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Abstract. Large deviation principles of occupation distribution for generalized Feyn-
man-Kac functionals are presented in the framework of symmetric Markov processes having
doubly Feller or strong Feller property. As a consequence, we obtain the L”-independence
of spectral radius of our generalized Feynman-Kac functionals. We also prove Fukushima’s
decomposition in the strict sense for functions locally in the domain of Dirichlet form having
energy measure of Dynkin class without assuming no inside killing.

1. Introduction and statement of results. This paper is a continuation of the previ-
ous work [12] by authors including the first and second named present authors. The subject of
[12] is the L?-independence of the spectral bound of Feynman-Kac semigroup by continuous
additive functionals in the framework of symmetric doubly Feller or strong Feller processes.
In this paper, we focus on the Donsker-Varadhan type large deviation theory for generalized
Feynman-Kac semigroups including non-local part in the framework of symmetric doubly
Feller or strong Feller processes. As a consequence, we can and do deduce L”-independence
of the spectral bounds of our generalized Feynman-Kac semigroups.

The Donsker-Varadhan type large deviation principle of the occupation distribution for
Markov processes has been developed by several authors. First, Fukushima-Takeda [17] gave
a lower estimate in the Donsker-Varadhan type large deviation principle of the occupation
distribution for Markov processes associated with irreducible Dirichlet forms admitting ex-
plosion or inside killing. Takeda [32] also gave an upper estimate in the Donsker-Varadhan
type large deviation principle provided the underlying process is an irreducible Feller pro-
cess satisfying the absolute continuity condition. In [33], Takeda extended the result in [32]
to Feynman-Kac semigroups with continuous additive functionals of bounded variation. In
Kim [19], this work was extended to non-local Feynman-Kac semigroups with discontinu-
ous additive functionals in the extended Kato class. In [34] or [35], Takeda gave a sufficient
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condition for the full large deviation principle for the occupation distribution of Markov pro-
cesses and the L?-independence of the spectral radius for symmetric Markov processes under
this condition. In Takeda [36], he established a necessary and sufficient condition for the
L?-independence of spectral bounds for Feynman-Kac semigroups with continuous additive
functionals of bounded variation whose Revuz measures are in the Kato class with 0-order
Green-tightness in the framework of symmetric conservative Markov processes. The method
of [36] also depends on the Donsker-Varadhan large deviation theory and remains valid for
non-local Feynman-Kac semigroups (see [39, 42, 43]). They assumed the transience of the
underlying process to define 0-order Green-tight measures of Kato class. Without using the
Feller property of the underlying process, Takeda [37] gave sufficient conditions for the L?-
independence of the spectral radius for Feynman-Kac semigroups with positive continuous
additive functionals whose Revuz measure is in the Kato class with Green-tightness if the
symmetrizing measure is positive-order Green-tight. Moreover, Takeda proved that the L”-
independence of the spectral radius is equivalent to the non-positivity of the L>-spectral ra-
dius in the framework of one-dimensional diffusion processes on the interval having natural
boundary (Theorem 5.1 in [37]).

For Feynman-Kac semigroups with continuous additive functionals of zero energy,
Takeda and Zhang [41] obtained its asymptotic behavior based on the Donsker-Varadhan large
deviation theory for d-dimensional Brownian motion. Zhang [45] obtained the asymptotic be-
havior of Feynman-Kac semigroups with continuous additive functionals of zero energy for
symmetric Lévy processes under some conditions. In [12], the authors extended these results
and also obtained the L”-independence of the spectral radius of the Feynman-Kac semigroup
for symmetric doubly Feller or strong Feller processes.

Very recently, Chen [3, 4] gives a general result on the L”-independence of the spectral
radius of the non-local Feynman-Kac semigroup involving continuous additive functionals of
zero energy without using the large deviation theory. It is remarkable that in [3, 4] the doubly
Feller nor strong Feller property of the underlying process are not imposed.

In this paper, we expose the large deviation principle for generalized Feynman-Kac func-
tionals in the framework of doubly Feller or strong Feller symmetric Markov processes, which
is extended to the all results in [12, 33, 34, 35, 37, 38, 39, 42, 43]. In particular, in the frame-
work of strong Feller process, Theorem 1.1 with Remark 4.1(2) extends [37, 43], [38, Theo-
rem 1.2], more precisely, the conclusions of Theorems 1.1 and 1.2(1) hold for our Feynman-
Kac functionals of additive functionals having Kato class conditions without Green-tightness.
Our conditions on the measures related to our generalized Feynman-Kac functional are very
mild for deducing the large deviation principle in terms of the given topology over the under-
lying space, however, it is somewhat restrictive for the L”-independence of the spectral radius
of it as indicated in [3, 4].

Now we state our framework and results. Let E be a locally compact separable met-
ric space and m a positive Radon measure on E with full topological support. Let X =
(22,F, F1, X4, ¢, Py, x € E) be an m-symmetric Hunt process on E and (£, F) the associ-
ated symmetric Dirichlet form on L*(E:m).Letd bea point added to E so that Ey := EU{0d}
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is the one-point compactification of E. The point 9 also serves as the cemetery point for X.
For notational convenience, denote by 1 the constant function 1 on E, which vanishes at 9,
and by 1g, the constant function 1 defined on Ejy. Throughout this paper, we assume that
(€, F) is irreducible, that is, any (T} );~o-invariant set B satisfies m(B) = 0 or m(B¢) = 0.
Here (T;);~0 is the strongly continuous semigroup on L?(E; m) associated with (£, F). The
transition kernel of X is denoted by P;(x,dy), t > 0. The correspondence between X and
(€, F) is given by

T f(x) =Ec[f(X))] := /E fOPi(x,dy) m-ae.xecE

for each # > 0 and any Borel function f € L?(E; m). The process X is said to have the Feller
property if P(Cxo(E)) C Coo(E) for every t > 0 and lim;—¢ || P f — flloo = O for every
f € Cx(E). Here Co(E) is the space of continuous functions on E that vanish at infinity
and || flloc := sup,cg | f(x)|. Under the Feller property of X, for any compact subset K of
E,lim, 3 E;[e"*°k] = 0 for each « > 0 and lim,_, 3 Py(ox <t) = 0 foreacht > O (see
Proposition 3.1 in [1], [42]). The space of bounded continuous functions on E will be denoted
as Cp(E). The process X is said to have the strong Feller property if P/(By(E)) C Cp(E)
for every t > 0. We say that X (or its transition semigroup) has the doubly Feller property
if it has both the Feller and strong Feller properties. Throughout this paper, we assume that
X has doubly Feller property. The Feller property of X yields the regularity of the Dirichlet
form (£, F) on L*>(E;m). Since X has strong Feller property, E is connected under the
irreducibility of (£, F) and the transition kernel (P;);~¢ of X satisfies the absolute continuity
condition with respect to m ((AC) for short in this paper), i.e., P;(x, N) = 0if m(N) = 0 for
each N € B(E),x € Eandt > 0.

For ¢ > 0, there exists an «-order resolvent kernel R, (x, y) which is defined for all
x,y € E (see Lemma 4.2.4 in [16]). Since o +— Ry (x, y) is decreasing for each x,y € E,
we can define the 0-order resolvent kernel R(x, y) := Ro(x, y) := limy—0 Ry(x, y). For a
non-negative Borel measure v, we write Ryv(x) 1= fE Ry (x, y)v(dy) and Rv(x) := Rov(x).
Note that Ry f(x) = Ry(fm)(x) forany f € B (E) or f € Bp(E). A non-negative Borel
measure v is said to be of Dynkin class (resp. Kato class) if sup, g Ryv(x) < oo for some
a > 0 (resp. limy— o0 Sup,cg Rev(x) = 0), and v is in the local Kato class if 1gv is in
the Kato class for every compact set K C E. A non-negative Borel measure v is said to
be of extended Kato class if limy_, o sup, g Rev(x) < 1. Denote by SOD (X) (resp. S?( (X))
the family of measures of Dynkin class (resp. Kato class) and by S%K (X) (resp S?K X))
the family of measures of extended Kato class (resp. local Kato class). Clearly, S?( X) C
8% (X) € 89 (X) and S (X) C %, (X).

Denote by S(X) (resp. S1(X), So(X), Spo(X)) the family of smooth measures (resp. the
family of smooth measures in the strict sense, the family of measures of finite energy integrals,
the family of measures of finite energy integrals with bounded potentials) with respect to X
(see pp. 83, pp- 79, (2.2.10) and pp. 238 in [16]). Note that any Radon measure of Dynkin
class (hence any Radon measure of local/extended Kato class) always belongs to S1(X) in
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view of Proposition 3.1 in [22]. (Though the framework of [22] requires the existence of
heat kernel, the proof of Proposition 3.1 in [22] still works in the present context.) We set
SLEX) = S9X) N S1(X), SLX) = SEX) N Si1(X), SLe(X) := % (X) N S (X) and
S iK X) := SgK (X) N S1(X). Conversely, any element v € SOD (X) N S(X) is always a Radon
measure by the regularity of the Dirichlet form (£, F) with the Stollmann-Voigt inequality
(see [31])

/Efzdvg IRavlioolal(f. f). [ €F.

For each o > 0, a positive measure v € S(I)( (X) is said to be a-order Green-tight if and
only if for any ¢ > O there exists a compact subset K of E such that

sup Ry (1gcv)(x) = sup/ .Ra(x, yv(dy) <e.

xeE xeE

By definition, for positive o, a-order Green-tightness of the measure v € SIO< (X) is indepen-
dent of the choice of « > 0 in view of the resolvent equation (4.2.12) in [16]. The mea-
sure of 0-order Green-tightness is suitable to treat the transient case. In this case the 0-order
Green-tightness always implies the a-order Green-tightness for « > 0. Denote by SIO< + X)
(resp. S?(Oc (X)) the family of positive-order (resp. 0-order) Green-tight measures in the Kato
class and set Sllqo (X) := S‘}(; (X) N S1(X) (resp. S (X) := Sg_(X) N S1(X)).

Let (€, F.) be the extended Dirichlet space of (£, F) (see [16] for the definition). Each
element f € F, admits £-quasi continuous m-version f (see [16]). Throughout this paper,
we always take £-quasi continuous m-versions of elements of F,, that is, we omit tilde from
f for f € Fo.

Since X is a Hunt process, its Lévy system (N (x, dy), H;) exists and is defined under
P, for every x € E, where N(x,dy) is a kernel on (Ej, B(Ej)) and H; is a PCAF with
bounded 1-potential such that for any nonnegative Borel function ¢ on Ey x Ej, vanishing on
the diagonal and any x € Ej,

t
EX[ZMXS_,XS)} =E[f0 /E ¢(Xs,y)N(Xs,dy)st]
a

s<t

To simplify notation, we will write
No(x) = / ¢(x,y)N(x,dy).
Ey

Let iy be the Revuz measure of the PCAF H. Then the jumping measure J and the killing
measure k of X are given by

1
J(dxdy) = EN(X’ dy)up(dx), and «(dx) = N(x,{0P)up(dx).
These measures feature in the Beurling-Deny decomposition of £: for f, g € F,

Ef.9=E(f9 +/E E(f(X) — fONgx) — g(y))J(dxdy)+/Ef(X)g(X)K(dX),
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where £ is the strongly local part of £.

Now we consider a bounded symmetric function F on E x Ej which is extended to a
function F defined on Ey x Ej, vanishing on the diagonal set of Ey x Ej (actually there is
no need to define the value F (9, y) for y € E). We say that F is in the class J;(X) if the
measure N(|F|)ug belongs to the class S7(X). It is said that F is to be in the class J£ X)
(resp. JE(X), J}x(X) and J . (X)) if the measure N(|F|)up belongs to the class S} (X)
(resp. S} (X), S} (X) and SL (X)). Fora > 0, F € J (X) is said to be a function of a-order
Green-tightness if the measure N (| F|)w g belongs to the class S}(; (X). Denote by J Ilqc X)

(resp. J Il<oo (X)) the family of functions of positive-order (resp. 0-order) Green-tightness.
For F € J;1(X), the following AF can be defined as an AF in the strict sense:

Al =) F(Xo, X)),
O<s<t

Note that AF = >")_ _, 1i5<c}F(Xs—, X;) provided F(x,d) = 0 for x € Ej. Hereafter,
we take non-negative bounded functions F1, F, € J1(X) on Ey x Ej vanishing on diagonal
satisfying || F2]looc < 1 and Fi(x,0) = F2(x,0) = 0, x € Ey, and set F := F; — F,. Note
that F; > F; := max{F,0}and F» > F_ := max{—F,0} on Ey x Ej;.

A function f on E is said to be locally in F in the broad sense if there exists a nest {G,}
of finely open (nearly) Borel sets and a sequence { f,} of elements in F such that f = f,
m-a.e.on G,. Let .731OC be the family of functions on E locally in F in the broad sense. It is
known that any f € Fioc admits an E-quasi continuous m-version. We introduce a subclass
Froof ]:"10C as follows:

loc
Flo=1f € Fioe | NApxe(fO) = HPum € SX)}.

Clearly, ]:1L)c is a linear subspaces of .7:'100, and 1g,,1g € ]—"ﬂoc By Remark 3.9 of [6] and

k € S, we see F, U (]‘-'100);7 C ]foc For f, g € ]:foc, we see fg € ]—"IZC provided f or g is

bounded. Moreover, we define

+

Floc = {f € Floc

for any compact set K, / (f(y) — f(x))zl(dxdy) < oo} .
KxE

Here Fioc is the space of functions locally in F in the ordinary sense (see [16]). Clearly,
Fi. C Fl .. For f € Fioe, f € Fi_ if and only if that for any compact set K with its

loc loc*
relatively compact open neighborhood G

f (f) — f(x)*J(dxdy) < oo.
K xG¢

We see F U (Floc)p C ]—"110, because of J(K x G°) < 0o, where K and G are noted as above.
REMARK 1.1. In [25], we introduce the following classes
Fict={f € Fl | f(®) € Rand (f() — ()’ € SX)}.

Fiei={resl

oc

f(@) € R and for any compact set K, / (f(x) — f(a))zic(dx) < oo} .
K
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These classes are unnecessary. Indeed, we can easily see that any f € .7-'120 (resp. f € flzc)
with f(3) € R satisfies (f(-) — £(3))* € S(X) (resp. [ (f(x) — £(3))*k (dx) < oo for any

compact set K).

Hereafter, we fix u € ]'-'10C N C(Ey) with py,y € S }( (X). In Theorem 6.2(2) below, we
prove that the additive functional u(X;) — u(Xo) admits the following strict decomposition:

(1.1) u(X;) —u(Xo) =M+ N/ te[0,+00[ Py-as. forall x € E,

where M" is a square integrable martingale additive functional in the strict sense, and N is a
continuous additive functional in the strict sense. M can be decomposed as

(1.2) M" = M + M + M<

where M/, M and M"° are the jumping, killing and continuous part of M" respectively.
Those are defined Py-a.s. for all x € E by Theorem 6.2(2). The strict decompositions (1.1)
and (1.2) are necessary to deduce the large deviation principle for our Feynman-Kac semi-
group defined later.

Let wu), M?u)’ ,u{u) and ,u’<(u> be the smooth Revuz measures in the strict sense associated
with the quadratic variational processes (or the sharp bracket PCAFs in the strict sense) (M"),
(M™€), (M"7) and (M'"*) respectively. Then

iy (dx) = pu§y (dx) + pl,, (dx) + plyy (d)

Note that £ (u, u) = %vW)(E) with vy, = /L?m + H’{u) + 2//(‘”) providedu € F,.

Hereafter we use the convention that u = 1y — 2 € S} (X) — S, (X) means u; € S} (X)
and uy € S!. (X) for subclasses S!(X) and S!, (X) of §;(X), where u = pj — o is the
Hahn-Jordan decomposition of the signed smooth measure p in the strict sense. Similarly
F=F —FeJ/(X)—J.L(X) means F| € J!(X) and F, € J . (X) for subclasses J, (X)
and J, (X) of J;(X).

We always take o = 1 —p and F = Fi— F, with 1 +N(F)py € S} X)NSLe (X),
12+ N(F)pp € S (X).

We now fix an AF A := N* + A%F with AW .= A% + AT, Here Al .= AT — A2,
and Af ' (resp. Af %) is the PCAF in the strict sense associated with 1 (resp. u2) as its Revuz
measure.

Now we consider the following multiplicative functional:

ea(r) == exp(N)Exp(A»F), ., 1>0.

Here Exp(A*F), = eAr s<i(1 + F(Xs—, X)) is the Stieltjes exponential of Aﬁ"F. Define
the associated Feynman-Kac semigroup by

(1.3) O: f(x) :=Exlea@®) f(X)] for x € E, f € BL(E).
The probabilistic resolvent (Sy )y >0 associated with (Q;);~0 is defined by

Se f(x) 1= /00 e 0, f(x)dt xeE
0
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for f € By(E).
Define a transition probability P,8 (x,dy) on Ey; for B € B(Ej),

Pi(x,B\{9})) xeFE,

P (x. B) = {33(3) x=3.

Denote by X5 = (X;, Pi, x € Ej) the Markov process with transition probability Pt8 (x,dy).
X is an extension of X with 9 as a cemetery point. We also use that for f € B (Ej) and
x € Ey,

0% f(x) :=E[ea(t) f(X;)] and ng(x):zfo e Q% f(x)dr .

Any function f on E can be regarded as a function f on Ey with f(9) = 0 unless we mention
the value at infinity. In this case Q; f(x) = Q? fx) forx € E and f € B(E). In particular,
0/1£,(x) = Ex[ea(®] and Q{1£(x) = Qi 1p(x) = Eylea(r) 1t < ¢],x € E.

Let C be a core of (£, F) on L2(E; m). Under the above conditions for My, mand F,
we introduce the following quadratic form (Q, C) on L2(E ;m): for f,g € C

Of,9) =E(f,9) +EW, fg)—H(Sf, 9),

where

1 .
Eu, fg) = Euiu,m(E)vaE E(M(X) —u(Y)((fg)x) — (fg)(y))l(dxdy)+fEufgdK,
H(f, 9) :=/Ef(X)g(X)/L(dx)+//E Ef(x)g(y)F(x,y)N(x,dy)uH(dX).

Under the condition 4y € Sk(X) (resp. w1 + N(FDun € SjxX) N Sk (X), ua +
N(F)uy € SiK (X)), the quantity £(u, fg) (resp. H(f, g)) is well-defined for f, g € C,
consequently, the quadratic form Q is well defined and lower bounded on C and the probabilis-
tic semigroup defined in (1.3) is regarded as a strongly continuous semigroup on L?(E; m)
associated with the closure (Q, D(Q)) of (Q, C) on L2(E; m) (Corollaries 1.5, 1.8 and 1.9
in [7]). Note that D(Q) C F always holds, because there exist C > 0 and o9 > 0 such
that C_lgl(f, f) < Qu(f, ) forall f € D(Q). Moreover, if further iy + N(F2)un €
S iK X)n Sll) (X), then there exist C > 0 and g > 0 such that

CT'ES. f) < Quy(f. f) S CEI(S. f) forall feF.

In this case, we have D(Q) = F.
We state some notations. Let P(E) denote the space of all Borel probability measures
on E. Define a rate function /g (v) on P(E) by

Q(p,¢) if v«m and ¢ := /dv/dm € D(Q),

+00 otherwise .

IoW) = {
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For v € £ witht < ¢{(w), we define the normalized occupation time distribution L;(w) €
P(E) by

t

Li(w)(A) := %,/0 14(Xs(w))ds for A € B(E).

Our first result is the following:
THEOREM 1.1. Suppose ) € S}<(X), w=pu—prand F = Fy — Fy with uy +
N(F)mn € Shx(X) N Sk (X), 2 + N(F)nr € Sk (X).
(1) Foranyopenset G C P(E)andx € E,
1
lim —logEx[ea(t) : L; € G,t <] > — inf Ig(v).
t—00 t veG
(2) Assume oy + N(Fy)ug € SiK X)n SlD (X). Then for any compact set K C P(E),
— 1
(1.4) lim —logsupEx[ea(?) : Ly € K, t <] < — inIf< Io).
ve

t—oo xeE

(3) Assume further m € S}(; X) and 2+ N(F2)ug € SiK XxX)nN SlD (X). Then for any
closed set K C P(E), we have (1.4). In particular,

1
lim —logE,[ea(?) : t < ¢]
t—o0 t

= tl—l>nc}o % 1°gf2§EX[eA(t) r<{]=- veing) IoW).

Define the probability measure on P(E) by

E lea(t) : L; € B,t <]
Elea(®) 11 < (]

Define the function J on P(E) by

J) :=1gW) — A2 (u, pu, F).

Here A2 (u, p, F) := infrer | r1,=1 Q(f, f) is the bottom of the L?-spectrum of our Feyn-
man-Kac semigroup. We have the following:

, BeB(P(E)).

Q.1 (B) :=

COROLLARY 1.1. Suppose pu) € S}<(X), U= u —pu2and F = F| — F with
mi+ NFDpn € SjpX) N Sk (X), o + N(F)pn € S (X) N SL(X). Assume m €
S}{; (X).

(1) There exists a unique ground state, that is, there exists ug € F with ||lugll2 = 1 such

that Q(ug, ug) = infrer | rih=1 af, ).

(2) {Qx.t}i>0 obeys the large deviation principle with rate function J :

(a) For any open set G C P(E)

1
lim ~log Qy((G) > — inf J(v).
t veG

t—0o0
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(b) For any closed set K C P(E),
— 1
lim —1logQy (K) < — inf J(v).
t—00 t vekK
(3) The measure Q. ; converges to BM%m weakly.

Fix an open subset G of E and consider a part space (£, Fg) defined by

{]-'G ={feF|f=0qeon E\G},
Ec(f, 9):=E(f,g) for f,g€ Fg.
It is known that (£g, F¢) is a regular Dirichlet form on L?(G; m). Under the doubly Feller
property of X, it is proved in [11, Corollary] that R?IG € Coo(G) provided G is a relatively
compact open set which is regular in the sense that P, (r¢ = 0) = 1 forall x € E\G. Here RIG
is the 1-order resolvent under the part process X¢ and 7g := inf{t > 0 | X; ¢ G} is the first
exit time from G. Consider a probabilistic semigroup Q,G f(x) :=Exlea@®) f(Xy) 1 t < 16]
for f € Bp(G). Note that Q,G forms a strongly continuous semigroup on L2(G; m) associated
with a closed quadratic form (Q, Fg) on L?(G; m) provided G is relatively compact.

Let us denote by || QY| the operator norm of Q¢ from L?(G; m) to L”(G; m) and
put

o1
Ap(G) = p(ut, i, F)G) 1= = Tim —10g Q7 lpp, 1=p=o0

and we omit ‘(G)’ from A,(G) when G = E.
The following theorem is a direct consequence of Theorem 1.1.

THEOREM 1.2. Suppose [y € S}{(X), w=pu—purand F = Fy — F» with u1 +
N(F)un € Sjx(X) N S (X), 2 + N(F) e € S (X) N S (X).

(1) The spectral radius Ap(u, u, F) (1 < p < 00) is independent of p if m € S}(+ X).

(2) The spectral radius Ap(u, u, F)(G) (1 < p < 00) is independent of p if G is a

regular open set satisfying limgsy— 5 Px(tg > 0) = 0.

(3) Suppose the weaker conditions than the hypotheses of the present theorem that (i) €
St p=p1—p2 €S X) =S, (X)and F = Fi — F, € J} . (X) — J [, X).
Then the spectral radius Ap(u, i, F)(G) (1 < p < 00) is independent of p if G is a
relatively compact regular open set.

We further have the following:

THEOREM 1.3.  Suppose ) € S}qo X), b = 1 —pus € S}qo X) =S} (X)NSLX)
and F =F — F, € J;qo (X) — J}x X) N JL(X). Then the spectral radius 1, (u, jt, F) (1 <
p < 00) is independent of p if M>(u, u, F) < 0. Moreover, suppose that X is conservative,
ws € S}<+ (X) and F> € J}<+ (X). Then A (u, w, F) > 0 implies hoo(u, i, F) = 0.

COROLLARY 1.2. Suppose jLy € S}@C(X), U = 1 — up with up € SIl(JC(X) and
uy = 0, and assume F = F| — F> with F| € Jll<+ (X) and F», = 0. Then 1,(0,0,0) <0
implies ha(u, b, F) < 0, in particular, Ap(u, u, F) (1 < p < 00) is independent of p if
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A22(0,0,0) < 0. Moreover, if X is transient, |Ly,) € S}@c X), u = pup — w2 € S11<0+c X) —
S}(m X)and F =F, — F» e Jll(+ X) — Jll(oo (X) then the same conclusion holds.

These results are extensions of [12, 34, 35, 36]. Let us briefly state the constitution of this
paper. In Section 3, we investigate the properties of our Feynman-Kac semigroup generated
by continuous additive functionals whose Revuz measures are of (local and extended) Kato
class and give more properties if they have the positive-order Green-tightness. In Section 4,
we give the proofs of our main results. In Section 5, we give examples on birth and death pro-
cesses (Example 5.1), on relativistic stable processes (Example 5.2). In Section 6, we restate
Fukushima’s decomposition in the strict sense up to infinity as an errata for the appendix in
[12] and prove it without assuming no inside killing.

2. Properties on Green-tight PAF of Kato class. In this section, we use the ter-
minologies additive functional (AF in short) in the strict sense and positive additive func-
tional (PAF in short) in the strict sense, which are presented in [8]. A PAF A in the strict
sense is said to be of Kato class if sup, g Ex [fooo e *dA;] — 0asa — oo, equivalently
sup, g Ex[A;] — 0ast — 0. A PAF A in the strict sense is said to be of Dynkin class
if sup,cg Ex[fooo e ¥dA,;] < oo for some/any o > 0, equivalently sup,.p Ex[A;] < o0
for some/any t+ > 0. A PAF A in the strict sense is said be of extended Kato class if
lim; g sup, . Ex[A;] < 1. A PAF A in the strict sense is said be of local Kato class if
for any compact set K, (1x * A), defined by (1 * A); := fé 1 (X )dAjy, is of Kato class.
A PAF A in the strict sense is said be of positive order Green-tight Kato class if for some/any
a >0,

oo
lim supE, |:/ e_‘”ch(X,)dA,i| =0.
Kzlc(onEpactXEE 0
If A is a PCAF in the strict sense, those above notions correspond the notions defined before
with respect to its Revuz measure.

The following lemma can be similarly proved as for [12, Lemma 2.2]. So we omit its

proof.

LEMMA 2.1. Let A be an AF in the strict sense, which is a difference of PAFs in the
strict sense. Let A = AT — A~ be the Hahn-Jordan decomposition of A and set |A| :=
AT + A~. Then |A| is a PAF in the strict sense. For p € [1, oo, we have

[p] P
E,[|A/|"] < Cp<SUPEy[|Ar|]) E.[|A1P71P < Cp<SUP Ey[|At|]> ,
yeE yeE

where [p] := sup{x € N | x < pland Cp := p(p —1)---(p — [p] + ). In particular,
for PAFs A and B of Dynkin class, x + E.[APB/'] is bounded Borel measurable for any
p.q=0.

PROPOSITION 2.1. Let A, B be PAFs of Dynkin class and of local Kato class in the
strict sense. Under the strong Feller property of X, we have the following:
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(1) For each compact set K, p > 1ands > 0,
2.1 lim sup E; [A 0b6;]=0.

t—=0 K
(2) Let p,q € NU{0}. Then E.[AY B]] € Cy(E).
(3) Suppose that A belongs to the extended Kato class and B belongs to the Kato class.
Then, for sufficiently small t > 0, E.[e?= 8] € C}(E).

PROOF. (1): First we prove (2.1) for s = 0. Let {G,} be an increasing sequence of
relatively compact open sets with K C G1. Owing to the strong Feller property of X, we have
sup, g Px(¢ <t) - 0ast — 0, and sup, g Px(76, <t < ¢) = 0Oasn — oo for each
t > 0 (its proof can be seen after pp. 911 line -1 in [8]). Since (1, * A) is of Kato class,

t p
lim sup Ex[Az/\rG 1< hrn sup E, |:</ IGH(XS)dAs> i|
1=>0yek —0yek 0

' P
<C,lim ( supE, / 16, (X5)dAg =0.
=0 \xeE 0

Then we see
lim sup Ex[Af’] < lim sup EX[A 2t > ¢]+ lim sup E, [A AfMG <]
-0 ek =>Uxek =>Uxek
< lim sup EX[A?”]I/2 sup P, (¢ <1)
=0 ek xeK
+ lim supEx[A Mrc G, =t <(]
t—)OxeK
< lim supEx[Af G, =t </(]
t—0 ek
= lim sup E,[A? : 75, < t] — lim sup E,[AF : ¢ < 1]
t—=0 K t—=0 ek
<supE,[A} : 16, < T]
xekK
<supE,[A} :16, < T < {1+ supEc[A : ¢ < T]
xek xek
< sup Ex[A}"]"/? (sup Py (tG, <T <) +supP.(¢ < T)) :
xek xek xekK

Letting n — oo and T — 0, we have the assertion. Next we prove (2.1) for general s > 0.
Noting A; 0 85 = 0 for s > ¢, we have
lim sup Ex[Af’ 0 0s] = lim sup Ex[Af’ 0by:s5 <]

t—=0 ek =0 ek

< lim sup Ey[Af 06, : 16, <5 < ¢]+ lim sup Ex[AF 06, : s < 16,]

=0 eK >0 ek

< lim sup E,[A; 2p o by ]1/2 sup Py(1g, <s <)+ hm sup E, [EX [A ]:s < ‘L'Gn]
=0 ek xekK xekK

< lim sup E, [EXS [A,p]] sup Py (7g, <s < ¢) + lim sup Ex[Af’]

1=>0yek xekK t=>0xeG,
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< lim sup E)([Afp]l/2 sup Py(7g, <5 < ).
1=>0ycE xekK
Here we used the assertion (2.1) for s = 0. Letting n — oo, we obtain (2.1) for general s > 0.
(2): Put f(x) := E,[A7 B/']. We only prove for the case p, g > 1. The proof for other
cases are similar. We see P f € Cp(E) for s > 0. Take s €]0,¢]. Since |a? — bP| <
pmax{a?~!, bP~1}|a — b| fora, b > 0, we have
|Ps f(x) — f ()| = B [Ex, [A] B]] — E<[A7 B]]|
=|Ex [(Args — AP (Bigs — Bo)Tg(X,45) — A7 B! ||
< |Ex [((Args — Ag)P — AD)(Bigs — Bo)D)] |
+[Ex [A7 (Brys — B — BD)] |
- -1
< PE:[{(Ares = APV AT T N Ay — Ay — Arl(Brss — By)Y]
+qB[{(Brss — BT v BT} IBiyy — By — By|A]]
< PEL[AY ' B | Ay — As — Afl] + qEx[BY ' [Biis — By — B/|A]],

which uniformly converges to 0 on any compact set K, because

SUp Ex (1415 — Ay = AP | <22 sup EallAres — AP + A7)

xek xekK
<4 sup E, [Af 09,]] +4supEx[A3] —0ass — 0
xek xek

and sup, . EX[A;EP_I)] < 00, SUP,cE EX[BS;’] < 0o. Therefore f(x) is continuous.

(3): From (2), E.[A} B,k] € Cp(E) forn, k € NU {0}. So it suffices to show the uniform
convergence of

o0 A —B n o l n
Ex[eAt—Bt] — EXI:Z %} = EX[Z ; Z(—l)n_kanAthn_k}

n=0 n=0 " k=0
for sufficiently small # > 0. We estimate by Lemma 2.1

e¢]

— n o0 _ n
supEx|: Z (A — By) :|§ Z SuperEx[lAz B |"]
YeE = n! = n!
o0 n
< (supEx[|A,—B,|]> — 0 as N - o0,
n=N xeE
provided sup, . Ex[|A; — B:|] < 1. O

3. Properties on the Feynman-Kac semigroup. In this section, we investigate sev-
eral properties on (Q;);~0. We assume that X has doubly Feller property.
Take a bounded function v defined on Ej such that v € Fjoc. Since e* —z—1 < %e'z‘zz,

(3.1) @) (y(x) —v(y) — 1] < %ez"”“mw(x) —v(y)*.
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v

Put M, := [y e*Xs=)dM¢ "~ and let

Y; :=Exp(M);, t<¢

be the solution of the SDE Y; = 1 + fot Ys—dM;, t < ¢ relative to M;. Here M¢ "~ be the
locally square integrable MAF on [0, ¢[[ appeared in the generalized Fukushima decomposi-
tion (Theorem 6.1 below) fore™ — 1 € Fioe N L°°(E; m). Note that Y; is a positive local
martingale on [0, ¢[[. Let us denote by Y = (£2, 3"{0, ”J",Y, X, Pf, ¢) the transformed process
of X by Y;. The transition semigroup (Pty)t>0 of Y is defined by

PY f(x) :=EY[f(X)] = B[V, f(X))].

Given a path w € {t < ¢}, define a time-reversal operator r; by r;(w)(s) = w(t — s)_ for
0 <s < t, and rs(w)(s) = w(0) for s > t. A continuous additive functional C; is said to
be even if C; or; = C; for every t < ¢. The following lemma is deduced similarly to [10,
Lemma 3.2].

LEMMA 3.1. (1) Y; can be represented as follows:
3.2) Y, = exp (—M,” - Af“) , t<C,
where
t
1 .
At = / N = (v = v()) = DX)dHs + 2 (M");
0
(2) Y is an e~ >’ m-symmetric Hunt process on E.

REMARK 3.1. Note here that u € Fioc N C(Ey) with ) € S}< (X) admits a gen-
eralized Fukushima decomposition in the strict sense by Theorem 6.2(2) below. Then this
implies that E([Y;] = 1 for any + > 0 and x € E, that is, Y; is a martingale multi-
plicative functional. Its proof can be done in a way similar to that in [10, Lemma 4.1(ii)].
In this case, Y satisfies E}C/[f(X,)] = E,[Y;f(X;)] for any f € By(Ey), x € Ey and
t > 0. Indeed, Y is constructed on E through the transition probability PtY (x, dy) defined
by PY f(x) := B[V, f(X;) : t < ¢l,x € E,t > 0and f € By(E), and is extended to
Ej by adding 0 as a trap point. The transition probability P,Y’a(x, dy) on Ej of Y is given
by P/ f(0) := EX[f(X)] = PY1p f(x) + f(®) (g, (x) — PY15(x)), x € Ey, 1 > 0 and
f € Bp(Ey), satisfies P,Y’af(x) = E,[Y; f(X;)] for x € E, from the martingale property of
Y/

The next lemma is needed for the large deviation principle for our Feynman-Kac semi-
groups.

LEMMA 3.2. Suppose [iy) € S}<(X) foru € Fioc N C(Ey), o = w1 — pp and
F =Fy — Fy with i + N(F)pg € S (X) N SLe X), pa + N(Fo)pup € S) (X).
(1) Both the semigroups (P,Y),>o and (Qy)¢=0 have the doubly Feller property. In par-
ticular, Y is a doubly Feller process.
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(2) There exist p > 1, Cp(= Cp(u, 1, F1)) > 1 and Bp(= Bp(u, u1, F1)) > 0 such

that
sup Ey [(ea ()] < CpePr'.
xekE
Hence,
(3.3) sup Q21g, (x) < Ce?',
xekE

where C := Cll,/p and B := Bp/p, in particular, for any a > B, we have

(3.4) sup S g, (x) < )
xeg * ! o — ,B

(3) Assume further uy + N(F2)uy € SiK X)N S}) (X). For each a > 0, there exists a
constant C > 1 and B > 0 such that
1
(02— >
Cla+p)
PROOF. (1): By (3.2), exp(—M;") can be expressed as

exp (—M}') = Yyexp (Af"™) .

inf S%1, 0.
cep D o

Here Y; := Y/ for u € Fioc N C(Ep). Since ,(dx) = N(“740) — (u(x) — u(-) —
D(x)pg(@dx) + %M(Mu,c->(dx) € S}< (X) in view of (3.1), A"« corresponding to p, is the
PCAF in the strict sense. Let D be a relatively compact open set of E and Xp the part process
of X on D. Applying [8, Lemmas 2.4(iii) and 3.2(iii)] to Xp, we see from the boundedness of
u and F that U,(l) = Exp(A—H2—F),, U,(Z) := Exp(A*1Fi 4 Akw), and U,(3) =Y, satisfy
the following; for each i = 1, 2, 3 and for any p € [1, oo,

lim supE[ sup |Us(i) — 1|p i< 'CD:| =0,
1=>0xeDp Lsef0,1

where 7p = inf{t > 0 : X; ¢ D} is the first exit time of X; from D. By way of the

Holder inequality and |a + b|P < 2P~ '(Ja|? + |b|P) for a, b € R, we can easily check that

U = [T_, U = exp(—M")Exp(A*F), satisfies e (1) = e**)~4X0{, and

lim supE|: sup |Us — 117 : ¢t < rDi| =0.
1=>UxeD s€l0,1]

In particular, we obtain the condition [8, (1.7)] for B = E. Since 1+ N(F1)up € SiK X)N
S }EK X)and u, € S Il< (X), [8, Theorem 2.5] shows that Ut(z) satisfies that there exists p > 1
such that for all t > 0

sup sup E,[[UP |7 15 <¢] < o0.
s€(0,t]xeE

By way of Holder inequality, we then see that for any g €]1, pl,

P—q

E U9 15 < ¢] < BJIUPI o5 < ¢ JPRJIUOIT s <]
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which yields that U, satisfies the condition [8, (1.12)] for B = E. Note that the condition
[ € SL(X) is used for that ¥, = U satisfies [8, (1.7) and (1.12)] with any p > 1 for
B = E by way of a corrected version of Lemma 3.2(ii) in [8]. Hence Corollary 1.5 in [8] tells
us that (PY )~ has doubly Feller property and the semigroup (P;""* ’F) ¢~0 defined by

PT f(x) = Byle ™M Exp(A™ ), f(X)]  for f € By(E)

also has doubly Feller property. Therefore (Q;);~0 has the desired doubly Feller property
because Q; f(x) = e~"® pF (fey(x) forall x € E.

(2): Let ¥; and AX" be as above. Note that there exist p > 1 and ¢ > 1 being close to 1
with pg €]1, 2[ such that

(pg + (pq — DI Filleo) Viy, a1, Fy

is a measure of extended Kato class, where vy, u,,F, = pu + 1 + N(F1)pp. For such
p>1,q > 1, Apamupan.(0+FDP1=1 jg 3 PAF of extended Kato class in view of the inequality
(1+x)?7 — 1 < pgx + (pg — 1)x? for x > —1. Therefore, we have from (3.2) and [44,
Lemma 2.1(b)] that

E [ea(t)’] = E [er X0 X0=MDExp(a-F)P]
< P llg, [omPMi P4 Exp( AFHP
— eZI’HuHooE [YPeI’AiL" +pA}! EXp(AF‘)f)]

1
< Xl [Y" 1]_qq [equi”‘ﬂ?qAﬁ”EXP(AH);D!I];
q9—
q

E,
= 2Pl [Y" 1] E [Exp(Aupqm‘.pqm»(lqu,n)t]%

< eszunC;,l,)q(M)C;,%)q(u, wi, Fl)elsp.q(u,ﬂqul)t'

rq
Note that all coefficients are greater than 1, because of E,[Y; "_1] > E,[Y, ]quq] = 1 and
et e q(u w1, F1) > 1. So we may assume that these are strictly greater than 1.
3): Set Fy = 22 < 2 We see o + N(Fy)un € SLp(X) N SH(X). Let

8 €]0, 1] be such that § (uy + N(Fz(l)),uH) e sl kXN sl £x (X). In a similar way of the proof

of (2) with §p4—,,, S and (SFZ(U, there exist p > 1 andg > 1 close to 1 with pgd €]0, 1[ such
(D

v
that A Pe-uran2.(+F 0P 1 i¢ alg a PAF of extended Kato class in view of the inequality
(14 x)P9% — 1 < pgdx forx > —1. So we have
E. [ea() 7] =B [er NP4 Exp(aT) 7]
< 82P3\|M\|ooEx [e—Pfst“ el’fmfz EXp(A_FZ)t_p(S]

1
< ez”‘s”“”wC;{z]’a(—u)Ex [EXP(Aquau—u~P48M2~(1—F2)_P4871 )t] q

Q=

2ps )] ¥ padu—u gy 1+ F{DyPa8 1
— 2P Hu‘lwcp,q’(g(_u)Ex [EXp(A PaSi—u padpy . (1+Fy ) )t]

2plulloo (1) (@) Bp.g.s(—ut. 2, Fo)t
< _ — p.a.
_e Cp,q,g( u)cp,q,g( M, H’Zs F2)e .
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From this,
2 s _92
1=E, [15,]° = E[ea(n) 2ea(t) 2]
1
<E:[ea()’]| By [ea() °]7 <Ey [ea()’] Ce?
for some C = Cp 4 s(—u, 2, F2) > 1and B = B, 4 5(—u, u2, F2) > 0. Hence
E. [ea(®))’ > Ex [ea(t)’] = C e P

for all x € E. Finally, the relation E, [e4(r)] > C~/3¢=(1/9B" implies the assertion. O

REMARK 3.2. In the same way as in the proof of Lemma 3.2(1), we can prove the
following. If p(y € Sk X), w = p1 —p2 € SkX) — Sk X)and F = F; — F, € Jp(X) —
J 11< (X), then we can obtain that (Q;),-¢ satisfies the conditions (a) and (c) in [11] (see (1.3),
(1.4) and (1.6) in [8]). So the proof of Theorem 2 in [11] yields the strong Feller property of

(Q+)¢>0 without assuming the Feller property of X (see also Theorem 1.1, Corollary 1.2 and
Remark 1.3 in [8]).

Let C,(E) be the set of continuous functions on E that has the limit as x — 0. In other
words, each element in C, (E) is the restriction of some function in C(Ejy). For f € C,(E),
we write f(9) := limy—y f(x). Let USC(Ej) be the family of all upper semi continuous
functions on Ey and USC, (E) a family of functions on E whose element is the restriction of
some function in USC(Ey). We set C;/ (E) :={f € C,(E) | f > 0on E}and USC;} (E) :=
{f e USC,(E)| f =0o0n E}.

The main theorem of this section is the following:

THEOREM 3.1. Suppose )y € SII<;(X)’ U= — Uy € SIl(JC(X) — S}‘K(X) and
F=F —-F ¢ JII(;(X) — J}xX). Then Q;(USC; (E)) C USC, (E) for eacht > 0. If
further s + N(Fy)uy € S}(+ (X), then Q;(C,(E)) C C,(E) foreacht > 0.

To prove this theorem, we need several lemmas below. When u = 0, we write P,“ F
(resp. RY ’F) instead of Q; (resp. Sy). The following lemma is a slight extension of The-
orem 2.1(iv) of [36] without assuming the transience and conservativeness of X, and also
generalizes Lemma 3.2 in [12]. The proof of Lemma 3.2 in [12] has a gap derived from the
incorrect statement of Lemma A.1 in [12]. The proof of Lemma 3.3 below fulfills the gap.

LEMMA 3.3. Suppose u = juy — pa € S}(+ X) - S}yX)and F = F| — F, €
Jll{;(X) — JL (X). Then P/*"(USC}(E)) C USC}(E) for each t > 0. If further s +
N(F)up € s}(; (X), then P!** (C,(E)) C Cy4(E) foreacht > 0.

PROOF. First we assume u2+N(Fy)uy € Sll<+ (X). We use the convention P,“’F’af(x)
= Ex[Exp(A“*F),f(X,)] for f € B(Ej). For any f € C;f(E), f = f(O)1g, € Cx(E).
So for proving Pt“’Ff = P,“’F(f — f(@)1g,) + f(a)P,“’F’alE3 € C(E), we first need to
show P,“ £ E, € C(E). This holds for sufficiently small # > 0 by Proposition 2.1(3).
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w,F,o

Next we prove the continuity of P 1g, at 3. Since P/ | E,(0) = 1, it suffices to

show
lim PrE g (x) = lim E, [Exp(A“F),1=1.
x—

X—>

Letv € Sl+(X) U € J1+(X) with M > U > Qon E x E for some M > 0. Note that

Vi=eV — 1 € Jl+ X) because of the boundedness of the function x — x~!(e* — 1) on
[0, M]. Put IBV(x y) =1p(x)V(x,y),x,y € E for B C E. In the same way as in the
proof after pp. 704 line —12 in [12, Lemma 3.2], we can get

lim E, [Exp(A2'*«v26Vy ] = 1
x—9
for any compact set K of E. Moreover,

lim  sup E[Exp(A2'xe2 ke, ] <

K :compact
R xeE

by Khasminskii’s inequality for Stieltjes exponential (Lemma 2.1(a) in [44]). Indeed, owing
to the property of Lévy system,

Ex [Atle"'VleK"V] — Ex [Atle"'(V""N(V)MH)]
for all x € E and by the assumptions of v and U, we see

lim sup E [A; %" 2% V] = 0.

K :compact
KtE X eE
Therefore

@Ex [Exp(A”’V)[] = m E,[Exp(A'*¥V &V, Exp(AlxeTkeVy ]
xX—

< hm E [EXP(AZIKU 211(‘/) ]1/2 [EXP(AZIKCV,ZIKCV)I]I/Z

1/2

< sup E, [Exp(Axv 2k 75 |
xeE
as K 1 E with K being compact, and thus
1
lim E,[Exp(A”Y) > 1
x—9 [ ! ] 11mx—>8E [EXP(AU V)t]

Now we have
hm E,[Exp(A” V),] <1< lmE, [EXP(AV’V),_l] .

a x—0
Noting that for u = u; — 2 € SK‘*' X) — S}<+ X)and F = F| — F, € J11<+ X) — JII<+ X)
we have °° o o0 ®
FO -1 F F
Ex[EXp(A“L 2 ), ]5 Ex[Exp(A”’ )t] < Ex[EXp(AM’ 1){]
N
for Fy") := F2/(1 = F2) because Exp(A~"), = Exp(A"2 )" Since || 2 oo < 1=z

< 00, We see FZ(U € Jll(ot (X), and thus

}2}, E.[Exp(A* )] =1
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Therefore, we have P,“ ’F(Clj (E)) C C;F(E) for sufficiently small # > 0. By the semigroup
property of (P} ’F) >0, we obtain the assertion for any # > 0.

Next we only assume py € S }AK X)and F, € J I£K (X). Let K be a compact set. Then
1o € Sp(X) and 1k F> € J}(X), where 1x Fo(x, y) := 1k (x) F2(x, ¥), x, y € E. More-
over, we have 1xuy € S}(; X) and 1x F> € JII(SE (X) from the definitions for SIl(SE (X) and

J11(+ (X) which implies P,’”(’FK (CF(E)) C CF(E) forany r > 0, where g = 1 — lxp2

and Fx = F — 1x F>. Letting K 1 E, we have P,“’F(C,;"(E)) C USC/(E) for any
t > 0. Since any element of USC; (E) is a limit of decreasing sequence from Clj (E) and
any limit of decreasing sequence from USC;" (E) belongs to USC; (E), we obtain the desired
assertion. O

The following lemma can be proved by the same argument as in the proof of
[14, Lemma 4.4] in the framework of (quasi-)regular Dirichlet forms (see also the remark
before Theorem 2.5 in [5]. Under w(y) € Sk (X) for v € F, see Theorem A.2 in [10].)

LEMMA 3.4. Suppose that v is a bounded function defined on Ejy such that v € Floc.
Let Y be the transformed process by the multiplicative functional Y. Let A" be a continuous
additive functional of X with signed Revuz measure v. Then the Revuz measure of AV as a

continuous additive functional of Y is e > v.

The next theorem can be proved by nearly same arguments as in [10] with Lemma 3.4
above. Its proof depends on the generalized Fukushima decomposition holding up to infinity
(see Theorem 6.2(2)).

THEOREM 3.2 (cf. [10]). Suppose that v is a bounded strictly E-quasi continuous
function defined on Ey such that v € Fioc admits Fukushima’s decomposition holding up
to infinity under Py-a.s. for q.e. starting point x € E. Let (€Y, FY) be the Dirichlet form on
L%(E; e*m) associated with the transformed process Y by Y;. Then F¥ = F and

1 X
G =5 [ Ouipao+ [[ @ - o0 @ny)
E ExXE

+ / f(x)2e—v(8)—v(x)K(dx)
E

forany f € FY = F. Moreover, if « = 0, then the conclusion holds without assuming the
Fukushima decomposition holding up to infinity.

Let J1(Y) be the family of functions with respect to Y as the class J;(X) is defined
with respect to Y. The classes J 4 (Y), J}x (Y), Jhe (Y), J 11<+ (Y) and J Il<oo (Y) are similarly
defined for Y as well as J (X), J} 1 (X), JL, (X), J}(; (X) and J_(X) are defined for X.
Using Theorem 3.2, we then have the following:

LEMMA 3.5 (cf. [12, Lemma 3.3], [20, Lemma 4.6]). Let Y be the transformed pro-
cess by Y; := Y/ foru € Fioc N C(Ey) with p) € S}( (X). Then the following hold:

(1) Forv e SH(X) (resp. v € Soo(X)), e"24v € SL(Y) (resp. e=2'v € Spo(Y)).
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(2) Forv € S1(X) (resp. F € J1(X)), e 2v € S1(Y) (resp. e 2 F € J1(Y)).

(3) Forv e SL(X) (resp. F € J}(X)), e v € SL(Y) (resp. e F € JY(Y)). In par-
ticular, v € Sb( (X) (resp. F € JLIK (X)) implies e v € Sb( (Y) (resp. e *F €
Jix (Y)).

(4) Forv e SLe(X) (resp. F € J1 (X)), e 2v € Sk (Y) (resp. e 2 F € J L. (Y)).

(5) Forv e Sy, (X) (resp. F € J}(+ (X)), e 24y € S11(+ (Y) (resp. e > F € J ¢, (Y)).

PROOF. The proof is a repetition of the proof of [12, Lemma 3.3]. We omit the details.

We only note that under () € S }( (X), Y; is a martingale multiplicative functional defined
for all € [0, oo and it satisfies sup, . g Ex[Ytk] < oo forany k € N. O

Now we prove Theorem 3.1.

PROOF OF THEOREM 3.1. Take f € USC; (E). We then see

0 f (x) =MW, [V, e Bxp(a™F), (fe") (X,)]
= e “OE[Exp(A™ + ARF) (fe')(Xy)].

Since AX" and A}' are PCAFs of Kato class in the strict sense under X whose Revuz mea-
sures under X have positive order Green-tightness, they are also PCAFs of Kato class in the
strict sense under Y whose Revuz measures under Y have positive order Green-tightness by
Lemma 3.5(5). We see that Af 2 is also a PCAF of local Kato class in the strict sense whose
Revuz measure under Y is of local Kato class by Lemma 3.5(3). Similarly, Af ' (resp. Af 2)is
also PAF in the strict sense under Y and the Revuz measure of its dual predictable projection
under Y has positive order Green-tightness (resp. is of local Kato class) by Lemma 3.5(5)
(resp. Lemma 3.5(3)).

Recall that Y is a doubly Feller process. We can apply Lemma 3.3 to Y. Therefore
Q:f € USC; (E). The latter assertion is similarly proved. O

4. Proofs of Theorems 1.1, 1.2, 1.3 and Corollaries 1.1, 1.2. Define the generator
A by
Ap=a¢p —g for ¢ = Sug, g€ Bp(E).
Set
Dy(A) = (¢ = Seg @ > B, g € L(E;m)NC) (E), g £ 0},
where S is the constant appeared in (3.4). For o > B and ¢ = S, g € D+ (A), put

t
(4.1) MU = e, (1) (X)) — ¢ (Xo) — fo e ea(s)(A— ) (X,) ds.

Then M*“*¢-F is a P,-martingale for all x € E because EX[M;"“"”’F] = 0and
MO = M F e ()M (0 for 1,5 >0 Proas.

for all x € E hold. Note that es(t)e_s(t—) = 1 4+ F(X,_, X;). Let denote by M? the
martingale part of Fukushima’s decomposition for ¢ (X;) — ¢(Xo). The next lemma is a
slight modification of [12, Lemma 4.1] by applying [19, Lemma 3.1].
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LEMMA 4.1. Mt”’”’(z)’F can be written as
F t
M = / e ea(s—)d(M? + MPT),
0
where

MPF = Y (X F (X, ,X>—/ /¢(y>F(Xg,y>N(xv,dy>dH

O<s<t

Let

t
. 1
= d(M? +M»T), 1 <c.
’ /0¢(Xs—)(s )

The unique solution of Doléans-Dade equation relative to M, ‘s
t

“4.2) Z, =1 ~|—/ Ze_dM;, t<¢
0

is then given by
v I ..
Zt = exp (Mt — E(ML>Z>
(I + F(Xs—, X))¢(Xs) exp (¢(Xs—) -0+ F(Xs-, Xs))¢(Xs)>
¢ (Xs-) ¢ (Xs-) ’

(4.3)

O<s<t

where (M ¢); is the quadratic variation of the continuous martingale part of M;. Note that Z;
is a positive local martingale on [0, ¢[.

Applying It0’s formula for semi-martingale (with jumps) to log(e™* e (t)¢(X;)) and
using Lemma 4.1, we get

log(e™* e ()¢ (X)) — log(¢(Xo))
/, 1 A F / (A= @)pXs)
0 e eals—)p(Xs-) d(Xs)

1 [t 1
4t u, ¢, F,c
2./0 e_zo‘“eA(s—)z(ﬁ(Xs—)zd( s
eA(s)p(Xs) eA(s)P(Xs) —ea(s—)p(Xs-)
1 —
+ 2. ("g ea(s—)p(Xs_) ea(s—)p(Xs-) )

O<s<t

B A—wpX) 1 S
v / o a5 - i >I+O§St(log(1+AMs> AV, r<.
Therefore we see that Z; defined in (4.3) can be represented as follows:
PN 10.9) AP (X,)
“4.4) Z; = eA(t)¢(X0) exp (— 5Ky ds) , t<¢.

Letus denoteby Z = (X;, PZ, x € E) the transformed process of X by the multiplicative
functional (4.4). Note that ¢ € F implies [ E ¢*>dm < co. Then by the same arguments as in
[19, Proposition 3.1], we have the following.
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LEMMA 4.2.

(1) Z is a p*m-symmetric right process on E.

(2) Let (%, F%) be the Dirichlet form on L*(E; ¢p>m) associated with Z. Suppose
that Ly € S}((X), U =pu —pupand F = Fy — Fy with u1 + N(Fi)ug €
S1e(X) N SLe(X) and o + N(F)ug € S} (X) N SH(X). Then F C FZ and for
ferF,

1 .
7, =5 /E B0uS 1 (o)
+/ - (fx) - FON? )P (A + F(x, y))J (dxdy) .
ExE\diag
Moreover, 1 € FZ and E4(1,1) = 0.

(3) Z is ergodic in the sense that if A € ffgo is (6;)-invariant, i.e., Qt_l(A) = A for
anyt > 0, then Pf(A) = 0forallx € E or Pf(A) = 1 forall x € E. Here
F =0{X,:0<t < o0}

Let P(E) be the space of all Borel probability measures on E equipped with the weak
topology. For v € £ with t < ¢(w), define the normalized occupation time distribution
Li(w) € P(E) by

t
Li(w)(A) := ;/ 14(X5(w))ds, A € B(E).
0
Consider a rate function /g (v) on P(E) defined by
Qf, f) if dv= fidm, feD(Q),

1 = .
o) { 400 otherwise .

In the same way as in [33, Proposition 4.3], Ig(v) is equal to the so called Donsker-Varadhan
type’s I-function defined by

Ap
I(v) =— inf ——dv, forv e P(E).
© ¢eD (A JE @ ®

Here Dy (A) := D41 (A?)|g with
Diy(AY) = {5 =Sagla>p, geCEy, inf g(x)> 0}
XeLy

and B appeared above is the constant in (3.4). For ¢ € D, (A) with¢ = ¢|g, ¢ € Dy (A?),
we set Ap := a¢p — g on E and A%¢ := a¢ — g on E;. Clearly, A%¢ = A¢ on E and
A%p(0) = ah(d) — g(3) =0.

PROOF OF THEOREM 1.1. (1): In view of Lemma 4.2, Z is ergodic with invariant mea-

sure ¢p>dm. So the lower bound (1) of the present theorem can be proved by exactly the same
manner as that in [33, Proposition 4.1].
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(2): To prove the upper bound, we have only to imitate the argument in [33, Proposition
4.2]. Indeed, for ¢ € D44 (A), we can define the supermartingale multiplicative functional
Z; as like in (4.4). Though ¢ may not belong to F, we can define a local MAF m® by
M? = [1e®e_a()dM T — MPT, where (M), c(0,001 defined like (4.1) by use
of ¢ and A? is a P,-martingale for all x € E. Note that Lemma 3.2(3) and ¢(3) = @ >0
together imply infycg ¢ (x) > infyeg, ¢(x) > O for ¢ € D44 (A). Then the solution Z; of
the Doléans-Dade equation (4.2) with

t
. 1 3. 3
M ;=/ ———dM + MPT), 1 ef0,00[,
t 0 ¢(X_y—) N N

has a similar expression as in (4.4) in terms of ¢ and A?. Since {Z:}t€[0,00[ 15 @ supermartin-

gale with Zp = 1,
_ o
Exl:eA(t)wexp(— ’Mm)} <1
¢ (Xo) 0o ¢(Xy)

and thus

" A (Xy) ) sup,cg ¢ (x)
fﬁEEx[eA(”exp <_ b B(Xy) ds) 't<§} = Tafrer 600

Hence, for any Borel set C C P(E),
4.5) lim llog supE[ea(r): Ly €C, t <¢] < inf sup ﬁdv.
1—oof xeE " ¢eDi (A vec JE d)

In particular, the inequality (4.5) yields that for any compact set K C P(E),

lim llogsupEx lea(®) : Ly e K, t <] < — inf I(v)

t—oo t YeE vek
holds by using a finite open covering {N; = N(v;)} of K. Here we use that any ¢ €
D4+ (A), hence A¢/¢, is bounded upper semi continuous on E. Now we prove the up-
per semi continuities of such ¢ and A¢/¢. Assume first uo + N(F2)upy € S}< (X). Ap-
plying Proposition 2.1(3) to the transformed process Y, for a sufficiently small s > 0 and
p2 + N(F)upn € Sk (X), we have the continuity of x > EY [Exp(A# + A*F)], because
log [Exp(A“” + A“’F)t] = A;L“Jr“ + Aiog(H_F) is a difference of PAF of Kato class in the
strict sense under Y from Lemma 3.5(3). Owing to the strong Feller property of (Q;);~¢ with
Remark 3.1, if up + N(F2)upg € S}( (X), for such a sufficiently small s > 0, we have the
continuity of

x> Qg (x) = Exlea(s)] = e “WE] [Exp(A™ + A" F) e (X))
= e “OEY[Exp(Atr + AP F) (e — D) (X))]
+ e @R [Exp(At + AF),]
= 0;(1p(1 — " @71 (x) + DR [Exp(Are + A*F)].
Applying the strong Feller property of (Q;);~0 again,
04,1, = 0J(Q]1E, — 1£,) + )1k,
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= 0,(Q%1g, — 15,) + 01,

is also continuous on E for any ¢ > 0 and such a small s > 0. This shows the continuity
of x > Q?lEa (x) on E for any s > O under up + N(F2)un € S}((X). We obtain the
continuity of x — Sgl E,(x) on E for@ > B by applying the dominated convergence theorem
and (3.3) under ur» + N(Fo)ug € S }( (X). Next we prove the upper semi continuity of
X SglEa (x) on E for « > B without assuming u> + N(Fo)uy € S}( (X). This can be
obtained by approximating the killing part by Kato class PAFs in the strict sense. Therefore
any ¢ € D4y (A) and Ap/p = a — g/¢ are upper continuous on E by ¢ = Slg|p =
Sa(g — 9()1E) + g(0)SE, |£.

Recall that I(v) = Ig(v) in a similar way of [33, Proposition 4.3]. This implies the
desired result.

(3): Recall that (3.4) holds for any & > 8 with some C > 1 and 8 > 0. More strongly,
we have that there exist C > 1, 8 > 0 and r > 1 such that

r—1

c \ ,
4.6) 1S2 £ lloo < (m) IR3IFV 1L, forany f € By(Ey).

Indeed, taking ¢ > 1 with g(u; + N(F1)un) € S x (X), we have
Q%1 £1(x) < =g, [v,e4" Exp(A™ 1, | £1(X0)]

< 2MI=E, P4 VPR, [y Exp(ar M IE, [ £1(X0)']
< e2llulloo (Cpeﬂpt)l/P(Cu’qeﬁu.qt)1/6I(pt3 |f|r(x))1/r

1/r

for some Cp, Cyy > 1 and B, Bu,qy > 0 with % + % + % =1, p,q,r > 1. Then we can
obtain (4.6). Hereafter we always take « > C + B > 1, in particular, ||Sal Eylloc < 1. Take
¢ €]0,1/(3a)[. Sincem € S! K (X), we can take a compact set K, such that || R11x¢|loo < &

hence [|Se1k¢lloo < € fora > C + B(> 1). Here K¢ := E \ K,. We prepare larger domaln
for generator:

i, (AY) = {$= Sa9

a > B, g€ Bp(Ey), inf g(x) > O}
xeEy

and A% := ap—g forp = S"g e D Jr(Aa), where  is the constant appeared in (3.4). Then
for¢g € D, (A?), Z, can be defined to be a supermartingale multiplicative functional having
Alpe

a similar expression with (4.4) by way of the above ¢ as in the proof of (2). Set V, := — %

with ¢ := S)(1ge + €1g,) € D% (A). Then
1k + elg,
Ve= G ¢
Sa(lKg + 81E3)
The rest of the description of the proof is quite similar as in the proof of [12, Theorem 1.1(3)].
So we omit it. O
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PROOF OF COROLLARY 1.1. The proof of (1) is similar to the proof of Proposition 3.1
in [40]. The proof of (2) is an easy consequence of Theorem 1.1 (cf. Theorem 4.1 in [40]).
The proof of (3) is similar to the proof of Corollary 4.1 in [40]. O

Let us denote by || Q|| », » the operator norm of Q; from L?(E; m) to L?(E; m) and put

1
)‘p 5:)hp(u7/¢L1F) ::_tl_l)lglo;log”Ql”p,ps 15]’500

as in Section 1.
The proof of Theorem 1.2 is the same as that of Theorems 1.2 in [12]. So we omit it.

REMARK 4.1.

ey

2

3)

In Takeda [37] (resp. Takeda-Tawara [40]), Theorem 1.1 is proved under the condi-
tionsu = F =0 and |u| € S! e X) (resp.u =0, || € s1 xx X) and |F| € A2(X)),
where A,(X) denotes a class of j jump functions satlsfylng a positive order Green-
tightness with respect to conditional processes (see [40] for the definitions). The
method of the proof of Theorem 1.1 in [37, 40] is based on the gaugeability of
Feynman-Kac functional. Our proof of Theorem 1.1 does not use the conditions for
the gaugeability.

If we assumeu yeSEX), p=p1—pu2eSpX)—SpX)and F = F| — F» €
J) xX) — J) xX) then we can obtain the same conclusions as in Theorems 1.1, 1.2(1)
and Corollary 1.1 without assuming the Feller property of X. Indeed, under these
conditions, (Q;);~0 has the strong Feller property without the Feller property of X
by Remark 3.2. For the proof of the assertion of Theorem 1.1(1), we only need the
absolute continuity condition of (Q;);~¢ with respect to ¢*m, which is guaranteed
by the strong Feller property of (Q;);~¢. In the proof of Theorem 1.1(2), for & > 8,
we have the continuity of Sgl £, on E, consequently, for ¢ € Dy (A), we have
¢ = SSgIE € Cyp(E) with g € C(Ey) and Ap = a¢p — g € Cp(E). Hence
A¢/¢p € Cp(E), which yields the upper estimates. The proof of Theorem 1.1(3)
under the conditions ,u € S X), u = 1 —pu2 € S1 X) — S1 X) and F =
Fl—F € JK X) — J (X) does not use the Feller property of X.

In Theorem 1.2(2),(3), we used the Feller property of X and the regularity of the
open set G for the doubly Feller property of the part process Xg on G. Instead of
the Feller property of X and the regularity of G, the strong Feller property of X¢
yields the same conclusion provided we replace the hypotheses for Theorem 1.2
with u = w1 —p2 € SkX) = SkX)and F = F| — F, € Jy(X) — JL(X) in
Theorem 1.2(2).

PROOF OF THEOREM 1.3. For . = pu; — uo € s}<+ X) = S}, X)NSHX), F =
Fi—F ¢ J}<+ X) — J e X) N JH(X) and pqy € S}<+ (X), define the modified /-function
1% on P(Ejy) by

1°(v) = / —dv
¢€D++(-A3 Ey



LARGE DEVIATION PRINCIPLES 185

where A%¢ = ap—gforp = S2g € Dy (A?). By Theorem3.1,any ¢ := S2g, g € C(Ej)
is upper semi continuous on Ej,. Hence, A’$/¢ = o — g/¢ is upper semi continuous on Ej.
Note that P(Ej) is compact with respect to the weak topology. Therefore, we can derive the
following inequality in the similar way as one in the proof of the upper bound of Theorem
1.1(2).

— 1
lim —logsupE, [ea(?) : t < <— inf I?().
Jim gxelg x lea(?) ¢l = L )

Since P(Ej) \ {85} and ]0, 1] x P(E) are in one to one correspondence by the map
v(-)
v(E)’
and I°(v) = I(v) = —infgep, , 4y V(E) [ %d’v‘: v(E)Ig(V), we have

veP(Ey\ {8} — (V(E), D) €]0,1] x P(E) for V() :=

— 1
lim —logsupE,[ea(?) :t <] <— inf <9 inf IQ(V))

t—o00 t YxeE 0€el0,1] veP(E)
4.7 =— inf (OAp) .
6€[0,1]
The left-hand side of (4.7) equals —As, because sup,.gEx[ea(t) :t <¢] = [|Q¢lloo,00-
Hence we have
(4.8) Ao = . elfgl](wnz) .

If X2 < 0, then the right-hand side of (4.8) is equal to 2. So we have Ao, > A;. The converse
inequality always holds because

1Q:ll22 = 1Q:llp.p = 1Qtll0.00, 1= p =00

by the symmetry and the positivity of Q;. Now, we see that the L”-independence holds if
A2 < 0. The latter assertion of the present theorem can be proved similarly to Theorem 1.3 in
[12] by using Lemmas 3.3 and 3.5. So we omit the proof. O

PROOF OF COROLLARY 1.2. Suppose that ji(,) € S}<+ X), 1 € S}<+ (X), u2 = 0,
Fi € JIIQ)+c (X), F> = 0 hold. In view of Beurling-Deny formula (see [16]), for f € FNCo(E),
we have

Of ) =E(f. ) + /E Py +2 [ /E T = FON ) = 1) sdy)
+/ fzudK—/ frdu —/ SO Fi(x, y)N(x, dy)pun(dx)
E E ExXE
12
<E(f. /) +V2E(f, H? ( /E fzdu<u>)

= / /E FOG0) = SEIF NG, dype (@)
<Ef, )+ V26 PV (IR g lloEi (F, )P
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) 12 ) 12
+ /E |f(x>|(/E (FO) = () N(x,dy>) (MFP®) T @)

<&, )+ V26 O (IR 1wy lobr (f, 1)

1/2

1/2
+( /E f(x)zN((Fl)z)(x)MH(dx)> ( fE (f(y)—f(x))zN(x,dymH(dx))

1/2

<& ) +V2E OV (IR 1w llsE1 (f 1))

1/2
+ (IRINCEDallocEr(£ D) EC Y

Since 1,(0, 0, 0) < 0, we have 1,(0, 0,0) = 0. So by taking a sequence {f,} C F N Co(E)
with || full2 = 1, E(fn, fu) — 0asn — oo, we have Q(fy, fn) — 0asn — oo, which
implies Az (u, i, F) < 0 under the conditions. If we further assume the transience of X, then
forvesS }<OQ (X), we have the Stollmann-Voigt inequality (see [31])

/ f2dv < |Rv|E(f, f) forany f e F,.
E

The proof of the second statement is easily seen from this and a similar argument by noting
N((F))un € Sk, (X). =

5. Examples.

EXAMPLE 5.1 (Birth and Death Process, cf. [13]). Let X be a birth and death process,
that is, a time homogeneous Markov process with transition function P;; (¢) such that

Pi(t) =0, Y Pu@®) =1, Pjt+s) =Y Pu(t)Py(s).
k=0

k=0
Moreover,
Piip1(t) = Ait +o(2) ast—0, i >0,
Pit)y=1—;+ui)t+o) at—0, i>0,
Pii—1(t) = pit +o(t) ast—0, i>1,
1 i=j
P;j (0) = éij 1={0 it

where A; i =0,1,2,...)and u; (¢ = 1,2,3,...) are positive constants and ug := 0. We

set
n—1

1 1 — 1
:O’ = —, = —
0 TR TR Zl Aimi

with . N
mo=1, m=L"20 0 =120,
[CVCERT
We further set E := {x;}{°, and a measure m by m({x;}) := m;. Then m is a Radon measure
on E and X is m-symmetric, P;;j(t)m; = Pj;(t)m; for any i, j € N U {0}. We prepare the

following conditions: For xoo := lim;_, o X;,
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(A1) x is a regular boundary, that is, xoc < 00 and Z;ﬁo m; < Q.
(A2) x is a natural boundary, that is, xoo = 00 and Z?io m; = oQ.

Suppose that (A1) holds. Then the one point compactification Ey of E can be regarded as
E U {x}. Let us introduce a symmetric bilinear form (£, F) on L*(E; m) by

= {f € Co(E)

YD ()P (xig1 — xi) < OO} ,
(5.1 . i=0
E(f.g) = ;)Df(xi)Dg(xi)(le —-x) figeF,

where Df (x;) 1= LU= and Coo(E) = {f € C(E) | limi—oo f(xi) = O}. Then
(€, F) is an irreducible transient regular Dirichlet form on L?(E; m) in the same way of
the proof of Lemma 5.1 in [24] (cf. [21]). The corresponding process X of (£, F) is an
m-symmetric one dimensional generalized diffusion process on E with a regular boundary
Xoo < 00 (cf. [28]). Since 1 € L?(E; m), we see Ryl € F C Coo(E), hence m € S! kX
Moreover, by way of Ascoli-Arzela’s Theorem, we see F, = F. The form (5.1) can be
rewritten to

- {f € Coo(E) ‘ / () — £ (dxdy) < oo} ,
(5.2) EXE

S 9) 1=/E E(f(X)—f(y))(g(X)—g(y)J(dxdy) frgeF

with J(dxdy) = Y72, ﬁ% (dx)8y,.,(dy), where 8, stands for the Dirac measure at x.
Next suppose that (A2) holds. Note that any function on E is always continuous. We
consider (£, F) on L>(E; m) by

o0

={feL2

D (il — xi) < oo} :
(5.3) .
E(fg) = z%)Df(xi)Dg(xi)(le —x) f.geF.
i=
Then (£, F) is an irreducible recurrent regular Dirichlet form on L2(E; m). We then have
Fe = A{f € C(E) | X720 IDf (x)I*(xi1 — x;) < oo} and E(f, g) for f. g € F, has the
same expression as well as for f, g € F. The form (5.3) also can be rewritten to a similar
form to (5.2). The corresponding process X is an m-symmetric one dimensional generalized
diffusion process on E with a natural boundary xo, = 0.
In either (A1) or (A2), the Lévy system (N, H) of X is determined by

(x,y) = (i, xip1) (€ NU{0D,

. for x,y € E,
otherwise,

1
N(x,y) = {Sm—xi ’

N(x,dy) := Y N(x,y)8;dy), padx) =Y 8;(dx).

j=0 i=0

Now we fix a function u € ]1"10C N C(Ej). We further consider
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(A3) (A |i e NU{0}}isbounded.  (Ad)u € Coo(E).

From

o0 . _ . 2
M(m(dx)zz(u(xzﬂ) u(x;)) 5., ()

o Xi+l — Xi
we have u ) < m and its density I"(u) := du,)/dm is given by

(u(xip1) —u(x;)? 1

i S — = (i) — u(xi) A
Xitl — Xi mi
Then I'(u) € L°°(E; m) under (A3). This implies p(,) € Sll<+ (X) under (A1) and (A3),
because of m € § 11<+ (X) under (A1). On the other hand, under (A3) and (A4), we have
I'(u) € Coo(E), hence Ry = R1I'(u) € Coo(E) by the doubly Feller property of X.
Hence pyy € S 11<+ (X) under (A2), (A3) and (A4).

Therefore, Theorem 1.1 tells us that, under (A1) and (A3) we have the large deviation
principle for the Feynman-Kac functional of CAF N} of 0-energy and

I'(u)(x;) =

lim ~ log sup E[eM : 1 < o1)] = —inf(Q(/, /) | £ € F I fla = 1),
—00 t xeE
where (Q, F) is the quadratic form on L2(E; m) defined by Q(f, g) := E(f, 9) + Eu, fg),
f» g € F. As a consequence, we have the L?”-independence of the spectral radius A, (u, 0, 0)
of this Feynman-Kac functional by Theorem 1.2(1).
On the other hand, Corollary 1.2 tells us that A, (u, 0, 0) is independent of p under (A2),
(A3) and (A4) because A2(0,0,0) =inf{E(f, /)| f e F, Iflla=1}=0.

EXAMPLE 5.2 (Symmetric Relativistic a-stable Process). Take o €]0, 2[ and m > 0.
Let X** = (£, X;, P),cga be a Lévy process on RY with

Eo[e¥ =160 ] = exp (= (&% + m*)*/? — m}).

If m > 0, it is called the relativistic «-stable process with mass m (see [30]). In particular,
if o = 1and m > 0, it is called the relativistic free Hamiltonian process (see [18]). When
m = 0, X®% is nothing but the usual symmetric a-stable process. We consider the case
m > 0. It is known that X*? is transient if and only if > 2 under m > 0. Let (%%, FR®)
be the Dirichlet form on L?(R?) associated with X®%. Using Fourier transform f x) ==
W Jga €2 £ (y)dy, it follows from Example 1.4.1 of [16] that

FRe = {f € L*(RY)

/Rd | FEP((17 +m* %2 —m)de < oo},
EX(f.9) 1= fR F©i@ (P +m )2 —m)dg for f.g e F.

It is shown by Ryznar [30] that the semigroup kernel p; (x, y) of X®¢ is given by

me [ 1 \4/? _E e
pi(x,y)=e Ims e I e Ouy2(t, s)ds ,
0
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where 05 (¢, s) is the nonnegative function called the subordinator whose Laplace transform is
given by

©© 5
/ e 051, s)ds = e .
0

Then we see the conservativeness of X®¢. It is shown in [9] that the corresponding jumping

measure satisfies

Ad. —o) W (m'/“|x — y)
2 |x — y|d+a

2d+ar(d+¢¥ . d+a _i_ﬁ
where A(d, —a) = zﬁlTrﬁ—z) and ¥ (r) := I(r)/1(0) with I(r) := [(~ 52 7375 ds
is a function satisfying ¥ (r) =< ™" (14r@+¢=D/2) nearr = oo, and ¥ (r) = 14+¥"(0)r2/2+

o(r*) nearr = 0. In particular,

J(dxdy) = J(x, y)dxdy with J(x,y)=

’

FRe = {f e L*(RY) ‘ / |f(x) — FOIPT(x, y)dxdy < oo},
R4 x R4

ERN(f g = /Rd Rd(f(X) = fFONE) = gONJ (x, y)dxdy for f, g€ Fu*.

As noted in Example 5.1 in [23], we have that for each #y > 0, there exist C; =
Ci(a,d) > 0,i = 1, 2 independent of 7y such that for any ¢ €]0, #p[, x, y € R4

Ci w lx — yl - - C e
e Y\ e ) =) = e e
(1+ 57
where ¥y (s) := flofsze_('”"’)z/a”%- In particular, sup pi(x.y) < Cae™/1/% for
u x,yeR

t €]0, rol.

For m = 0, we have the following estimate which can be obtained from Theorem 2.1 in
Blumenthal-Getoor [2]: there exists C; = C;j(«,d) > 0,i = 1, 2 such that for all (¢, x, y) €
10, oo[ xR? x R4

Cy 1 Cy 1
e S Pix,y) < WW'
(1 + B )

d/a _
R
For a signed Borel measure © on R4, w is said to be of Kato class with respect to X®* if
and only if
d
lim sup/ L?_:O for d > «,
r—>0x€Rd [x—yl<r |~x - )’| ¢

lim sup / (log [x — y|™Iul(dy) = 0 ford = a(= 1),
[x—y|<r

r—>0x€Rd

sup / lnl(dy) < oo fora >d(=1).
lx—yl=1

xeRd
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Denote by Ky o the family of non-negative measures of Kato class with respect to X**. Then
we have Ky, = S}< (X®) by [23]. Consequently, the surface measure o, on the r-sphere
0B,(0)isinKy 4, = S}( (X®) if and only if « > 1. This was shown by Port [29] for the case
d>oaandm = 0.

From Lemma 3 in [30], for m > 0, there exists C(d, m, @) > 0 depending only on m, d
and « such that

sup py(x,y) < C(d,m,a)4/?

x,yeRd

forany > 1.

As we see, for m = 0 there exists C(d, «) > 0 depending only on m, d and « such that

sup pi(x,y) < Cd,a)t™4/% forany t > 0.

x,yeRd

We can apply [12, Lemma 5.1(2)] to X*¢ for @ := C1¥, ®2(s) := % and <D§(s) =
Cd,m,a) withty =1,d* =d and 8* =2 > B = « provided m > 0, and for ®; = C1¥;,
Dy = @5 = O with Ya(s) == 1/(1 + )4t and d = d*, B* = B = « provided
m = 0. Hence every u € Ky o = Sk (X®*) with (RY) < 0o belongs to S}(; (to S}(m XR9)
provided d > 2). Hence o, € S}(; (X®%) (resp. oy € S}(m (X®))) under a > 1 (resp. o > 1
and d > 2).

Take ¢ € Coo(RHN(FR®), with ([pa (@ (x) — ¢ (y)?J (x, y)dy) dx € Kg o and assume
a > 1. Then (fpa(¢p(x) — p(»))?J (x, y)dy)dx € S}(; (X®%). Take also F = Fi — F3 with

—1< inf F(x,y)< sup F(x,y) <o
x,yeRd x,yeRd

and suppose F| € J;QC(XM), F, =0,0r F| € J;Q(XR"*), Fy € Jg (X®%) and the

transience of X®%. For example, ford = 1 and F(x, y) := f(x, y)|x — y|'** with a sym-
metric function f € L'(R?) satisfies this condition provided f > 0 on R2. We consider
another function F(x,y) = f(x,y)|x — y|?t® with a symmetric f € L' (R24) satisfy-
ing -[Rd f(x,y)dy € LP(RY) with p > d/a (This condition is satisfied if f has the form
f=A®fH+ L fiwith fi, o € Co(R?Y)). Then F satisfies the required condition
provided X® is transient.

Consider the following Feynman-Kac semigroup

r

0/ f(x) = B[N+ Exp(AF), F(X))].



LARGE DEVIATION PRINCIPLES 191

Here L} is the PCAF in the strict sense associated with the surface measure o,. The associated
quadratic form Q is given by

Qfg) = [ (0= SN = 90T (x, y)dxdy
[ P9 = oD@ = B0 (. y)dxdy

R4 xR

—/ f(x)g(x)or(dx)
3B, (0)

_/Rd rd F)g()F(x, y)J (x, y)dxdy
for f, g € D(Q) NL¥[RY),
D(Q) = FRv.

Let D be a bounded open set with smooth (or more generally regular) boundary. The Lebesgue
m on D satisfies m € S! K& (X3") under X};% by way of [11, Corollary]. Then we have the

following by Theorem 1. 1(3)

1 ,
lim ~ log sup E, [eNf FtLiExp(AT), it < )= - inf Qv, v).
1500t T iep veFp® vla=1
Since (£ + m?/®)* —m = m (1 + &> /m>)"/? —m < m (14 ER/m) —m =

ml‘%lélz, we have H!(R?) ¢ F®* and EX(f, f) < m'=é IVFI3. f € H'(R?), hence
inf E¥%(v,v) =0.

veFRe |ly|r=1
Then Corollary 1.2 tells us that the spectral radius A, (¢, oy, F) := — lim; % log || Q¢ p,p
is independent of p provided o > 1.

6. Appendix: Fukushima decomposition in the strict sense. In this section, under
(AC), without assuming the condition that X admits no inside killing in the sense that

6.1) Pyl <00, X, € E)=0 forall xeE,

we will prove that the strict version of Fukushima’s decomposition holds for strictly £-quasi
continuous function u on Ej satisfying u € .7-"IL)C with pq,) € SlD (X), which is (nearly)
Borel finely continuous on E. The condition (6.1) is equivalent to the absence of the killing
part in the Beurling-Deny representation of (£, F) (cf. [15]). In Appendix of [12], we show
Fukushima’s decomposition (1.1) in the strict sense under (6.1) (Proposition A.1 in [12]),
but the conclusion of Proposition A.1 in [12] based on Lemma 3.1 in [6] is not true for the
condition ) € S (X) lacking (Lemma 3.1 in [6] is completely wrong). We shall correct
Proposition A.l in [12] in this appendix remaining valid for our main results including [12].
Let E, Ey and m as in Section 1. Let X be an m-symmetric Markov process Let (€, F)
be the associated symmetric Dirichlet form on L?(E; m) and assume that (£, F) is regular.

Denote by Mlof ) (resp. M) the family of locally square integrable martingale additive
functionals on 7(¢) := [0, ¢[[U[[& 1, where ¢; is the totally inaccessible part of ¢ (resp. of



192 D. KIM, K. KUWAE AND Y. TAWARA

square integrable martingale additive functionals of finite energy), and by AV, joc (resp. N.) the
family of continuous additive functionals locally of zero energy (resp. of continuous additive
functionals of zero energy) (see [6, 25, 27]).

THEOREM 6.1 (Generalized Fukushima Decomposition, cf. [25, Theorem 4.2], [26,
Theorem 1.2], [27, Theorem 1.4]). For f € ]—'1 the additive functional AT defined by

Atf = f(X:) — f(Xo) can be decomposed as

oc’

Af =M+ N, MT e MDD NS eNojoe

loc °

in the sense that Af = M,f + N,f, t € [0, ¢[ Py-a.s. forg.e. x € E. Such a decomposi-
tion is unique up to the equivalence of additive functionals on [0, ¢[[ (or of local additive
functionals).

We set M) .= ={M € MI(O | M is continuous} and METO . ={M € MI(Z) |

/ loc loc
M. ©) s purely dlscontlnuous} Define

J :={¢: Ey x E3 —> R | ¢ is Borel measurable,
vanishes on diagonal and N (d)z)u € SX)}.

For M € /\/l1 1) , there exists ¢ € J such that AM; = ¢(X;—, X;) t €]0, ¢[ Py-a.s. for
qe. x € E (see Theorem 2.1 in [25], Theorem 1.1 in [26]). We set M7/©) .= (M €

loc

./\/li;cl(;) | #(-,d) =0 «k-a.e. on E} andMKCI(O (M e Mﬁm]@) | ¢ =0 J-ae.onExE}.

Let M be the family of square integrable MAF admitting exceptional set. Note that ,/\le
M C Miee C /\/lllo(f) - ME?C’{[[. For each i = ¢,d, j, k, we can define M’ analogously
as for Mﬂi@). Every M € M admits decomposition M = M¢ + M¢ = M® + M7 + M*,
where M€ € M, M4 € M, M/ € M/ and M* € M*. Set Sp(X) := {u € SX) |
||E.[A¢L]||q < oo for some/allt > 0}, the family of Dynkin class smooth measures. Here
I fllg := infcap(n)=0 SUpyep\n [/ (X)].

Our result is the following:

THEOREM 6.2. Take f € F, loc and pry € Sp(X). Assume one of the following:

e f is a strictly E-quasi continuous ﬁnzte function on Ejy, that is, there exists a strict
E-nest {F,} of closed sets such that f|F,u(a) is continuous on each F, U {d}.
o X is conservative, i.e. Py({ =00) =1¢g.e.x € E.

Then the following hold:
(1) Af can be decomposed as

Al =mM! + N, MT e M, NV e Ny,

in the sense that A,f = Mtf + Ntf, t € [0,00[ Py-a.s. forq.e.x € E. Here
N* = {N € N.loc | N is a CAF admitting exceptional set}. Such a decom-

c,loc
position is unique up to the equivalence of additive functionals. Moreover, M¥ can



LARGE DEVIATION PRINCIPLES 193

be decomposed to be
M,f = M,f’c + Mtf’j + M,f’K t € [0, oo[ Py-a.s. forg.e. x € E,

where M1-¢ € M€, MT-J e MJ, MI*¥ e M~
(2) Suppose that (AC) holds and f is a (nearly) Borel finely continuous function on E.
Then next two conditions are equivalent to each other
@ uip € SHX).
(b) The decomposition

fX)— fXo) =M + N/, te[0,00, Pyas forallx cE

holds with
(i) Mf € M, M7 is an AF in the strict sense admitting a PCAF A in the
strict sense satisfying sup, g Ex [fooo e tdA;] < oo such that

E[(M])2] = E+[A/] < 00, E.[M/1=0forallx € E.

(i) N/ € N 1oc, N7 is a CAF in the strict sense.
Moreover, under the equivalence (2a)<=(2b), M I can be decomposed to be

M =M+ M/ + Mt €0, 00[ Py-as. forallx € E,
where M5 € M€, M5 e M, MP* € M* are square integrable MAFs in the
strict sense. If f € F, with £(d) = 0, M/ in (2(b)i) (resp. N' in (2(b)ii)) satisfies
M7 eM (resp. Nf € N.).
PROOF OF THEOREM 6.2 (1). For ¢ € J with N(¢*)un € Sp(X), we construct a
purely discontinuous MAF M® such that AM? = ¢(X;—, X;) for all ¢ €]0, oo[ P,-a.s. for

ge.x € E.
Set

t
M = Z(l{|¢\>1}¢)(Xs—,Xs)—f0 N (Ljg1>1)9)(Xs)dH; .
s<t

Since N(¢*)n € Sp(X), we see Ex[ [y N(¢*)(X)dH,] < oo forq.e. x € E. Then M is
a square integrable MAF. Define an AF M" by

t
M} = Z(l{l/n<\¢|51}¢)(Xs—,Xs)—/0 N1 n<ip1<1)9)(X5)dH; .

s<t

Then it is also a square integrable MAF. Forn > k > 1, we see
t
E.[(M" — M")]= Ex[/ N(l{l/n<¢|Sl/k}¢2)(Xs)st:| :
0

Then Doob’s maximal inequality yields that there exists a subsequence {n;} such that M,
converges uniformly on each compact subinterval of [0, oo[ Py-a.s. for q.e. x € E. Therefore
the limit

M = lim M*
k—o00
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exists and defines a square integrable MAF. Thus, Mf’ =M 1(1) + Mt(z) is the desired square
integrable MAF. We then set M54 := M? for ¢(x,y) == f(y) — f(x), M] := M? for
¢ (x,y) i=1exe(X, Y)(f(y) — f(x)) and M/* := M? for ¢(x, y) := f(3) — f(x). Note
here that there is no need to define M /¥ if X is conservative.

Next we construct the continuous square integrable MAF M /¢ whose quadratic vari-
ational process (M7¢) is a PCAF associated with ,u‘{ n € Sp. Take {f,} C F and a nest
{G,} of finely open (nearly) Borel sets such that f = f, m-a.e. on G,. The strongly local
properties of /x?'ﬂ and u( imply IGk,u = le/L o = IGk,u () = IGk,u o i) for each
n,k € Nwithk < n. Let (g9 x M); € /\/l denotes the stochastic integral by an MAF M € /\/l
with g € L*(E; i) N B(E) constructed in Theorem 5.6.1 in [16]. Note that 15, * MTnc
forms a continuous MAF of finite energy for each n € N. Let A be a PCAF associated with
17y Then (1, * A); = (1, * (M%), = (1, * (MT"9)); = (g, * (MIm¢, MTi-€)), for
k < n. Here (g * B); denotes the PCAF defined by fé g(X5)dB; for g € B4 (F) and a PCAF
B. We then see that for k < n

E:[(G, * M/ =16, * M/*)?] =E.[(16, * M/"¢ =16, % M/o°),]
=E.[(1g, * M), — (1g, » MT:<),]
=E.[(g, * (M), — Ag, * (MT)),]

t
<E, [ / 16, (X,)dA, — / 1Gk(Xs>dAs}
0 0

t
_E, [ / 1Gn\ck(xs>dAs} < E.[A/] < o
0

for g.e. x € E. Then Doob’s maximal inequality yields that there exists a subsequence {n}
such that lGnk * Mtf"k ¢ converges uniformly on each compact subinterval of [0, oo[ P,-a.s. for

g.e. x € E. We then see that the limit Mtf’c = limgs 0 1g,, * M,f""’c forms a square

integrable continuous MAF. We see Mtf’c = Mtf”’c t <16, Py-ass.forqe.x € E.

Now we set N,f = f(Xy) — f(Xo) — M,f’c — Mtf’d. We see that N/ is an AF admitting
exceptional set. Assume first the strict £-quasi-continuity of f on Ej. Then, there exists a
strict £-nest { F;,} of closed sets such that F;,, U{d} is compactin Ey and f|f,u(s) is continuous
on F, U {9} for each n € N. Noting P, (lim,,— o 0g\F, = 00) = 1 for g.e. x € E, we have
that limy |, f(X;) = f(X;) forall t € [0, oo[ and limg4, f(X;) = f(X;-) forall ¢ €]0, oo[
P,-as. for g.e. x € E. Then we obtain that N/ is a CAF admitting exceptional set under the
strict £-quasi-continuity of f on Ej. It is clear that the same conclusion also holds under the
conservativeness of X, because f is always £-quasi-continuous on E. Finally, we prove the
uniqueness of the decomposition: It suffices to prove M N N oloc = {0}. Take M € M and
N € J\/*loC Suppose that M; + N; = 0 for all ¢ € [0, oo[ Px-a.s. for g.e. x € E. Owing to
the uniqueness of the decomposition in Theorem 6.1, we have M; = N, = O for ¢t € [0, ¢[
P.-as. forqe.x € E. Since N € N*loc is a CAF admitting exceptional set, N; = Ny = 0
forall ¢ € [¢, oo Py-a.s. for g.e. x € E. This implies the desired uniqueness.
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Proof of (2a) = (2b): The proof is a repetition of the proof of (1). For ¢ € J with
N@Huy € S (X), we can construct a square integrable purely discontinuous MAF M?
in the strict sense such that AM¢ = ¢(X,—, X;) forall t € [0, 00[ Py-a.s. forall x € E.
Consequently, M4, MF57 pMIx can be constructed as square integrable MAFs in the strict
sense under f € .7-'l and puf (X) under the conditions (there is no need to define M /¥
if X is conservative). Similarly as in the proof of (1), we can construct continuous square
integrable MAF Mtf *“ in the strict sense. Assume first the strict £-quasi-continuity of f on
Ej. Take a strict £-nest { F},} of closed sets such that F,, U{d} is compactin Ej and f|F,us) is
continuous on F, U {0} for each n € N. Noting P, (lim;, . oo (t +0E\F, 06;) = 00) = 1 for all
x € E,wehave thatlimy |, f(Xy) = f(X;) forallt € [0, oo[ and limyy; f(X;) = f(X;-) for
allt €]0, oo[ Py-a.s. forall x € E. The same conclusion also holds under the conservativeness
of X. Moreover, the quantity f(Xo) is uniquely determined in the sense that P,-a.s. for all
x € E under the fine continuity of f on E with (AC), because fi = f> on E provided
f1 = f2 q.e. (or m-a.e.) on E for any finely continuous (nearly) Borel functions f, f> on E.
Note that f(Xo) is only uniquely determined in the sense that P,-a.s. for q.e. x € E for any
£-quasi continuous function f on E. Then Ntf = f(Xy) — f(Xo) — Ml — M,f’d forms a
CAF in the strict sense. Other properties in (2b) can be easily confirmed.

Proof of (2b) = (2a): Let M f, N/ and A be functionals satisfying condition (2b) of
Theorem 6.2. Then M/ and N/ are strict versions of AFs appeared in the decomposition in
(1) and we can see that A is a strict version of (M /). Hence ju sy is the Revuz measure of the
PCAF A in the strict sense and we see () € S1(X) with sup, .z Riju(s)(x) < oo, which
shows w(r) € S1 X). O
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