ) Re/ = __Rr1 + R02 )
1 ki 2 2 ki

and taking partial differentiation again, we have

. k3 . 2ky . . kaks k3 -

Re{ei = Eer - k_erlfh + Roy0, - RO{ré = k—% T ERHGI ’
A kokg ~ kg ~ A~ k% A~ N

Ryo; = Fer - k_erlel , Ry = k_%er + Rryry s

. k3ky . 5 ki o R

R,éeé = 7er + Rry0, » Reﬁ% = ﬁerrl + Roy6, -

1 1
Thus we obtain the Hessian. The calculation of the determinant is straightforward. O

Now we calculate the Hessian of R at a singular point zo = (ug, vo) of P. We first
determine the value s which we used in the above change of coordinates.

LEMMA 3.7. s =tan®);.
PrROOF. By Lemma 3.2,
Ry, (z0) = plulluol”~" sin(p arguo + arg ju) + || sin(arg 1 — arguo) = 2| | sin @, cos O .

Hence s = R’i (z0) = kl—erl (zo) =tan @, . O

LEMMA 3.8. A singular point zo = (ug, vo) of P satisfies

1 1
Alzg)=———— -1 P=26in®;, B(z0)=——(p—1 O,
(z0) k%cosgzp(p ) mllupl” ™" sin ©y (zo0) I Cos@z(p )| cos &1
1 . (=1)~ .
C(z0)=~— (p — Dlulluo| sin 1, D(z0)= q(q — Dlvol?™*sin O3,
cos & cos &
(=D* C :
E(z0)= (g —1)cosO3, F(z0)=—=—(q — D]vo| sin ®3..
cos By cos @

PROOF. By Lemma 3.7 and Lemma 3.4,
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1 A 1
A(ZO) = _2Rr1r1 (ZO) = ) (Rr1r1 (ZO) - err] (ZO))
kl kl

1 . _
= 2lp(p=Dlulluol” Zsin(p argug + arg j) —sp(p—1)|tl|uol”~2 cos(p arg uo+arg (1)}
1

= mp(p— 1)|;L||uo|1’_2 {sin(p argug + arg u) cos @, —cos(p arg ug+arg ) sin &, }
1 72

k2 cos ®

1 _H .
=————p(p — Dlullugl” 2 sin(p argug + arg . — ;)
1 2

zél’(ﬁ — D)|uluo|” =2 sin &
k? cos ©,

The other values B(zp), C(z0), D(z0), E(z0) and F(z9) can be obtained by similar calcula-
tion. O

PROPOSITION 3.9. At a singular point zo = (uo, vo) of P with k1 # 0, the determi-
nant of the Hessian H (zg) is given by

det H (z0) = — 24(17 — (g — DIl (z0) .

k% cos ®
where

¢ (z0) = (=1 (p — Dlvo| sin O3 + (g — D|ptlluo| sin O .
PROOF. By Lemma 3.3, Lemma 3.8 and the first equation in Lemma 3.2 we have
(AC — B*)(z0) = —

1 2 2
k%coT@z(p_ D7 ul”,

1
(K3A — 2kaB + C)(z0) = Al )| |uo| sin ©; cos O,
1

(DF — E*)(z0) = cos2@2(q D,

(kZD — 2ksk4E + k%F)(zo) = (—1)“4(q — 1)|vg| sin @3 cos O .

Substituting these results to the equation in Lemma 3.6, we have the assertion. Note that the
first equation in Lemma 3.4 implies that cos &, = (—1)* cos ®4 and this equality is used in
the calculation. ]

PROPOSITION 3.10. If a singular point zo = (uo, vo) of P satisfies k1 # 0 and
¢ (z0) # O then it is a fold.

PROOF. By Lemma 3.2, ug,vp € C\ {0}. Since k1 = 2|u|cos @1 cos &> # 0 and
¢(z0) # 0 by assumption, we have det H (z9) # 0 by Proposition 3.9, i.e., rank H (z9) = 3.
Thus z is a fold by Lemma 2.10. |
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3.2. Cusp singularities in case k; # 0 and Iégigi (zo) # 0. We assume that k; # 0
as in the previous subsection. Further we assume that Iéeig; (zo0) # 0. The case 1%0{9]’ (z0) =0
will be studied in the next subsection.

Let (r{, 67, r},07) be new coordinates in a small neighborhood of z( defined by

(rl ,91 s 2195/) = (”1791 +61V2 +€292,r2,92)
where
Re/ 1 (z0) Ry, (20)
0 = and ¢ = 12—
Ralel (zo) Ror61 (20)

LEMMA 3.11. Let zo be a singular point of P satisfying k1 # 0, ¢(z0) = 0 and

Re 0 (z0) # 0. Then the Hessian H" (zo) ofR with variables (0}, r}, 0Y) at zg is

Rg/e/(Z()) 0 O
171 A
H'zo)=| 0 —4(p—1D?ul/(kiRge (z0) O],
0 0 0

where 1%9;9{ (z0) = ;—%4(p — D|ul?|uo| sin @ cos Os.

PROOF. Using 0] = 0] — £1r) — €207, we can easily check that Re”e” = Re o, and
139%/ = Iéglngé/ = 0 at zo. By Lemma 3.6, Relgl/ = k%A 2koB + C, and its value at zo had
been calculated in the proof of Proposition 3.9.

By the change of coordinates, R vy = =¢? Re o] — 2£1R9/r/ + R Then the value at zg
is calculated, by using Lemma 3.6, as

—Ryr 11 (20 + 11 (20) Rorgr (20)
Iée); 9, (20)
_ k3(A(z0)C(20) — B(z0)%) + D(20) (k3 A(z0) — 2k2B(z0) + C(20))
Iée){e; (z0) .
By substituting the values in Lemma 3.3 and Lemma 3.8 and using the first equation in
Lemma 3.2 and ¢ (z0) = 0, we can verify that the numerator is —;—lz(p — D)%

Ryypr(z0) =

By the change of coordinates, érggé/ = Zlkzﬁgigi -4 I’égigé — Ezﬁgiré + R\régé. Then the
value at zg is calculated, by using Lemma 3.6, as

l A A A A
R ey (20) =———— <_R9{9£ (20) Rg1 14 (z0) + Roror (Zo)Rréaé) (z0)
Re 0/ (z0)

1
=————(~ksks(k2A(z0) — B(z0))’
Ry;9;(20)
+ (ksksA(z0) + E(20)) (k3 A(z0) — 2k2B(20) + C(20))} .
We can verify that the numerator vanishes by applying lemmas and ¢(z9) = O as in the

previous case. Thus Iéré/gé/ (zo) = 0. Finally we have Iégé/gé/ (zo) = O since Ié,é/ré/ (zo) # 0 and
det H” (z9) = 0. O
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Thus the new coordinates (r{’, 6, 5, 67) satisfy the setting of Lemma 2.10. Recall that
in these coordinates

30 9 90 9

"o

—— =t
o0, ar|  or) 00,

where the functions and derivatives are taken on the subset S;(P) N U of S1(P).

&4 =

PROPOSITION 3.12. Let zg be a singular point of P satisfying k1 # 0, ¢ (z0) = 0 and
Ry o (z0) # 0. Then
0191

0 A 1
— (64 (54 (R)))(z0) = — (z0)
a0, Satda 0 sin? @ cos? O] cos? @, Vi
where (zo) is a polynomial with variables sin ®; and cos ®;, i = 1,2,3, which is not

constant zero and does not depend on the value |1|.

PROOF. Itis easy to verify that the value of k2 (koA — B) — (k%A —2kyB + C) at zg is
0. Since this appears as a factor of the numerators of

kaRgr,1 (20) — k3 Rgrr (20)

1%9;0; (z0)

koly — k3 =

and

k2R o1 (20) — kaRgye; (20)
Ry17 (20)

we have kp€1 — k3 = kofy — ks = 0. Because of this property, the change of coordinates from

(r1,01,r2,02) t0 (r], 07, r}, 65) is given as

1, k

" " " " " 4
i k—Ol, 01 —liry — 205, 1y, 92> .
1 1

koly — k4 =

3

(r1, 61, 12,62) =<

We can verify that
_ (=D"vol sin @3

b = -
|lluol sin ©
and if furthermore ¢ (zg) = 0 then £, = — Z—j.

By checking the change of coordinates, we see that
a a a a 1 o

= and = — .
a0, 001 06 ar, ki dr

By Lemma 3.2, r; is a constant on S1(P) N U and

o=4"1y
l—p_12 p—l

(km —argu).

Hence we have
0 2(g—1) 0 0
U
00, p—1 96 or,
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Now we calculate the equation in the assertion. We can replace R in the equation by R
since

E1(R) = —Qgy Ry + O,y Roy = —Qoy (R — 5Q,) + Q1 (Rgy — 5 Q1)
= —Qgy Ry + Qpy Ry = E4(R) .
We can easily check that

00 9 4lplg -1
&4 -

S arj a0, ki(p—1)

Rl
c(61; argﬂ)a—el )

where

1 —1
c(91;arg,u)=cos<p; 91)c0s(p2 91+argu).

Thus we have

D ey = 2L (Q)Bi@e- >i<<9- >8—R>>
ag; o= o) ey \ TP MR G \ ST R0 ) )

We calculate the right-hand side and then take the value at zo = (up, vg). In particular,
by this substitution, we have c(arguo; arg u) = cos @1 cos ®;. After these calculation and
substitution, we eliminate || by using ¢(zo) = 0. In this process, sin> @; appears in the
denominator. Since k% is also in the denominator, cos? ®; cos? @, also appears. No other
sin ®;’s and cos ®;’s appear in the denominator. Thus we have the equation claimed in the
assertion.

By direct calculation, we can see that ¢ (zq) is not zero at the point defined by either (i)
sin@, =sin@4 = 0and O = O3 = F or (i) sin@ = sin@y = 0and O] = —O3 = 7.
Hence ¢ (z0) is not constant zero. |

PROPOSITION 3.13. For a generic choice of u, every singular point zo of P with
k1 # 0 and R@igl/ (z0) # 0 is either a fold or a cusp.

PROOF. We first prove that ¢(zg) = 0 and ¥ (z9) = 0 have no common solution for
a generic choice of ;. We will use Chebyshev polynomials to represent these two functions.
Forn € N, let 7;,(¢) and Uy, (¢) be the Chebyshev polynomials defined by

cos(nf) = T,(cosf) and sin((n+ 1)0) = U, (cosB)sin6 .
By the definitions of ®;’s and Lemma 3.4,
p+1

1
0 = argug and O3 = 7+

q+1<p—1 2(argu—kn))
argvy) = —— el )

ar
2 \gopaemt—
Since |ug| and |vp| are non-zero constant along the singular set S(P), by setting § = o0

T 2(¢g-D
we parametrize S(P) by 6. Substituting this to the above @ and &3 we have
(g + D(argu — k)
q—1 '
We set ny, n3 € Z and m, € R such that ®1 = n16 and @3 = n36 + m,, where m, depends
on arg 1. Set t = cos 8. Then ¢(zp) is written as

Or=pP+D@—-1)0 and O3=(p—-1)(@g+ 10+
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#(z0) =(—1)*(p — Dlvol (sin 6 cosmy Upy—1(t) + sinm, Ty, (1))
+ (g — Dluol|pl sin® Uy, 1 () .

Similarly, ¥ (zo) is written as

Y (z0) = sin® Py(r;argu) + Po(f; arg ),

where P; are some polynomials on ¢t whose coefficients depend on arg 1. Remark that ¢ (zo)
and ¥ (zo) are not constant zero. From the equation ¢ (z9) = 0 of 6, we obtain that

B (15 ) = |l P1(1) + || cosmy Pa(t) + cos” my B3(1) + Pa(t) =0

and from ¥ (z9) = 0 we get ¥ (t; argu) = 0, where @; are non-zero polynomials not de-
pending on p and ¥ is a non-zero polynomial on ¢ whose coefficients depend on arg . If
¢(z0) = 0 and ¥ (z9) = 0 have a common solution then @ (z; u) = 0 and ¥ (¢t; argu) = 0
also.

Assume that the four polynomials @; (t) have common factors which provide solutions
of @ (t; 1) = 0. These solutions do not depend on u since @; (t) do not depend on. However,
since sin ® # 0, any solution of ¢(z9g) = 0 depends on |x|. This means that the above
solutions do not satisfy ¢ (zg) = 0.

Dividing @ (¢; i) = 0 by these factors, we may assume that @; (t) do not have a common
factor. Let S(|u|, arg ) be the resultant of @(¢; ) and W (¢; arg u) with respect to . We
will show that S(|u|, argu) % 0. Assume S(|u|, argu) = 0, that means the polynomials
@(t; u) and W (¢; arg u) have a common factor for any (||, arg ;). Choose arg u such that
cos? my @3 + P4 is not dividable by any non-constant common factor of @1, @,. Since
@(t; ) is dividable by some non-constant factor of ¥ (¢; arg ) for all ||, there are infinitely
many || such that @ (¢; u) share the same factor A(¢). This implies that A(¢) is a common
factor of @1, @, and hence of cos? m, @3 + 4. This is a contradiction. Thus ¢(z0) = 0and
¥ (z0) = 0 have no common solution for generic u.

Let zo be a singular point of P with k; # 0 and Iégigi (zo) # 0. Let u be a generic
value in C chosen in the above paragraph. Furthermore, we may assume that sin ®; = 0 and
sin @3 = 0 have no common solution. By direct calculation we have

A l D
Ryngy = (kaly —ka)A — 2B + Ean@z :

As we mentioned in the proof of Proposition 3.12, k2¢2 — ka = 0. The term 1%,,92 also
vanishes. Note that k1 = 2|u| cos @1 cos @, # 0 and Rgig{ # 0 by assumption. Therefore,

Ié,;/%r = —{B. By substituting the results in Lemma 3.3, Lemma 3.6 and Lemma 3.8, we
have
Ro;0,(20) (p = Dlulcos @1 ka(kaA(z0) — B(20)) (p — D] cos Oy
1%9;0; (zo)  kicos®; Iéege; (z0) kicos ©;
_ ki 2(p—1?|ul’cos O

1%0{91 (zo) k% cos By '

R,y (z0) = —
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Recall that k4 = —2|vg|sin ©3 cos 4. If sin @3 = 0 then ¢(z9) = 0 implies sin ®; = 0.
This cannot happen because we had chosen p such that they have no common solution. Thus
Rri/gé’ # 0. With this non-vanishing and the entries of the matrix H”(zp) in Lemma 3.11, we

can conclude that the rank of the right-top 3 x 3 minor of the Hessian of R with variables
(r{,0{,ry,65) is 3. In particular, the rank of the matrix M in Lemma 2.10 is 3.

Now we apply Lemma 2.10. If ¢(z9) # O then zp satisfies det H (zg9) # 0 by Proposi-
tion 3.9. Hence it is a fold by Lemma 2.10. If ¢ (z9) = 0 then ¥ (zp) # 0. This is equivalent
to %(54(54(1%)))(@) # 0 under the assumption k; # 0 and ¢(zp) = 0. By Lemma 3.11,

rank H” (z9) = 2. Moreover, as mentioned above, the rank of the matrix M in Lemma 2.10 is
3. Hence z is a cusp by Lemma 2.10. This completes the proof. O

3.3. Non-existence of cusps with 1%91/0{ (zo) = O for generic w.
LEMMA 3.14. For a generic choice of i, any singular point zo of P with k1 # 0 and
¢ (z0) = RQ]’@{ (zo) =0 is afold.

PROOF. Since 139;9{ (zo) = 0 and k1 # 0, we have sin @ = 0. Then ¢ (z0) = 0 implies
sin @3 = 0. Hence the last equation in Lemma 3.4 has no solution if we choose arg & generic,
that is, any singular point zq satisfies ¢(zo) # O for a fixed generic u. By Proposition 3.9,
det H(z0) # 0. Hence 79 is a fold by Lemma 2.10. |

3.4. Non-existence of cusps with k| = 0 for generic u.

LEMMA 3.15. For a generic choice of u, any singular point zo of P with ki = 0isa
fold.

PROOF. Since k; = 2|u| cos ®1 cos @3, either cos @ or cos @ is zero.
First we assume that cos ®, # 0. In this case, kp # 0 because cos ®1 = 0 and sin @] =
+1. Let (r{, 6, 5, 65) be new coordinates in a small neighborhood of z¢ defined by

(r1, 01,15, 65) = (r1, kir1 + ka6 + k3ry + kab, 12, 62) .
Then we have (Q,/(20), Qg (z0), @y (20), Qp;(20)) = (0, 1,0, 0). Set R = R — 50, where
s = Ry (zo), so that ke{ = Ry — SQ"{ vanishes at zo. The constant s is calculated as

1 1
s = k—2Q91 (z0) = k—z{P(IMIIMOIP cos(p arguq + arg ) — |u||uol cos(— arguo + arg i)}

1
= k—|u0|{cos(p argug + arg i) — cos(— argug + arg 0)}
2

2 . (P . (p+1

= ——uo| sin argugp + arg u ) sin arg ug
ko 2

sin ®,

cos @,

This coincides with the s in the case k; # 0 obtained in Lemma 3.7. Therefore, R above is
exactly the same as in the case k1 # 0.
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Since k1 = 0, by straightforward calculation, we have

103

A k3 A A k4 A
Rriré = _k_er19] and Rri@é = _ER’IQI :
We can check that Iér.el (zo) = (p — l)|,u|§g;8; = 0. Therefore both R, (r; and R r1p; vanish
at zo and the Hessian of R with variables (rl, r2, 2) at zg is of the form
Ryy1 (z0) . 0 0
H(z0) = 0 vyt (20) Rr 0 (20)
0 Rr 0 (20) Re 0;(20)
By straightforward calculation we have
p—2 5 O1
v (20) = Rryry (20) = p(p = Diplluol™ " ——=#0.
cos &y
We also have
k2
réré(zo) r2r2 + k2 R919| - k2 4|H’||M0| Sln @1 cos @2¢ (ZO)
2 2| vol
kaky o (=DF
Ry10;(20) = Ry, + 2 Reor = —5—4ulluol sin O cos &3 cos B3¢ (z0) ,
2 2
5 5 k; (=Dt o
Ry, (20) = Royo, + k_2R9191 = T‘HMIIMOIIUOI sin @1 sin O3 cos 2 (20) ,
2 2

where

¢'(z0) = (=1)*(g — D|ullu| sin ©; sin O3 — (p — 1)|vo| cos® O

and ¢ (zp) is the equation in Proposition 3.9. Then the determinant of the Hessian H is calcu-

lated as

det(H (20)) = 16(q — DIl |uol® sin @1 cos O2¢ (20) R, (z0) -

Therefore det(H (z9)) = 0 if and only if ¢ (z9) = 0. By the last equation in Lemma 3.4 and
the assumption cos @; = 0, we see that if we fix a value of arg u then there are only finitely
many possible values for ®3. The values |ug| and |vg| are determined by p and g as seen in
Lemma 3.2. Therefore if we choose || generic then ¢(zg9) = 0 has no solution. Hence any

singular point is a fold for generic by Lemma 2.10.

Next we assume that cos @, = 0. By Lemma 3.4, we also have cos ®4 = 0. Therefore
the gradient (k1, k2, k3, ka) of the real part Q at the singular point zg of P vanishes. In this

case, we consider the gradient of the imaginary part R at zo;
(ki k2, k3, ka) = (Ry, (20), Roy (20), Ry (20) Ra (20)) -
Each element is given as

ki =2|ulcos@sin®@, k= —2|ul|uol|sin @ sin O, ,
k3 =2cos ®3sin Oy, k4 = —2|vg| sin @3 sin Oy .
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Since cos @, = 0, we set @, = €x + 5 with £ € Z. Substituting this to the defining

equation of ®1, we obtain
p+1 1

G.1) o == (z + 5 - arg,u)
Therefore, by choosing arg i generic, we may assume that cos @1 # 0.

The strategy of the calculation below is exactly the same as what we did in Section 3.1.
First we apply the change of coordinates

(1, 01,75, 63) = (kiry + ko + kars + ka6s, 61, 12, 02)
so that (R, (zo) Re (z0), R, (zo) Re (zo)) = (1,0,0,0). Then we have Q, (zo) =
er (z0) = k‘ = 0. This means that we do not need to apply the change of coordinates of

the target space R2 which we did by setting R = R—50Q between Lemma 3.5 and Lemma 3.6.
Then the Hessian H of Q with variables (6!, r, 65) is

B3A — 2sz +C k3(kaA — B) k4(k2A B)
H= k3(k2A B) k2A+ D kiksA+ E |,
ka(kyA — B) k3k4A +E  IBA+F

where

A 1 A 1 A
A=A_2errl’ B:A_erels C:Q9|911
;2 i

D=0y, E=0ns. F=00,.
and its determinant is
det H = (k3D — 2kskaE + k3F)(AC — B?) + (k3A — 2kaB + C)(DF — E?).
By direct calculation, we obtain

N 1 .
det H(z0) = =4(p = (g - 1)|u]? sin ©2¢(20) ,
1
where ¢ (zo) is the equation in Proposition 3.9. Since cos ®, = 0, it is enough to prove that
¢(zo0) = 0 has no solution for generic p. Note that |ug| and |vg| are fixed by Lemma 3.2. Set
Gy =Ll + % with £ € Z as before. By the first equation in Lemma 3.4, ©4 = ({ — k)7 + %
Substituting them to the defining equations of ®;’s, we obtain equation (3.1) and

2 (D).

The number of the possible values of the first term of ¢ (zp) is finite, while the second term
can vary according to p. Therefore ¢ (z9) = 0 has no solution for generic arg . Hence any
singular point is a fold for generic by Lemma 2.10. O

O3 =

REMARK 3.16. Insummary, for P(u, v; i) to be an excellent map, w is chosen in the
above proofs such that

e S(|u|, argu) # 0 (required in the proof of Proposition 3.13),
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e argu is not in a finite set in S' (required in the case k; # 0 and Iégié)i (z0) = 0), and
e |u|isnotin a finite set in R (required in the case k; = 0).
These conditions can be written by using polar coordinates of a and b, according to the change
of variables explained in the beginning of Section 3.

4. Proofs of Theorem 1.2 and the second assertion in Theorem 1.1.
4.1. Caseab # 0. First we study the case ab # 0. As in the previous section, we set
Pu,v;n) = p@? +u)+ v? 4+ v with p,g > 2and u € C\ {0}. Then, by Lemma 3.2,

the set of singular points of f consists of r parallel curves Cy, k =0, ...,r — 1, on the torus

{(u,v) € C? | |u| = A, |v| = B}, each of which is parametrized, with parameter ¢/’ € S, as
ﬂ 1 p—1 .

@.1) (u,v) = (Ae( 7 9*"’")’, Be'7 9’) ,

where r = ged(p — 1, — 1), A = 1/p"/@P=D B = 1/¢'/@=D and ¢, = ﬁ(—2arg,u +
2mk).
Assume that P (u, v; @) is an excellent map and set the map Py : Cy — C as

q=1 )i —1 /.
1%@)=:P<AE<’0+%>,Be%f&>
p(g—1) . —1 . _ ) — )
=i (Ape<]qr@+[’ck)l + Ae_<q’0+ck)l> n quq(pr D i + Be_]rlé)l '

Since P is an excellent map, the set of cusps of P on Ci corresponds to the zero points of
dPi./d® = 0. The left hand side is calculated as

d Py (p=D(g=1);
— =2 2r '@ (O
10 e C)
with
—1 D(g—1 1 -1 1
@ ©0)= (=101 L2 A sin (p+D(q )9+p+ L Pl pan(P= D@D, ’
r 2r 2 2r
where we used the formula
(4.2) et el =i isinx;y
and relations pA? = gB9 = 1.
Now we set
T@; |u]) = (—1)k|,u| sin(nf + c,’c) + C sin(m0) ,
where m = w, n = W, ¢ = p+lck and C = & rl)B (q—rl)A > 0, and

observe how the number of roots of 7'(0; |t|) = 0 changes according to the change of |u]|.
Note that m > n if and only if p > ¢. Since T(0; |u|) is a smooth function for variables
(6, |i]), the number of roots changes only at the points satisfying
T = (—D*|u|sin(né + ¢}) + Csin(md) =0 and
dT

- = (—D¥|uln cos(nd + c}) + Cm cos(mb) = 0.
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LEMMA 4.1. If p > q then the number of solutions of T(0; |it]) = 0 is monotone
decreasing according to the parameter || € (0, 00).

PROOF. Suppose that 8y and |ug| satisfy T (6p; |ol) = %(90; o) = 0. Set
U@, |ul,t) = T(O;|u]) — t and consider the hypersurface given by U = 0. Note that
(6o, |1t0l, 0) is a point on this surface. Then the gradient of U at (6, | o], 0) is

gradU (6o, |ol, 0) = (0, (=1)* sin(nbo + ¢}), —1) .

First we study the case (—1)¥ sin(n6y + ;) # 0. Assume that (=¥ sin(nfy + c) > 0.
Since (—1)¥|u|sin(nfy + c}) + C sin(mby) = 0, we have
d*T k12 o / 2
W(Qoz [ol) = —(=1)"|u|n” sin(nbp + ¢;) — Cm~ sin(mé6p)

= (= DX u|(m® — n?)sin(nfy + ¢;) > 0.
This means that the graph {U = 0} on the (0, t)-plane {|u| = 0} is downward convex.
Observing the position of the hypersurface U = 0 near (6, |1ol|, 0) using the gradient, we
can conclude that the number of the solutions decreases according to the parameter |ut|. The
assertion in the case (—1)¥ sin(n6y + ¢;) < 0 follows by the same argument.
Next we study the case sin(n6 + ¢;) = 0. Since %(90; |ol) = 0, we have

3
—g5 003 10D = = (=D |uln’ cos(nty + c}) — Cm* cos(mby)

= (=¥ |ulm* = nP)n cos(nby + c;) # 0.

This means that 7'(8; |uo|) = 0 has a root at § = 6y with multiplicity 3. Set U'(@, |u|, ) =
%(9, |u]) — t and consider the hypersurface U’ = 0 near the point (6, |1t0|, 0). Then the
gradient of U’ at (0, |pol, 0) is

gradU’ (6o, | o, 0) = (0, (=1)*n cos(ny + c;), —1).

If (—1)*n cos(nfy + ;) > 0 then %(90; [tol) > 0. By the same argument as before, the
number of the solutions decreases near (6, |Lol, T (80; |Lo])) according to the parameter |t|.
It also decreases even if (—1)n cos(n6y + ;) < 0 by the same argument. These mean that
the number of solutions of 7(9; |u|) = 0 decreases near (6, |1ol, T (6o; |1t0|)) according to

[l U
LEMMA 4.2. Suppose p = q. Then the number of the solutions of T (0; |]) = 0 is

p*-1

. . . e
~— except the finite number of points on |u| = 1 satisfying sinc; = 0.

PROOF. The condition p = ¢ implies that m = n and C = 1. Therefore the number of
solutions changes at the point || satisfying the following two equations:

T©O: ) = (—DF|u| sin(nd +¢) + sin(nd) =0
%(9; ) = (=1)%|plncos(nb + c;) +ncos(nf) =0.

From these equations, we have
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0 = (=DX|ulnsin(nd + c}) cos(nd) — (—1)X|u|n cos(né + ¢}) sin(nd)
= (=DM ulnsincy .

By substituting this to 7(0; |i|) = 0 and %(9; |m]) = 0, we obtain || = 1. This means
that the number of solutions does not change except at the points with || = 1 and sinc; = 0.
Since the complement of these points in the p-plane is connected, the number of solutions is
constant outside these points. If |u] is sufficiently small then the number of solutions is equal

— . . 2—
to the solution of sin(nf) = 0. Since n = W, the number of solutions is pTl a

PROOF OF THEOREM 1.2 IN CASE ab # 0. Suppose that ab # 0. We use the notation
in Section 3.

We first prove the assertion in the case p > ¢. If |u| is sufficiently small then the
number of cusps of the excellent map P on Cy is equal to the solution of sin(m6) = 0, which
is w. If || is sufficiently large then it is equal to the solution of sin(nf + ¢;) = 0,
which is w. Then, by Lemma 4.1, the number of cusps on Cy, is between w
and M. Since the singular set of P has r components, the assertion follows.

Next we consider the case p = ¢q. In this case, we have m = n and C = 1. Lemma 4.2
proves the assertion unless |p| = 1 and sinc; = 0. Suppose that || = 1 and sin¢;, = 0. By
the second condition we set cl’C = {m with £ € Z. If k + £ is odd, then T'(6; 1) = O for any
¢'? € S'. Therefore P is not an excellent map. If k + € is even, then T'(0; 1) = 2sin(nb) =
2sin (@9) Hence if P is an excellent map then the number of cusps of P on Cj is @
forany k =0, 1,...,r — 1. Since the set of singular points of P has r components, the total
number of cusps of P is p> — 1. This completes the proof. o

4.2. Caseab =0.

PROOF OF THEOREM 1.2 IN CASE ab = 0. Suppose that either a or b is zero. Without
loss of generality, we may assume that a # 0 and b = 0. In this case, by Lemma 3.2, the
singular set of f is parametrized as (u, v) = (Ae'?, 0). By changing the coefficients of f as
before, we obtain the form P = w(u? + i) + v?. The real and imaginary part f and g of P
is given as

f = |ullul? cos(p argu + arg p) + || |u| cos(—argu + arg ) + Re(v?),
g = |u||ul? sin(p argu + arg ) + |p||u| sin(— argu + arg u) + Im(v?) .
Following the calculation in Section 3 in this setting, we obtain
k1 = 2|u| cos ®1 cos Oy, ky = —2|||ug| sin @1 cos @, ,
k3 = gRe(w?™ ), ks = gIm(ve~").
The strategy is the same as in Section 3.1, though we use the coordinates (rq, 01, x2, y2)
instead of (r1, 61, r2, 62), where v = x2 + iy,. We then apply the change of coordinates as in
Section 3.1 into (r}, 6], x5, 5) and calculate the Hessian of R at 7o with variables (071, x5, ¥5)
as in Lemma 3.6.

Suppose that ¢ > 3. Since vyp = 0 at the singular point z9 = (ug, vp), we have D(zo) =

E(z0) = F(z0) = 0. Therefore we have det H(z9) = 0. If P is an excellent map, then the



108 K. INABA, M. ISHIKAWA, M. KAWASHIMA AND T. T. NGUYEN

right 4 x 3 minor of the Hessian of R with variables (r{, 67, x5, y) has rank 3. Since any
singularity zo of P satisfies det H (z9) = 0, any singularity is a cusp, which is a contradiction.
Hence P is also not an excellent map.

Suppose that g = 2. Since gecd(p — 1, g — 1) = 1, the singular set of Q is connected and
parametrized as (Ae’?, 0) with ¢’? e S'. Applying formula (4.2) and pA?~! = plug|P~' =1
in the first equation in Lemma 3.2, we have

d , d . , . .
— P(A'?,0) = u%(m’eﬁf” + Ae™ ) = ipn(pAPeP? — Ae™0)

de
p=1 g, 1
= —2MAe1219’ sin %9.
Therefore if P is an excellent map then it has p 4 1 cusps. Thus the assertion follows. O

4.3. Proof of the second assertion in Theorem 1.1. We now prove the second as-
sertion in Theorem 1.1, which states that any fold singularity appearing in the proof of the
first assertion is indefinite. Since any excellent map in Theorem 1.1 has at least one cusp by
Theorem 1.2, it is enough to show that the fold singularities in a neighborhood of any cusp
are indefinite. We only need to check the case where k; # 0 and ée{gi (z0) # O discussed in
Section 3.2 because a cusp appears in the proof only in this case.

For a singular point zo of P, let t(zg) be the absolute index of zg, which is defined as
follows: Fix an orientation along the set of singularities. Then the Hessian of P at z¢ defines
a symmetric, bilinear form on L,; ® L,,. Let i be the index of this form. Then the absolute
index t(zp) is defined by the maximal number of i and the rank of this Hessian minus i,
see [16, p.273].

Let zo be a cusp of P. The Hessian at zg had been calculated in Lemma 3.11 and we see
that the rank is 2 and the index is 1. Therefore the absolute index of zp is 1. Now we apply
Lemma (2) in [16, p.274]. Since the dimension n of the source manifold is 4, the equality
7(z0) = (n —2)/2 is satisfied. Therefore the absolute index of a fold in a small neighborhood
of zo is 2. Since the rank of the Hessian at a fold is 3, we see that the index at the fold is
neither O nor 3, i.e., the fold is indefinite. This completes the proof. OJ

5. Proof of Theorem 1.3.

PROOF OF THEOREM 1.3. As in the previous sections, we set P(u, v; u) = w(u? +
i) + v> + v. We follow the observation in the beginning of Sections 4.1 and 4.2 with the
condition p = g = 2. Then we can see that S(P) consists of one circle Cy. This circle
is parametrized as in equation (4.1) with p = ¢ = 2, r = 1 and k = 0. Then the map
Py = P|Cy is given as

1 . -1 . . 1 ., 1 .
P()(Q) =pn (Ze(20—4drgu)t + Ee—(Q—Zdrgp,)z> + Z6201 + _e—Ql

] (260—3 arg )i | —(0—3 arg )i 1 20i 1 _0i
=——e7 —e VT —e —e
1 + 5 + 567+ 5

— % <|M|e—3iargu + 1) eZi@ + % <|M|e3iargu + 1) e—i9 .
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FIGURE 2. Linear deformations of u3 4 vZ into excellent maps.

FIGURE 3. Linear deformation of u* + v into excellent maps.

Set K = rﬂe_3iarg“ + 1, then

P©O) = % (Kezl'@ + 212e—i9) = ”j_| (ei<2e+arg1<) 4 De-iloarg K))
K| _i 2
= %‘ﬁarg’(h <9 +3 argK> :

where h(0) = €% + 2¢7% is the function in the assertion. Obviously, 4 : sl — R2is
injective. Hence Py is also. Solving % = 0, we can confirm that the cusps appear at 8 = 0,

%n and %n. Hence the number of cusps is 3. ]

6. Examples. In this section, we give two examples of linear deformations.

EXAMPLE 6.1. We consider the map P(u, v; u) = u(u3 +u) + v2 + ¥, which is
a deformation of u3 + v2. If u is generic then P(u, v; 1) is an excellent map as shown in
Theorem 1.1. Figure 2 is the set of critical values of P(u, v; u) with argu = 0. The left
figure is in the case |u| < # and the right one is when |u| > # By Theorem 1.2, if it is
an excellent map then the number of cusps is between 4 and 6. The singularity appearing at

M % looks like a “beak to beak”.

EXAMPLE 6.2. We consider the map P(u, v; n) = w(u®* + i) + v2 + 0, which is a
deformation of u* + v2. Figure 3 is the set of critical values of P(u, v; u) with argpu = 0.
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The left figure is in the case |u| < ¢ and the right one is when || > ¢, where ¢ = 2.615...
By Theorem 1.2, if it is an excellent map then the number of cusps is between 5 and 9. The
singularities appearing at |u| = ¢ look like “swallowtails”.
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