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Abstract. We prove that Cesaro means of one-dimensional Walsh-Fourier series are
uniformly bounded operators in the martingale Hardy space Hp for0 < p < 1/ (1 + ).

1. Introduction. The definitions and notations used in this introduction can be found
in the next section. It is well-known (see, e.g., [11, p.125]) that Walsh-Paley system is not a
Schauder basis in the space L1 (G). Moreover, there is a function F' in the dyadic Hardy space
Hj (G), such that the partial sums of the Walsh-Fourier series of F are not bounded in the L-
norm. However, in Simon [19] the following estimation was obtained: for all F € H; (G)

1 <ISKF
1 Y L <clFlly,. (=23,
ogni— k

where Si F denotes the k-th partial sum of the Walsh-Fourier series of F' (For the trigonometric
analogue see in Smith [21], for the Vilenkin system in Gat [6], for a more general, so-called
Vilenkin-like system in Blahota [1].). Simon [16] (see also [27] and [34]) proved that there
exists an absolute constant ¢, depending only on p, such that

L ISeFlp
1 < FI? , O<p<1,n=23,...),
for all F € Hp, where [ p] denotes integer part of p.
In [25] it was proven that sequence {1/k>~P}>~ (0 < p < 1) in (1) is given exactly.
Weisz [35] considered the norm convergence of Fejér means of Walsh-Fourier series and
proved that

(@) lowFllu, <cplFllg,. FeHp, (1/2<p<oo, n=1273,...),

where the constant ¢, > 0 depends only on p.
Inequality (2) immediately implies that

1 e FIg,

n2p—1 k2—2p

<cpIFIfy, . (1/2<p<o0).
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If (2) also hold, for 0 < p < 1/2, then we would have
" llokFIlg,

1
]0g[1/2+17] n._ k2—2p

3)

<cpllFly,. O<p<1/2,n=273,.),

but in [22] it was proven that the assumption p > 1/2 is essential. In particular, there was
proven that there exists a martingale F € H), (0 < p < 1/2), such thatsup, |lo, F|, = +o0.

However, in [26] (see also [3]) it was proven that (3) holds, though (2) is not true for
0<p<1l1/2

The weak-type (1,1) inequality for the maximal operator of Fejér means o * can be found
in Schipp [14] (see also [13]). Fujji [5] and Simon [18] verified that o* is bounded from H;
to L. Weisz [30] generalized this result and proved the boundedness of o* from the space
H), to the space L, for p > 1/2. Simon [17] gave a counterexample, which shows that
boundedness does not hold for 0 < p < 1/2. The counterexample for p = 1/2 is due to
Goginava [8] (see also [4]). Weisz [31] proved that o* is bounded from the Hardy space Hj 2
to the space L1 2 00. In [23, 24] it was proven that the maximal operators 5;,‘ defined by

- lon F|
*k . —
4 apF = Zggnl/l’—zlog2[l/2+1’]n , O<p=<1/2,n=2,3,...)

is bounded from the Hardy space H), to the space L, where F' € H), and [1 /2 + p] denotes
integer part of 1/24 p. Moreover, there was also shown that sequence {n'/? 2 logz[l/ 2+ply
n =2,3,...}in (4) can not be improved.

Weisz [33] proved that the maximal operator c** (0 < o < 1) of the Cesaro means of
Walsh system is bounded from the martingale space H), to the space L, for p > 1/ (1 + ).
Goginava [9] gave a counterexample, which shows that the boundedness does not hold for
0 < p <1/ + ). Recently, Weisz and Simon [20] show that the maximal operator o**
is bounded from the Hardy space Hj(14«) to the space L1/(1+a),00- An analogical result for
Walsh-Kaczmarz system was proven in [7].

In [10] Goginava investigated the behaviour of Cesaro means of Walsh-Fourier series
in detail. For some approximation properties of the two dimensional case see paper of Nagy
[12].

The main aim of this paper is to generalize estimate (3) for Cesaro means, when 0 < p <
1/ (1 4+ «). We also consider the weighted maximal operator of (C, &) means and proved
some new (H ps L p)-type inequalities for it.

We note that the case p = 1/ (1 + «) was considered in [2].

2. Definitions and Notations. Let N denote the set of the positive integers, N :=
N4 U {0}. Denote by Z, the discrete cyclic group of order 2, that is Z; := {0, 1}, where the
group operation is the modulo 2 addition and every subset is open. The Haar measure on Z;
is given so that the measure of a singleton is 1/2.
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Define the group G as the complete direct product of the group Z, with the product of
the discrete topologies of Z,’s. The elements of G are represented by sequences

X = (X0, X1y -vvs Xkyon.) (xxr=0,1).
It is easy to give a base for the neighborhood of G

Ih(x) =G,
Liix) ={eG|lyy=x0,---sYn-1=xp—1} (x € G, n e N).

Denote I, := I, (0) and I, :== G \ I,. Let

e, =(0,...,0,x,=1,0,...) e G (neN).

Denote
L. I, ....0,xx=1,0,...,0,x; = 1, xj41, ..., xm—-1), k<l<M,
M 1y,...,0,x,=1,0,...,0), =M.

It is evident

M-2 M-1 M—-1
Q) m=U U n U(UI};M).
k=01l=k+1 k=0

If n € N, then every n can be uniquely expressed as n = Z‘;’;O n j2j , wheren; € Z;
(j € N) and only finite number of #;’s differ from zero, that is, n is expressed in the number
system of base 2. Let |n| :=max {j € N, n; # 0}, thatis 20l < p < plnl+l,

The norm (or quasi-norm) of the space L, (G) is defined by

I/p
IMmu=(ﬁJﬂ”MQ L 0<p<o).

The space L  (G) consists of all measurable functions f, for which

1£11L, ) = suphia (f > WP < 0.
A>0

Next, we introduce on G an orthonormal system which is called the Walsh system. At
first, define the functions ry (x) : G — C, the so-called Rademacher functions as

re (x) == (=D (xeG, keN).

Now, define the Walsh system w := (wy, : n € N) on G as:

00 |n]—1
kXk

n
wi(x) = [ [ rf* @) = rjuy (x) (1) =0 (neN).

k=0

The Walsh system is orthonormal and complete in L> (G) (see, e.g., [28]).
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If f € L1(G), then we can establish Fourier coefficients, partial sums of the Fourier
series, Fejér means, Dirichlet and Fejér kernels in the usual manner:

f ) / fwndp, (neN),
Suf —Zf(k) we,  (neNy),
onf =;Zskf, (neNy),
k=1
D, : =Zwk, (neNy),
1 n
Kp : = ;ZDk, (neNy),

respectively. Recall that (see e.g., [15])

. ifx el
0, ifx¢l,.

The Cesaro means ((C, @)-means) are defined as

ZA kSt

”kl

(6) Don (x) = {

where
@+ (x¢+n)

n!

@) 0 =1, A2 =

n

oF—1,-2,....

It is well known that

A“:ZA;‘ T AY - A% = AT A% L

n

and
(8) sup/ |Kff|du§c<oo,
n JG

where K7 is n-th Cesaro kernel.

The o -algebra generated by the intervals {,,(x) : x € G} will be denoted by F;, (n € N).
Denote by F = (F,,n € N) the martingale with respect to F; (n € N) (for details see, e.g.,
[29]).

The maximal function of a martingale F is defined by

F* :=sup|Fy,| .
neN
In the case f € L (G), the maximal functions are also be given by
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" _ 1
R TATS) (/ ) fydu () -

For 0 < p < oo, the Hardy martingale spaces H), (G) consist of all martingales such that

1F g, = [ F*], <oo.

A bounded measurable function a is a p-atom, if there exist a dyadic interval I such that

/adu =0, Jallo < (D77, supp@) C 1.
I
It is easy to check that for every martingale F = (F,,n € N) and for every k € N the
limit
) F (k) := lim | Fywidp
n—o0 G

exists and it is called the k-th Walsh-Fourier coefficients of F.
Denote by A, the o-algebra generated by the sets I,(x) (x € G, n € N). If F :=
(Son f : n € N) is the regular martingale generated by f € L (G), then

f(k):/fwkduzzf(k), keN.
G

For 0 < @ < 1, let consider maximal operators

Na,*F |O’r‘fF|
» O =SUp ————
P VlEN (n+l)l/p 11—«

o“’*F::sup|a,‘l"F O<p<l/(+a).
neN

For the martingale
o
F =Y (F—Fp1)
n=0

the conjugate transforms are defined as
— o
FO =" "ry (1) (Fy — Fa1),
n=0

where ¢ € G is fixed. Note that }?6) =F.
As it is well-known (see, e.g., [29])

(10) H FO

S~ p S~
—1Fly, . IFI ~/ |7 ar, o F® = o5 7.
Hp ! rJe P
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3. Formulation of main results.
THEOREM 1. a)Llet0 <a < 1and0 < p < 1/(1 4+ «). Then there exists absolute
constant ¢y, p, depending on o and p, such that for all F € H,(G)

~ O,k
o3 F| < caplFla, -

b)Let 0 < < 1,0< p < 1/(I1+«a) and ¢ : Ny — [1, 00) be a nondecreasing
function satisfying the condition

nl/p—l—(x
(11) im — =0
n—00 ¢(n)

Then the maximal operator

oy f1
sup
neN (p(n)
is not bounded from the Hardy space H,(G) to the space L ,(G).

THEOREM 2. Let0) <« < land0 < p < 1/(1 4+ «). Then there exists absolute
constant ¢y, p, depending on o and p, such that for all F € H)

< [onF|%
> vy = Cap IFIG, -

m=1

4. Auxiliary Propositions. The dyadic Hardy martingale spaces H, (G) have an
atomic characterization, when 0 < p < 1:

LEMMA 1 (Weisz [32]). A martingale F = (Fy,, n € N)isin H, (0 < p < 1) ifand

only if there exists a sequence (ay, k € N) of p-atoms and a sequence (i, k € N) of a real
numbers, such that for every n € N

o
12) > wSrar = Fy,
k=0
o0
D lul” < 0.
k=0
Moreover,

00 1/p
IF I, < inf (va’) :

k=0

where the infimum is taken over all decompositions of F of the form (12).

By using Lemma 1 we can easily proved the following:
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LEMMA 2 (Weisz [29]). Suppose that an operator T is o-linear and for some 0 <
p=1

/|Ta|p du < c¢p < 00,

1

for every p-atom a, where I denote the support of the atom. If T is bounded from Lo t0 Lo,
then

ITAlp < cplfllm, -
To prove our main results we also need the following estimations:
LEMMA 3 ([2]). LetO <o < landn > 2M. Then
€ 2011k

K¢ Hldu(t) < ————,
[ Kz s nlan o = %

forx el (ex+e), k=0,.... M -2,l=k+1,...,M —1)and

o ca2k
|KS (x +1)|dp () < >
Iy
for x e Iy (ex), (k=0,...,M—1).

5. Proof of Theorems.
PROOF OF THEOREM 1. Since oy, is bounded from L to Lo (the boundedness follows
from (8)) according to Lemma 2 the proof of Theorem 1 will be complete if we show

sup /
Im

where the supremum is taken over all p-atoms a. We may assume that a is an arbitrary p-
atom, with support I, u (I) = 27 and I = Iy. It is easy to see that o (a) = 0, when
n < 2™ Therefore, we can suppose that n > 2™

Let x € Iy Since ||a|lo, < ¢2M/P we obtain

~Q%

Upa

p
du < oo,

o a (x)] 5/1 la (O] [Kyy (x + )] dpe (1)
M
< ||a(x>||oo/ K% x4+ )] du ()
In
scazM/"/ K (x +0)|dp @) .
In

Letx € Illf,l’l, 0 <k <l < M. Then from Lemma 3 we get

2M(1/p—1)2a1+k

(13) jota (0] = =L
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Letx € I,@M, 0 <k < M. Then from Lemma 3 we have

(14) lofa (x)| < cq,p2MI/P=DFE

By combining (5), (13) and (14) we obtain

o%a(x) |P
I K
M—-2 M-1 1 o p
- o, a(x)
- Xy 3 [ e ] e

k=01l=k+1x;=0,je{l+1,...M—1}

ofa (x)

p
pioa| dn )

+Z /k.M sup

k=0 IM Vl>2M
M-2 M-1

o p
Y Y [ s e
k=0 I=k+1 x;=0, jell+1,...N—1} * T n=2"
1 Py
+72M(1_(1+a)p)2 o sup |a a(x)| u(x)
k=0 Iy n>2M
Carp M=2M=1 | s M(1—p)y(al+k)p
< — %P - =<
- 2MI1-(1+a)p) 2! 2Map
k=0 1=k+1
| M=l
4 Swr L NTHM(-p)tpk
IM(1—(1+a)p) oM
M2 M-l
< Cap 22 Y swam
k=0 I=k+1
Ca,p MZ1 o pk

+ < Co,p < 00.

2M(1—-(14a)p) 2pM —

It is easy to show that under condition (11), there exists a sequence of
positive integers {nx, k € Ny}, such that
(22nk+2)1/p—1—0t
im 5
k—o00 1) (2 Nk 2)

Let
S = Doamgs1 — Doy
It is evident
, ifi =22 22mekl
0, otherwise.

fnk (l) = {
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Then we can write

D — Dy, ifi =22 1, 22+l
(15) Sifnk = fnka ifi > 22nk+1’
0, otherwise.

From (6) we get

< p2m1=1/p),

(16) | i, = 1]l = 1Dy = Dy,

Since A‘g_l = 1, by (15) we can write

22”k+1

o
‘UZan+lfnk

1
= Asl S
@22 +1) @22+ 1) A%, ; 21— Tk

221k 41

1
= A S,
2 Z 22k 41— j 7T 1k
@ (2 e + l) A‘;Z’lk.l’_l j:22"k+1 e

1

® (22nk + l) A§2"k+1

AY " (Dyzuy 4y — Dyey)

= ! ‘Aa_lw 2
- 0 2"k
eEE F

Cc
SR

From (16) we have

c/ (90 (22nk +1) (22’”‘ + l)a) m [x : ga’*f‘ >c/ ((,0 (22nk +1) (22nk n 1)a)}1/p
o,
c 1 ¢ (22nk + 1)l/p—l—o[

— 00, ask —> 00.

= @ (22nk + 1) (zznk + 1)"‘ 22nk(1-1/p) = ® (22nk + 1)

Theorem 1 is proven. O
PROOF OF THEOREM 2. Suppose that

=, |onFl; ,
2 aray < IF UG,

m=1
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Then by using (10) we have

p —~
o ot F? o fo Ha,gFm di " Ha,;-;F<r> !
P )4 P
a7 ZlmZ—(l+a)p - Z m2—(+a)p = /G Z m2— (1+(x)pd
m=

71

/HF(” dt ~ /anP dr = |FIf,

According to Theorem 1 and (17) the proof of Theorem 2 will be complete, if we show
Joall}
Zm2—(l+a)p = Ca < 00,
m=1
for every p-atom a. Analogously to first part of Theorem 1 we can assume that n > 2 and
a be an arbitrary p-atom, with support I, u (I) =2~ and I = Iy.

Let x € Iy. Since g, is bounded from L, to L, (the boundedness follows from (8))
and ||a|| o < ¢2M/P we obtain

/ lo2al’ du
Iy

IA

/ 1K lalZ die

ca,p/ lallZ di < cap < 00
In

IA

Hence

9] p
i |“r%“| du
Z A,;Z—(l+a)p = Cap Z m2—(+a)p (1+(x)p

m=2M 41 m= 2M+1

Ca,p
= SMO—(tayp) = Cap < OO
By combining (5), (13) and (14) analogously to first part of Theorem 1 we can write

i fm |o,‘;a|p du
Z m2—(+a)p
m=2M41

M=2 M—1 1 f’f/ lo%al” du M—lfI]Z,M lo2a|” du
SN 30 SN SR e
k=

0 l=k+1x;=0,je{l+1,...M—1} k=0

m2—(+a)p

o _pyM—-2M-1 _pyM—1
. Co, p2M0=P) 2p(el+k) . Co,p2M1=P) 5 2Pk
- m2—r 2l m2—(+a)p oM

m=2M 11 k=0 I=k+1 k=0

o
M(1-p) Z <
Ca,p2 A (Fap (1+a)p < Cq,p < 00,
m:2M+1 m= 2M+1

which completes the proof of Theorem 2. O
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