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ON SINGULAR INTEGRALS ASSOCIATED TO SURFACES
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Abstract. This paper is devoted to studying the singular integral with rough kernel
associated to surfaces, which contain many classical surfaces as model examples. Also, the
kernel of our operator lacks smoothness on the unit sphere as well as in the radial direction. We
obtain the L? boundedness of the singular integral under a sharp size condition on its kernels
in an extrapolation argument. In addition, the corresponding results for maximal truncated
singular integral operators are also established.

1. Introduction. Letn be a positive integer greater than two and $"~! denote the unit
sphere in R" equipped with the normalized Lebesgue measure do. Let £2 be homogeneous
of degree zero on R” that is integrable on $"~! and satisfy

(1.1) f R)do () =0.
N

For a suitable mapping I" : R" — R, we define the singular integral operators T}, 1
associated to surfaces {I"(y); y € R"} by

2()h
(1.2) Th,r (f)(x) :=p.v. /Rn Wﬂx — I'(y)dy.

|n
The maximal truncated singular integral operator T’ - is defined by
LAy
(1.3) T () (x) := sup / ——
e>0 | J|y|>e [yl

where f € Z(R%) (the Schwartz class) and h(-) € Aj(RT). Here Ay, y > 0,is the set of
all measurable functions z on R* = (0, 0o) satisfying

2J+l1 dt 1/y
IAlla, (r+) = sup </2 |h(l)|y7> < 00.

jEZ J

f&x =T (y)dy

s

One can easily check that L°(R™) = Aso(RT) C Ay, (RT) C Ay (RT) for0 < y1 < y2 <
0.

Iftn =4d, I'(y) = O1,y2,...,yn) and h(¢) = 1, the operator T} r is the classical
singular integral operator which was discussed extensively by many authors. For example,
see [2] for the case 2 € Llog™ L(S"™1), [1, 12] for the case 2 € H'(S""!). Forn = d
and I'(y) = (y1, ¥2, - - -, yn), we denote T, by T},. Fefferman [6] firstly introduced the case
of rough radial and proved that 7}, is bounded on L”(R") for 1 < p < oo if §2 satisfies
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a Lipschitz condition of positive order on §"~! and & € L*°(R). Namazi [10] improved
Fefferman’s result to the case £2 € L9(S"~!). Subsequently, Duoandikoetxea and Francia
[4] obtained that T}, is of type (p, p) for 1 < p < oo provided that 2 € L4 (s"~1y and
h € Ax(R%). For I'(y) = P(y), where P is a polynomial mapping from R" to R¢, Al-
Salman and Pan [3] extended the result of [4] and proved that if P(y) = —P(—y), then Tj, 1
is bounded on L?(R?) for 1 < p < 00 provided that & € Ay(R+) for some y > 1 and
2 e Llogt L(S"™1). In particular, Fan and Pan [8] showed that if & € Ay(RJr) for some
y > land 2 € H'(S""), T,.r is bounded on L?(R?) for p satisfying |1/p — 1/2| <
min{1/2, 1/y’'}, where 1/y + 1/y’ = 1. Recently, Sato [14] improved the result of [3] to the
case h € N1 orh € L, for some a > 2, which are more general than Ay(RJ“) fory > 1.
Here Ly, a > 0, is the set of all measurable functions # on R* satisfying

2k+1

Ly (h) = sup (/
keZ 2k

and Ny, « > 0, is the set of all measurable functions & on R™ satisfying Ny(h) =
3 ey m¥2Mdy (h) < 00 with dy(h) = supgcz 27 ¥|E(k,m)|, where E(k,1) = {t €
@4, 24105 ()] < 2) and

E(k,m) = {t € @k, 217, 2m=1 < |h@t)| < 2™} for m > 2.

d
()| (log (1A (1)] +2)>°‘7t) < 00,

It is easy to check that forany @ > Oand 1 < y < oo,
Ay (RY) C No(RT)
and
Lowp(RT) C Nu(RT) € Lo(RT) € Ai(RY) forany f > 1.
Now we introduce the result of [14] as follows:

THEOREM A ([14]). Let I'(y) = P(y) = (P1(y), P2(3), ..., Pa(y)) with P; being
polynomials on R" and P(y) = —P(—y). Let Ty, and Th*f be given as in (1.2) and (1.3),
respectively. Suppose that 2 is an element of Llogt L(S"™) with satisfying (1.1) and h
Ly for some a > 2 or h € N, then Ty, and Tj’r are bounded on LP(Rd) forl < p <
00, and the bounds are independent of the coefficients of P;, but depend on deg(P;), j =
1,2,...,d.

In light of the aforementioned facts concerning the above singular integrals, our main
focus in this paper is to investigate the L? mapping properties of Tj, i with I'(y) = P(|y|)y’,
where P is a polynomial on R*. More precisely, we let I'(y) = Py (¢(|y]))y’ with Py () =
ZlN: L ait" on RT and ¢ satisfy one of the following conditions:

(i) ¢ : RT — (0,00) is a positive increasing C! function such that r¢’ (1) > Cop(t)
and ¢(2t) < cyp(t) forall t > 0, where Cy, and ¢, are independent of .

(ii) ¢: R"T — (0, 00) is a positive decreasing C! function such that t¢’(r) < —Cyp(t)
and ¢(t) < cpp(2t) forall t > 0, where Cy, and ¢, are independent of .

For convenience, we denote by §1 (or §2) the set of all functions which satisfy the con-
dition (i) (or (ii)).
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REMARK 1.1. There are some model examples in the class §1, such as * (¢ > 0),
“(n(1 + 1) (@, B > 0), tlnln(e + 1), real-valued polynomials P on R with positive
coefficients and P(0) = 0 and so on. We now give examples in the class §> such as 98 <0)
and t~! In(1 + 1/1). It should be pointed out that there are two important facts as follows:

(a) If o(r) € CH(RY) is nonnegative and increasing (resp. decreasing) on R* and
@(t)/(tg' (1)) is bounded on R™, then lim,,o¢@(t) = 0 (resp. lim;,o@(t) = +o00) and
lim;—s 400 @ () = +00 (resp. lim;—, 450 @ (¢) = 0) (see [S]).

(b) For ¢ € §1 (or §2), there exists a constant B, > 1 such that ¢(2t) > B,e(t) (or
@(t) = Byp(21)) (see [9]).

Our main results can be formulated as follows:

THEOREM 1.2. Letn = d and I'(y) = Py(p(|y])y with Py(t) = YN, a;t' and
@ € F10r . Let Ty, 1 be given as in (1.2). Suppose that 2 € L9(S"~") with satisfying (1.1)
and h € A, (R") for some q, v € (1,2]. Then

I Th,r (F)llLecrny < Cplg — D)7y — 1)_1||~Q||L<1(Sn*1)||h||AV(R+)||f||L1’(R")

for1 < p < oo, where the constant C), is independent of q, y, §2, h and the coefficients of
Py, but depends on ¢ and N.

THEOREM 1.3. Letd, I', Py, ¢, 2, h be as in Theorem 1.2 and Th*,r be given as
in (1.3). Then

1T (OllLrrny < Cplg — D)7 (v — 1)_1||~Q||Lq(sn—1)||h||AV(R+)||f||LP(R")

for1 < p < oo, where the constant C), is independent of q, y, $2, h and the coefficients of
Py, but depends on ¢ and N.

THEOREM 1.4. Letd, I', Py, ¢ be as in Theorem 1.2. Let Ty, r and Th*,r be given
as in (1.2) and (1.3), respectively. Suppose that 2 € Llog* L(S"™1Y with satisfying (1.1)
and h € L, for some a > 2 or h € Ny, then Ty, and Th*,r are bounded on L? (R") for

1 < p < oo, and the bounds are independent of the coefficients of Py, but depend on ¢ and
N.

As several applications of Theorem 1.4, we have the following corollaries.

COROLLARY 1.5. Letn = d and I'(y) = Py(|y))y’ with Py(1) = YN, a;t'. Let

Ty, r and T;"F be given as in (1.2) and (1.3), respectively. Suppose that 2 € Llog™ L(s" 1
with satisfying (1.1) and h € L, for some a > 2 or h € N, then Ty, and Tj’r are bounded
on LP(R") for 1 < p < oo, and the bounds are independent of the coefficients of Py, but
depend on N.

COROLLARY 1.6. Letn = d and I'(y) = o(|y|)y' with ¢ € F1 or Fa. Let Ty, and
Th’fr be given as in (1.2) and (1.3), respectively. Suppose that 2 € Llog™ L(S"~') with
satisfying (1.1) and h € L, for some a > 2 or h € N, then Ty, and Th’fr are bounded on
L?(R"™) for 1 < p < 00, and the bounds depend on ¢.
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This paper is organized as follows. In Section 2 we shall establish some preliminary
lemmas. The proofs of main results will be given in Section 3. We remark that the proof
of Theorem 1.2 is based on the method of [14]. Employing the idea in [7], we shall prove
Theorem 1.3. The proof of Theorem 1.4 is based on an extrapolation method which was
originally introduced by Yano (see [16]) and developed by Sato (see [13, 14]).

Throughout the rest of the paper, the letter C will stand for a positive constant not neces-
sarily the same one at each occurrence but is independent of the essential variables. Also, we
let x" = x/|x| for x € R"\{0} and p’ denote the conjugate index of p, thatis, 1/p+1/p’ = 1.

2. Preliminarylemmas. Letus begin by introducing some notations and establishing
some lemmas. We denote Py (1) = Y, a;t’ for € {1,2,..., N} and Py(t) = 0.

LEMMA 2.1 ([11, p. 186, Corollary]). Suppose that @(t) = t*' + ut*?2 + .- +
Unt*r and ¥ € Clla, b, where W2, ..., Uy are real parameters, and a1, . . ., oy are distinct
positive (not necessarily integer) exponents. Then

b
gcrg{ sup |l1f(t)|+/ IlI//(t)ldt},

a<t<b

b
/ exp(iA® ()W (1)dt

with ¢ = min{l /a1, 1/n} and C does not depend on [12, ..., un aslongas0 <a <b < 1.

Applying Lemma 2.1, we have the following results, which will play a key role in the
estimates about Fourier transforms of some measures on R".

LEMMA 2.2. Let 2 € LY(S"") for some g > 1 and P, be as above. If ¢ € F, then
forany 0 < ¢ < min{l/q’, 1/A}, we have

p
./r/z

for A € {1,2,..., N} and any r > 0. The constant C(p) is independent of §2, q and the
coefficients of Py, but depends on ¢.

2
dt
— < Cp 212 lp(r)*a & ¢

Qe BeEN g5 ) La(sn1)

sn—1

PROOF. By the change of the variables, we have

.
/r/Z

2

/ | Quye—POOE 4 (141
N

/w(r)
@(r/2)

1 @)

2 dt

e~ (¢ (=1 (1)
Q(l/l/)e_iP)“(t)s.u,dU (l/l/)

= Cy Joiry) | Jsnm
1 @)

1 Q(l/l/)e_ip}‘(t)s.u,dd (l/l/)
sn=

2.1 i
t

2

Qe B8 g5 )| dr

sn—1

PO
T Co(r/2) Juir 2

c(pfl
Cy Je

2

_Q(u/)e—ipx(w(r)f)§~u’do_(u/) dt,

sn—1
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where ¢ = ¢(r/2)/¢(r) € [1/cy, 1). By Lemma 2.1 and Holder inequality, we have
1 2
J

Qe PeONEL 4o ()| di

Sn—l

1

- / / / QW)R@)e PeWNEW=0) g5 Y do (9)dt

c (Sn—l)z '

< / / I.Q(u’).Q(O)I‘ / e P ODEW=0) gt G (u)do ()
(Sn=1)2 I3

< / |£2(u')$2(0)| min{log ¢y, |@(r)*as& - (' — 0)|7V/*}do (u')do (0)
(Sn—l)z

< Ce(logey) 1821174 gu1 () 028177,

which combining with (2.1) yields Lemma 2.2. O

By an argument similar to that of Lemma 2.2, we obtain

LEMMA 2.3. Let 2 € LY(S" ") for some g > 1 and P, be as above. If ¢ € F, then
forany 0 < ¢ < min{l/q’, 1/A}, we have

p
./r/z

for x € {1,2,...,N} and any r > 0. The constant C(¢) is independent of §2 and the
coefficients of Py, but depends on ¢.

2
—i ) dt _
Qe PO do @) — < C@NIRI7y 501002 @€~

sn—1

3. Proofs of main results. Let I" be as in Theorem 1.2 and P, as in Section 2. Let
B >2and Ex = {u € R"; B* < |u| < B¥*'}. Define the measures {ok.r}kez and {|ok 2 |}kez
by

2w)h
/Rf(X)de,A(X)=/E Mf(f’x(w(lul))u’)du,
" k

foe]"

2w)h
/Rf(X)dIGk,AI(X)=/E Mf(f’x(w(lul))u’)du
" k

Jua ]

forx € {0, 1, ..., N}. Itis easy to see that

3. Tnr(f)(xX) =Y oxy * f(x).

keZ

LEMMA 3.1. Let 2 € L4(S"Y) with satisfying (1.1) and h € AV(RJF) for some
q, v € (1,2]. Suppose ¢ € §1 or Fa2. Forany . € {1,2,..., N}, there exists a constant
C > 0 such that

(i)
(3.2) loxall = Clog BlIS2 M La(sn-1y 12Nl A, (RF) »

(i) if e € 51, then
(33)  16ea®) — G 1) < Clog B2 sy Il a, r+) (B a4V
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(3.4) 16T (E)] < Clog B2 | agsn—1 1l a, k) l@(B*) @z |~/ @Y
(i) ife € §2, then

(B5)  160a®) — Gra1(E)] < Clog Bl pacsi—n ]l a, k)l (B arg| /447

(3.6) 16T (E)] < Clog Bl Lacs- 11l a, ey l@ (BT arg| 71/ A7

The constant C is independent of B, q, y and the coefficients of Py, but depends on ¢.

PROOF. (3.2) is obvious. We only prove (ii) since we can obtain (iii) similarly. Since
@ is increasing, then

5T3.6) _@(5”5/ $2@ORAUDY| —ari Py (pUuiut _ ,~2mi Py (puu’ | g,

Ejy |u|n
ﬂk+1

. dt
= Cmin {1 1o ael) [ @112
< Clog BlIS2| agsn—1yllhll 4, r) (9 (B 1) ang]) 1/ 34V

Thus (3.3) is proved. We now prove (3.4). By the change of the variables and the Holder
inequality, we have
3.7

167, (6)

/Sk+l d

B ‘ / Qe TP go (u/)h(t)_t‘
/Sk sn—1 t

ﬂk+l

y V’dt 1y

< (1 YIh —

< (logB)" /7| ||AV(R+)</ﬂk ; )

zdt)l/V,
. )

For any 8 > 2, choosing v € Z such that 2" < § < 2v+1 e have from Lemma 2.2 that

| ‘Q(u/)e—ZniPx(w(t))u"sda (u/)
No

k41

o (M/)e—ZniPx((p(t))u"st (l/l/)

1/y -2 [*
< (log B) V11l a, RIS 1 g1 gt | S

pe! : , * dt
/k ] _Q(u’)e_z”’ﬂ(‘/’(’))” 'gdo(u’) “or
No
P v B2+l 2
< Z/ Qe PAOONE 4o (1
i pr2i sn—1 t

v
< D COIRIT, g1 loB 2T arg |~
j=0
< C(@) 1og BRI Lasn-1) 1l a, R l@ (B ar§|7*

for 0 < & < min{l/q’, 1/1}. (3.4) follows from this inequality with taking ¢ = 1/(2¢’A) and
(3.7). Lemma 3.1 is completed. O
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Let ¥ € C3°(R) be supported in {|z| < 1} and ¥(t) = 1 for |t| < 1/2. Define the
measures {1} , }rez (i = 1,2) on R" by

N N
e, ® =6 [ vleB ajEd — a1 [ v e ajED,
j=r+1 j=A

N N
pe, @& =@ [ vle@B ™ aE) -1 [ [ vdeB ) a€l)
j=r+1 j=x
fork e Zand A € {1,2,..., N}. Itis easy to see that
N

(3.8) okN =Y My ifg €
r=1

for i = 1, 2. Here we use the convention ITjcga; = 1. By the definition of /x};’k(i =1,2),
Lemma 3.1, the change of the variables and a well-known result on maximal functions (see
[8]), we have

(i) ifg € §1,then

[, ©)] < Clog BRI (s 11l 4, R+

3.9) N
x (min{1, lp(B* Y a1, (B arg| 1) M7

(i) if ¢ € §2, then

|1z, ©)] < Clog BRI (s 1l 4, R+

(3.10) y
x (min{1, [p(8Y)a;&]. lp(B ) arg~1) /47

and

G.11) IyHE) < CM@FUFINE) + CMo7_ (1 fD)E)

fori = 1,2 and A € {1,2,..., N}, where M is the standard Hardy-Littlewood maximal
operator and

3

o5 (f)(E) = sup |lox,] * f(&)
keZ

WS HE) = sup |l * £&)], for i=1,2.
keZ

In what follows, we set 8 = 297" and A = q'v' 121 Lacsn-1) IRl A, (r+)- Then, we have
the following result.

LEMMA 3.2. Let ¢ € §1 or §o. For A € {0, 1, ..., N}, the operator a;f satisfies
(3.12) o (FllLrrny < CpAll fllLrrry

forall 1 < p < oo. The constant C), is independent of q, y and the coefficients of Py, but
depends on .
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PROOF. We prove the estimate (3.12) provided that ¢ € §;. The other case can be
proved similarly. We prove this lemma by induction on A.

CASE 1. It is easy to check that o (f)(§) < CA|f(§)], which implies the estimate
(3.12) for A = 0.

CASE2. Letm €{1,2,..., N} and suppose that (3.12) holds for . = m — 1. We will
prove (3.12) for . = m. Let ¢ € C;°(R) be as above. Define the Borel measures {wy, }kez
on R" by

@03 (5) = [o.21(6) — W (197" Y as£ ) ora1](§)
for£ € R"and A € {1,2,..., N}. By the proof of Lemma 3.1, it is easy to obtain that

(3.13) |0 (6)] < CA(min{1, (277 &V g, 10297 *yrg, g ~1y) /447"
and

(3.14) GE(PIE) < Gu())E) + CM©@_ ()))E),

(3.15) W5 (F)(E) < Gu(£)E) + CM@E_ (/NE),

where

1/2
wi‘(f)(é)=I§UIZ)|Iwk,A|*f(€)| and Gx(f)(5)=<2|wk,x*f(€)|2>
€

keZ
for A € {1,2,..., N}. It follows from our assumption and the L? mapping properties of M
that
(3.16) M@yt (D NLrrry < Cpllog_1 (HllLrgrry < CpAllfllLerr)

for 1 < p < oo, where the constant C, is independent of ¢, y and the coefficients of Py, but
depends on ¢. By (3.14), it suffices to prove that
(3.17) G (HllLrrry < CpAllfllLrrm
for all p € (1,00) and the constant Cj, is as above. By the well-known property of
Rademacher’s functions, (3.17) follows from the following lemma.

LEMMA 3.3. Let VI'"(f)(&) = D 1z €kwiom * f(E) withe = {er}, g = 1l or — L.
Then

IV (O lLrrny < CpAllfllLecre

for 1 < p < oo. The constant C, is independent of q, y and the coefficients of Py, but
depends on .

PROOF OF LEMMA 3.3. Choose a sequence of nonnegative functions {W}irez in
CG° (R) such that
supp(¥%) C [p277 FD) = V' 6=Dy=2 - Ny =1,
keZ

|(d/dt)/ w(t)| < Cjlt|™/ (j=1,2,...) forall t >0 and jeN,
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where C; are independent of g, y, k. Define the Fourier multiplier operator S; by

S;(HE) = i(laE) fE), for jeZ.
Then
VIE) =Y exwrm * f(&)

keZ

= nga)k’m * Z Si+kSj+k f (&)

keZ keZ

= ZZSij-}-k(wk,m * Sj-l—kf)(é)

JjeZ keZ

=Y VINHE).

JjeZ

(3.18)

By the Littlewood-Paley theory, we have

1/2
(3.19) V2 (HllLrn < Cp (Z |wkm * Sj+kf(->|2)
kez LP(R")
for 1 < p < oo. This combining with the Plancherel theorem yields
1/2,2
IV NG 2 gy < CH (Z |k m * Sj+kf<->|2>
kez L2(R")

scy [ iam@Piers.

kez Y Di+k
where
Dy ={£ € R"; o217 &FD)™ < |g,8] < (217 6=D) 7y

By (3.13), we get
(3.20) IV (P 2Ry < CABL 2 xij=0) + BI xij<a) I f 2 ko) -
This together with (3.18) implies

||ng(f)||L2(Rn) =< C(¢)A||f||L2(Rn)-
So

NG (N 2rny = C@ANfNl2rm) -
which combining the Littlewood-Paley theory, (3.13), (3.15), (3.16) with the proof of [4,
p. 544, Lemma] leads to
(3.21) IV (O llerrny < CpAllfllLrrr
for 1/4 = |1/p — 1/2|. By interpolation between (3.20) and (3.21), we get from (3.18) that

IV (O)ILerny < C(@ AN fllLerny for p € (4/3,4).

Then

(3.22) IGm(F)Lrrny = C@ANflILr(rry for p € (4/3,4).
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Reasoning as above, (3.13) together with (3.15), (3.16), (3.22), the proof of [4, p. 544,
Lemma], the Littlewood-Paley theory and interpolation implies

IV (O llrrny = C@AISflLrrny for p € (8/7,8).

By using this argument repeatedly, we can obtain ultimately that

IV (O lierny = C@ANfllLrrny for p € (1,00).

This completes the proof of Lemma 3.3.

Now we return to the proof of Lemma 3.2. By Lemma 3.3, we have (3.17). This proves
(3.12) for A = m. Therefore we have (3.12) for all A € {0,1,..., N}. Lemma 3.2 is
proved. |

By Lemma 3.2 and (3.11), we obtain the following lemma.

LEMMA 3.4. Lety € §10r§2. Forkh € {l,...,N}andi = 1,2, the operator ,u;i’i
satisfies

Il (O llerrry < CpAlS L rr)

for 1 < p < oo. The constant C), is independent of q, y and the coefficients of Py, but
depends on .

By combining the proof of [4, p. 544, Lemma] with (3.9) and (3.10), this lemma implies
the following result.

LEMMA 3.5. Letg € §10or§2. Forh € {1,..., N} andi = 1,2, the vector valued
inequality

172
H (Z it 5 * gkI2>

keZ

1/2
< c,,AH(kaP)
)

keZ

LP(R" LP(R")

holds for 1 < p < 0o. The constant C), is independent of q, y and the coefficients of P, but
depends on .

PROOF OF THEOREM 1.2.  'We only prove the case ¢ € §1, since the other case can be
obtained similarly. Let the operator S; be as in the proof of Lemma 3.3. It follows from (3.1)
and (3.8) that

Thr(H)E) = own* f(E)

keZ

N
(3.23) =D s fE)

r=1keZ
N

=Y TUf)E).
r=1

So it suffices to obtain that

(3.24) 1T () lLrrny < CpAllfllLrrm
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forl < p <ooandA €{1,2,..., N}, where the constant C), is independent of ¢, y and the
coefficients of Py, but depends on ¢. We can write

TE =Y mp, * fE)

keZ
=Y ik ) SitkSisrf €
(3'25) keZ jezZ
=3 Sy * S /)E)
JjeZkeZ
=) TiHE.
jezZ

By (3.9) and the same argument as in getting (3.20), we have
(3.26) 15 (NN 2y < CABL 2 xij=2) + BY xij<2) I f | 2gr -

On the other hand, by the Littlewood-Paley theory and Lemma 3.5, we have

(3.27) IT; (O NlLerny < CANfliLerr
for 1 < p < o0. (3.25) and interpolation between (3.26) and (3.27) imply (3.24). Theorem
1.2 is finished. O

PROOF OF THEOREM 1.3.  We only prove in the case ¢ € §. The other case can be
obtained by a similar argument. We shall use the method in [7]. For any ¢ > 0, there exists
an integer k such that 85~! < ¢ < . Then by (3.8)

i () < o3 (L DE) + 2‘”’ Zaj,N x f(é)‘

(3.28)
<o} (fNE) + Zsup

i—=1keZ

Zu,x*f(é)‘.

By Lemma 3.2, it suffices to obtain that

(3.29) sup ZMJ 3 fE) < CpAlfllLern
kez LP(R™)
forl < p <ooandA €{1,2,..., N}, where the constant C), is independent of ¢, y and the

coefficients of Py, but depends on ¢. Take 8 = 24"Y" and choose a radial function ¢ € . (R)
(the Schwartz class) such that ¢(§) = 1 when |§] < 1 and ¢(§) = O when |§] > B,. Let
(&) = p(p277 *)*a;£]), then

k—1

Zuﬂ*f@)-(s—@)*Zum*f<s>+<z>k*n<f><s> Bk Yl x £

j=k j=k j=—00

=L 1 ()E) + L2 ()E) + Le3(H)(E)
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where § is the Dirac delta function and 7}, is as in the proof of Theorem 1.2. So

(3.30) sup
keZ

3wk £®)] < sup L (N)E)] +sup L2 (HE)] + sup [ 3(HE)] -
=k keZ keZ keZ

We obtain from (3.24) that

(3.3D) S CIM@ DN Lrrry < CpAll fllLrerm)

LP(R")

sup [1x,2(f)I
keZ

forall 1 < p < oo. Next, we estimate sup; .z |1x,1(f)|. It holds that

up (8 — @) * ey FEN =) A;(N)E).

S
keZ =0

(3.32) sup T (HE <

j=0
By Lemma 3.4, we have
(3.33) 1A;(OllLerry < Cpllui’l(lfl)llu(m) < CpA|lfllLrrm for 1 < p < 00.

On the other hand, by the Plancherel theorem and the choice of @, we have

1/2,2
1A (72 gy = (|(8 — D)k fI2>
L2(R")
=53 N TN
ez ) 017 ez k121
k —_—
< NGRS
;i;oo (@I 1)~* <layg | <pe'v' G=D)=y T
k
<CY Y @B » |f©)ag
keZ im0 {p0V D) ~h <l §|<p(2d7(=D)=4)
o0
27 I
< CA%B, ™ Y B f 72 e
i=0
2p—2j 2
S C((/))A B(p “f”LZ(R”) .
Then
(3.34) 1A; (O 2rey < C@IABL N 1l 12(kn) -

It follows from (3.32) and interpolation between (3.33) and (3.34) that

(3.35)

= C@Al fllLr(rm -

sup [ 1,1 (f)]
keZ LP(R™)



ON SINGULAR INTEGRALS ASSOCIATED TO SURFACES 13

Finally, we estimate sup; .z [1x,3(f)].

sup |1x,3(f)(§)] = sup
kez Z

ke

D Pk (&)
j=1

o0
(3.36) < Zi“B |Br 5 g+ f(E)]
j=17¢

=Y Hj(f)&).
j=1

By Lemma 3.4, we have
(3.37) |H;j (O lLerny < CpAllfliLerny forl < p < oo.

On the other hand, one can easily check that

1/2
Hi(f)(¢) < (Z@k * ¥ f(é)l2> :

keZ
Thus by the Plancherel theorem and (3.9), we obtain

1 O 2 oy

12
(Zl‘Pk * [ *f|2>
keZ
= Z/ i |/‘/1<—j,)\(5)|2|f(5)|2d§
5 o a,8128,)

<c / S O Koy a1,y | F € Pl
Rn k€Z

2
=

L2(R™)

"y (k—j+1)\A 1/(q"y'x 2
< CAZ sup 3 1oV T ay gAY Ry a1y 1 2 ey

EER" yc7
2(—j+1) "Y'k 2/(q"y'n 2
< CAsz / sup Z |</)(2q 4 ) a§| /@y )X{(p(Zq/V/k))‘\a;LﬂSBw}||f||L2(R”)
EER" 47
2 p2(—j+1) 2
S C((p)A B(/J ||f||L2(R") 9
where the last inequality is obtained by the properties of lacunary sequence. So
(3.38) IH; ()2 < C@YAB, T Fll 2y -

The interpolation between (3.37) and (3.38) combining with (3.36) yields

(3.39)

sup [Ix 3(f)] < C@AISfllLr(rry -
keZ

LP(R™)
(3.29) follows from (3.30), (3.31), (3.35) and (3.39). This proves Theorem 1.3. O
PROOF OF THEOREM 1.4. One can easily obtain the proof of Theorem 1.4 by Theo-

rems 1.2 and 1.3 and the same arguments as in [13, Theorem 1.4] and [14, Theorem 2]. The
details are omitted. O
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