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VISIBLE ACTIONS ON FLAG VARIETIES OF TYPE C
AND A GENERALIZATION OF THE CARTAN DECOMPOSITION
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Abstract. We give a generalization of the Cartan decomposition for connected com-
pact Lie groups of type C motivated by the work on visible actions of T. Kobayashi [J. Math.
Soc. Japan, 2007] for type A groups. Let G be a compact simple Lie group of type C, K a
Chevalley—Wey] involution-fixed point subgroup and L, H Levi subgroups. We firstly show
that G = LK H holds if and only if either Case I: (G, H) and (G, L) are both symmetric
pairs or Case II: L is a Levi subgroup of maximal dimension and H is an arbitrary maximal
Levi subgroup up to switch of L, H. This classification gives a visible action of L on the
generalized flag variety G/H, as well as that of the H-action on G/L and of the G-action on
the direct product of G/L and G/H. Secondly, we find a generalized Cartan decomposition
G = LBH explicitly, where B is a subset of K. An application to multiplicity-free theorems
of representations is also discussed.

1. Introduction and statement of main results. In this paper, we classify all the
pairs of Levi subgroups (L, H) of a connected compact simple Lie group G of type C such
that G = LG H holds, where o is a Chevalley—Weyl involution of G. The motivation for
considering this kind of decomposition is the theory of visible actions on complex manifolds
introduced by Kobayashi [6], and G = LG? H can be interpreted as a generalization of the
Cartan decomposition to the non-symmetric setting. (We refer the reader to [1], [2], [14] and
[8] and references therein for some aspects of the Cartan decomposition from geometric and
group theoretic viewpoints.)

A generalization of the Cartan decomposition for symmetric pairs has been used in vari-
ous contexts including analysis on symmetric spaces. However, there was no analogous result
for non-symmetric cases before Kobayashi’s paper [8]. Motivated by visible actions on com-
plex manifolds [5], [6], he completely determined the pairs of Levi subgroups

(L,H) = U(n) x--- xUng), U(my) x --- x U(my))

of the unitary group G = U (n) such that the multiplication mapping L x O(n) x H — G
is surjective. Furthermore, he developed a method to find a suitable subset B of O(n) which
gives the following decomposition (a generalized Cartan decomposition, see [8]):

G =LBH.
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On the other hand, Sasaki has been studying recently visible actions on a homogeneous space
G/H in the setting where both G and H are complex reductive Lie groups, and in his papers
[17], [18], he gave a generalization of the Cartan decomposition G = LBH.

Back to the decomposition theory [8], we consider the following problems:

Let G be a connected compact Lie group, T a maximal torus, and o a Chevalley—Weyl in-
volution of G with respect to 7. Here, we recall that an involutive automorphism p of a
connected compact Lie group K is said to be a Chevalley—Weyl involution if there exists a
maximal torus 7 of K such that u(t) = ¢t~ for every t € T. For example, o (g) = g defines
a Chevalley—Weyl involution of G = U (n) with respect to the maximal torus consisting of
diagonal matrices, and the fixed point subgroup G¢ is given by G° = O (n).

1) Classify all the pairs of Levi subgroups L and H with respect to t such that the
multiplication mapping ¥ : L x G° x H — G is surjective.

2) Find a “good" representative B C G such that G = L B H in the case ¥ is surjective.
We call such a decomposition G = LBH a generalized Cartan decomposition. Here we note
that the roles of the subgroups H and L are symmetric.

We have studied the above problems for type B and type D groups in [20] and [21],
respectively, and the compact Lie groups of the exceptional type will be treated in a separated
paper. In this paper, we solve the problems for type C groups. In order to state the main
results, we label the Dynkin diagram of type C,, as follows:

Ps O @ .—.:.
o (0%} a3 ) Op—2 Qp—1 Op
Diagram 1.1

For a subset IT’ of the set IT of simple roots, we denote by L7/ the Levi subgroup whose
root system is generated by IT’. For example, Ly is a maximal torus of G and Liy,)c =
U(p) x Sp(n — p) for G = Sp(n) (1 < p < n). Here, we set Sp(0) := {1} for the
convenience, and (I7')¢ denotes the complement IT \ IT'.

THEOREM 1.1. Let G be a connected compact simple Lie group of type C,, ¢ a
Chevalley—Weyl involution, IT', I1" two proper subsets of I1, and Ly, L the correspond-
ing Levi subgroups. Then the following two conditions on {IT', IT"} are equivalent.

(i) G =L G° L.

(ii) One of the following conditions holds up to switch of the factors IT" and IT":
Case I.  (IT')° = {an}, (IT") = {an}.
Case . (IT)° ={a1}, ") ={a;}, 1=<i=<n.

In the case where G is simply connected, i.e., G = Sp(n), Theorem 1.1 means that the
pairs (L7, L7v) satisfying (i) are classified as follows:

Casel. (Lg,Lg) = U®),UM)).
CaseI. (L, L) =U) x Spin — 1), UG) x Sp(n —i)), 1<i<n.
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In each of the two cases in Theorem 1.1, we give a generalized Cartan decomposition
G = LBH explicitly with B C G°. In Case I, B is an abelian subgroup of dimension #,
andin Case I, Bis givenby B=T -T' - T" = {xyz€ G; x €T,y e T,z € T"}or
B=T .-T'={yzeG; yeT,zeT"},where T, T’ and T" denote one-dimensional
abelian subgroups. This is stated in Propositions 3.2 and 3.3. Here, we note that B is no
longer a subgroup in Case II.

A generalized Cartan decomposition G = LBH implies that the subgroup L acts on
G/H in a (strongly) visible fashion, and likewise H on G/L, and G on (G x G)/(L x H).
Then Kobayashi’s theory leads us to three multiplicity-free theorems (triunity in [5]):

Restriction G | L : Ind%(Cy)l.,
Restriction G | H :Ind¥(C;)|n ,
Tensor product : Indg(C & Indg(C w -

Here Indg (C,) denotes a holomorphically induced representation of G from a character C),
of H by the Borel-Weil theorem. See [5], [6] and [7] for the general theory on the application
of visible actions (including the vector bundle setting), and Corollaries 5.5 and 5.6 in this
paper for type C groups.

Let us compare the present results with the previous results for type A [8] and type D
[21]. Unlike type A and type D groups, there are only a few pairs (L, H) of Levi subgroups
such that G = LG H holds for type C groups. This feature in the type C case is similar to
that in the type B case which we have discussed in [20].

This paper is organized as follows. In Section 2, we give a matrix realization of the
symplectic group G = Sp(n) and its subgroups which are used in Sections 3 and 4. In
Section 3, we prove that (ii) implies (i). Furthermore, we find explicitly a slice B that gives
a generalized Cartan decomposition G = L B Lz». The converse implication (ii) = (i) is
proved in Section 4 by using the invariant theory for quivers. An application to multiplicity-
free representations is discussed in Section 5.

Acknowledgment. The author would like to express his sincere gratitude to Professor Toshiyuki

Kobayashi for much advice and encouragement. He would also like to show his appreciation to Dr.
Atsumu Sasaki, Mr. Takayuki Okuda and Mr. Yoshiki Oshima for all the help they gave him.

2. Matrix realization. The surjectivity of ¥ : L x G° x H — G depends on nei-
ther the coverings of the group G nor the choice of Cartan subalgebras and Chevalley—Weyl
involutions. Thus, we may and do work with the symplectic group Sp(n), and a fixed pair of
a Cartan subalgebra and a Chevalley—Weyl involution as below.

Throughout this paper, we realize G = Sp(n) as the matrix group

2.1 G:={g€SLQ2n,C);'glug = Jn, 'Gg = I},
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where ’g denotes the transpose of g, and J, is defined by

n n

Jp = € GL2n, R).

-1
Then, the corresponding Lie algebra g of G is given by
g:={Xesl2n,C);'XJ,+1,X=0,'X+X=0}.

We take a Cartan subalgebra t of g and a involution o as

(2.2) t= @ RV—1H;,
1<i<n
2.3) c0:G—~>G, grg,
where H; := E;; — Eop41—i2n+1—i, and g denotes the complex conjugation of g € G. The

differential of o is denoted by the same letter. Then, o is a Chevalley—Weyl involution of G
with respect to t. We let {&;}1<i<n C (t ®g C)* be the dual basis of {H;}1<j<,. Then we

define a set of simple roots IT := {«q, ..., ®,} by
o] = €] — 8, ...,0n_1 ‘= Ep_1—En, Op:=2¢&,.
Letn = ny + - - - 4 ng be a partition of n with ny, ..., ng—1 > 0 and nx > 0. We put
si= Z n, (1<i<k-1),
I<p=i

n:=m\{a, €ll; 1<i<k-1},

and denote by L/ the Levi subgroup whose root system is generated by I7’. In the matrix
realization, L/ takes the form:

Ay

A AieUm) (1 <i<k-1),
L = B
(2.4) Joo A ) B € Sp(ny)

Ng—1 Mg—1

Iy A,
~Umy) x -+ x Ung—1) x Sp(ng) .
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Here, all entries in the blank space are zero, and J,; is defined by

1

0,

T = _ € GL(m, R).

0,

1

We note that the pair (G, L7/) forms a symmetric pair if and only if (I7")¢ = {«,}. For a later
purpose, we give an explicit involution p of G of which the fixed point subgroup is Lig,}c.
We set

(2.5) L{an}" = GH, nw:G6G—>G, g Ly uglyn,
where I, , is defined by I, , := diag(1,...,1,—1,..., —=1).
—_—— —

n n
To obtain a generalized Cartan decomposition by the herringbone stitch method [8], we
will use the following symmetric subgroup (1 <i < n).
Sp(i) x Sp(n —i) =
A B

A B . .
(2.6) S ; (C D) e Sp(i), S e Sp(n—i)
C D

3. Generalized Cartan decomposition. The aim of this section is to prove the im-
plication (ii)) = (i) in Theorem 1.1. The main tool for our proof is the herringbone stitch
method that reduces unknown decompositions for non-symmetric pairs to the known Cartan
decomposition for symmetric pairs.

3.1. Symmetric case (Decomposition for Case I). In this subsection we recall a
well-known fact on the Cartan decomposition for the symmetric case [2, Theorem 6.10], [15,
Theorem 1], and give a generalized Cartan decomposition for Case 1.

FACT 3.1. Let K be a connected compact Lie group with Lie algebra t and two invo-
lutions 7, ' (t? = (t/)? = id). Let H and L be subgroups of K such that

(K'Y CLCK" and (K)o HC K™ .

Here Fy denotes the connected component of F containing the identity element for a Lie group
F. We take a maximal abelian subspace b in

T = (X et t(X) =7(X) = —X)

and write B for the connected abelian subgroup with Lie algebra b.
Suppose that tt' is semisimple on the center 3 of t. Then we have

K =LBH.
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We shall apply Fact 3.1 to Case I. Let us set
3. G =Sp(n), 1" = {an}.

(See Diagram 1.1 for the label of the Dynkin diagram.) Then, (G, L7/) is a symmetric pair
with u the corresponding involution (see (2.5) for the definition of n). We take a maximal
abelian subspace b of g~* as

(3.2) b:= @ R(E; 2n+1-i — E2nt1-ii) -

1<i<n
We note that b is fixed by the Chevalley—Weyl involution . Using Fact 3.1, we obtain the
following proposition.

PROPOSITION 3.2 (Generalized Cartan decomposition for Case I). Let G, Ljr be as

in (3.1) and B := exp(b) for b as in (3.2). Then we have
G=Lgp BLg .

3.2. Decomposition for Case II. This subsection is devoted to showing the following
proposition.

PROPOSITION 3.3 (Generalized Cartan decomposition for Case I). Let G be the sym-
plectic group Sp(n), and (IT"° = {1}, (IT")° = {a;} (1 < i < n). We define an abelian
subgroup B’ and a subset B" by
exp(R(E1i+1 — B2n—ion —EBit11 +E2non—i)) (1 =i <n),
by, (l = n) s
(3.4) B" :=exp(RX) exp(RY)

(33) B = {

for X = Ei1ont1—i + Eion — Bonyi1—-i1 — Eoni and Y := Ei 2, — Eon,1. Then we have
G=Lgp B'B"Lp».

We put L := Lig,)e, H := L4, for simplicity. To prove Proposition 3.3, we shall
show three lemmas. First, we consider the double coset decomposition of G by L and a
symmetric subgroup G’'G” = Sp(i) x Sp(n — i) containing H, where G’ and G” are given
by G’ := Sp(i) x Iry—2; and G” := Ir; x Sp(n — i) (see (2.6) for the realization of G'G").

LEMMA 3.4. The equality G = LB’'G'G" holds.

PROOF. If i = n, both (G, L) and (G, G’'G") are symmetric and thus the lemma is
followed by Fact 3.1. Let us suppose i # n. We identify G/L with C P?*~! in the natural way
(which is induced from the natural action of G on C>"). Forany x € C P¥"~! since $*~! and
§4n=4=1 admit transitive actions of G’ and G”, respectively, there exist ¢ = ¢'¢” € G'G”
and 0 € R such that

it1
g-x=1[cosO:0:---:0:sinf:0:---:0] € B -e7,
whereer :=[1:0:---:0] € CP?~! Thus we obtain G = LB'G'G". O

Next, we consider the double coset decomposition of G’ by (G")* and L N G'.
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LEMMA 3.5. The equality G' = (G")*(B")~Y(LNG’) holds, where (B")~V is defined
by (B ' :={b"'; be B

PROOF. Let us identify G’/(L N G’) with C P?~! in the natural way by taking I, _2;
away from G’ = Sp(i) x I»,_;. Forany z € CP*~!, we write z = [z’ : z”] where both 7’
and z” have i entries. Since (G')* ~ U (i) acts on S*~! transitively, there exists g € (G')*
such that

i—1

, f_/h
g-z=[lIz:0:---:0:w]
for some w with i entries, where || - || denotes the usual Euclidean norm. We write w = [w’ :
re‘/__w] wherer, 0 € R, and w’ has (i — 1) entries. Then thereis ¢’ € ((LNG’)gs)* satisfying
i—1 i-2
—— ——
g ) =2 :0::0: w]:0:-:0:reY 1]

since (L N G')gs)* ~ Ui — 1) acts on §%73 transitively. Here, (L N G’)gs denotes the
analytic subgroup of L N G’ whose Lie algebra is the semisimple part of the Lie algebra of
L NG’ Letus set
i—2 i-2
— —_——
t = diag(eV™19/2,0,...,0,e V102 V71002 (77T, o mVTI0/2y ¢ (G

We then obtain

t-(g'g2) = [||z’||e‘ﬁ9/2 :0:-.-:0: ||w/||e*ma/2 :0:---:0: reﬁg/z]
=[1ZN:0::0:Jw:0:---:0:r]€ (B -1,
whereer = [1:0: - - : 0]. Therefore we have G’ = (G)*(B")"Y(L N G"). ]

Noting that the centralizer of B’ in L N G’ is the subgroup (L N G')sy >~ Sp(i — 1) of
codimension 1, we introduce the subgroup, which also centralizes B’, by

L:=A-(LNG)y(={a-xeG;acA, xec(LNG),),

where A is defined by A := exp(R+/—1(E1,1 + Ei+1.i+1 — E2n—i2n—i — E2n,21)). By using
Lemma 3.5, we obtain a decomposition of G’G” by L and H.

LEMMA 3.6. The equality G'G” = LB H holds.
PROOF. By Lemma 3.5, we have
G'G" = ((L N G/)B//(G/)M)G//

(3.5) =(LNG)B"H by H = (GH*G".
Further, (L N G')B" H coincides with L B" H:
(3.6) (LNG)B"H =LB"H.

Let us verify the equality (3.6). Let A’ denote an abelian subgroup exp(Ry/—1(E;41,i+1 —
Eon—i2n—i)) of H. Since A’ centralizes both B” and L N G’, and since any element of A can
be written in terms of elements of the center of L N G’ and A’, the equality (L N G')B"H =
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(LNG")B"(A’H) = A/(LNG’)B" H shows that (L NG’)B" H contains L. B” H. Conversely,
since AA’ contains the analytic subgroup of L N G’, which corresponds to the center of the
Lie algebra of L N G/, the equality LB"H = A(L N G')ssB"(A'H) = AA'(L N G')ssB"H
shows LB"H > (L N G')B" H. Therefore we have the equality (3.6). By the two equalities
(3.6) and (3.5), the lemma follows. O

We are ready to give a proof of a generalized Cartan decomposition by using the herring-
bone stitch method [8].

PROOF OF PROPOSITION 3.3. By using Lemmas 3.4 and 3.6, we have

G=LB'G'G" by Lemma 3.4
= LB'(LB"H) by Lemma 3.6
=LB'B"H.
This completes the proof of the proposition. a

Here is a herringbone stitch which we have used for L\G/H in Case 1II.

LNG
¢
G/ . G//
XN
G (G"HH
¢
L

Now we have finished the proof of the implication (ii) = (i) in Theorem 1.1 since the abelian
group B in Proposition 3.2 and subsets B’, B” in Proposition 3.3 are contained in G°.

4. Application of invariant theory for quivers. The aim of this section is to prove
that (i) implies (ii) in Theorem 1.1. For the proof, we use invariants of quivers as in [8].
This section could be read independently of Section 3 which gives a proof on the opposite
implication (ii) = (i).

4.1. Invariants of quivers. In the following, Lemmas 4.1, 4.2 and 4.3 are parallel to
[8, Lemmas 6.1, 6.2 and 6.3] respectively, and their proofs are essentially the same as that in
[8]. So, we give necessary changes and precise statements, but omit the proof.

Leto : M(N, C) — M(N, C) be the complex conjugation with respect to M(N, R).

LEMMA 4.1 (cf.[8, Lemma 6.1]). Let G C GL(N, C) be a o-stable subgroup, R €
M(N, R) and L a subgroup of G. If there exists g € G such that

4.1) Ad(L)(Ad(g)R) "NM(N,R) =0,

then G # LG° Gg. Here Gg :={h € G ; hRh™' = R).
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We return to the case G = Sp(n). We fix a partition n = ny + - -- + ng with n; > 0
(1 <i <k —1),n, > 0and a positive integer » > 2. We consider the following loop:

icv—>i1—> - -—>ip, ise{l,....2k—1}, io=ip, is_1#is(1<s=<r).
Correspondingly to this loop, we define a non-linear mapping

M(n;,, C) (o =i, #k),

Ajy.iy :MQ2n, C) — { . .
MQ@2n;,,C) (ip=1ir =k)

as follows: Let P € M(2n, C), and we write P as (P;j)1<i, j<2k—1 in the block matrix form
corresponding to the partition 2n = ny + - - - +ng—1 + 2nr +nr—1 + - - - + n1 of 2n such that

M(ni,nj; C) G, j #k),
MQng,nj; C) (i =k, j#k),
M(ni, 2ni; €) (i #k,j =k),
M(2ng, C) (i=j=k),

“4.2) Pl'j (S

where nyr—; :=n; (1 <i < k). Then we define (151-]-)151-7]-521{_1 and A;,..;, (P) by

Pij (i +j <2k),
5o TPy, = 2k 0 # K,
l] o ) )
TolPu—jidy, =k j>k),

I Pic 2k—i Iy (i>k, j=k),
and
Aigiy (P) := Pigiy Pryiy -+ Py iy -

Forany? € L :=U(n1) x --- x U(ng—1) x Sp(ng) (see (2.4) in Section 2 for the realization
as a matrix), a direct computation shows

(4.3) (Ad(O)P);; = Eiﬁijﬁ;l (I=<i,j<2k-1,
where 5 (1 < s < 2k — 1) denotes the (s, s)-th block entry of £. The equality (4.3) leads us
to the following lemma (cf. [8, Lemma 6.2]).

LEMMA 4.2. If there exists a loop ig — i1 — --- — i, such that at least one of the
coefficients of the characteristic polynomial det(klnio — Ajy...i, (P)) is not real, then

Ad(L)P "M@2n,R)=0.

By Lemmas 4.1 and 4.2, we can obtain the next lemma (cf. [§, Lemma 6.3]).
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LEMMA 4.3. Letn =ni+---+ng beapartitionand L :== U (n1) X --- x U(ng—1) X
Sp(ni) a Levi subgroup of Sp(n). We define a block diagonal matrix R by

Ry
R,

Rk

where Ry, Rop—s € M(ng, R) (1 <s <k —1), Ry € M(2nyg, R) (the last condition makes
sense when ny # 0). If there exist X € sp(n) and a loop iy — - -+ — i, such that

det(Aln;, — Aig-..i, ([X, RD) ¢ R[A],
then the multiplication map L x G° x Gg — G is not surjective. Here, [X, R] := XR — RX.

We shall repeatedly use this lemma in the next subsection.
4.2. Necessary conditions for G = LG° H. Throughout this subsection, we set

(G,L,H) =(Sp(mn),U(ny) x ---x Umg—1)x Sp(ng), U(m1) X ---x U(m;—1) xSp(my)),

wheren =ny+---+ng=my+---+mwithn;,m; >0(1<i<k-1,1<j<Il-1)
and ng, m; > 0. We give necessary conditions on (L, H) under which G = LG? H holds.
We divide the proof into three cases (Propositions 4.4 through 4.6).

PROPOSITION 4.4. G # LG°H ifk=3,1=2, m; =1.
PROPOSITION 4.5. G # LG°H ifk=1=2, n1,m; > 2, np,my #0.
PROPOSITION 4.6. G # LG °H ifk=1=2, n1>2, np #0, my=0.

PROOF OF PROPOSITION 4.4, Letl — 5 — 2 — 1 be a loop. We define a diagonal
matrix R by R := diag(1,0,...,0, —1) € M(2n, R). Then, the centralizer Gr coincides
with H. We fix u € C and define X = (X;j)1<; j<5 € sp(n) in the block matrix form
corresponding to the partition 2n = ny 4+ ny + 2n3 + ny + np as (4.2):

Xi15 := uE1,, € M(n1,C), X41 :=Epn, 1 € M(na,n1; C), Xo1:=E11 € M(ny,n2;C).

We define the block entries X11, X13, X22, X23, X24, X31, X32, X33, X34, X35, X42, X43, X4,
Xs3 and Xss5 to be zero matrices. The remaining block entries are automatically determined
by the definition (2.1) of G = Sp(n). Then, Q := [X, R] has the following block entries:

015 = —2uEy,, € M(n1, C), Q41 = Ep,1 € M(nz,n1; C), 021 =E11 € M(ny,n2; C).
By a simple matrix computation, we have (here, we recall k = 3)
A1521(Q) = Qi5J,'0a1J,,021 = —2uE1 1 € M(n1, C).
Hence we obtain
det(Ml,, — A1521(Q)) = A" + 2ui™ 1 ¢ R[A] if ué R.
By Lemma 4.3, we have shown G # LG° H. O
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PROOF OF PROPOSITION 4.5. We may and do assume m; > nj without loss of gen-
erality since the roles of L and H are symmetric. Let ] — 2 — 3 — 1 be a loop, and

R = diag(ry, ..., r2,) € M(2n, R) a diagonal matrix with the following entries:
mj 2m2 mj
—_—— —— —
R :=diag(1,...,1,2,...,2,—1,...,—1).

Then, we have Gg = H. We fix u € C and define X = (X;j)1<; j<3 € sp(n) in the block
matrix form corresponding to the partition 2n = nj + 2ny + nj as (4.2):

X12 :=E1n, + Enj ny+1 € M(nn1,2n2; C),  X31:= —E1n, +uE,; 1 € M(n1,C).
We define the block entries X 11, X272 and X33 to be zero matrices. The remaining block entries
of X are determined automatically by (2.1). Then the block entries of Q := [X, R] are given
by

Q12 =E1n, + En 1 € M(nq,2n2; C), Q31 = —2Ey,, +2uE, 1 € M(n1, C).

A simple matrix computation shows (here, we recall k = 2)
A1231(0) = 012J0,Q12J,, 031 = —2E1 ) — 2uEs, 1 € M(n1, C),
and thus we have
det(Al,, — A1231(Q)) = A" — 4ud™ "2 ¢ R[A] if u¢ R.
By using Lemma 4.3, we obtain G # LG° H. O

PROOF OF PROPOSITION 4.6. Let1 — 2 — 3 — 1 be a loop, and R a diagonal
matrix

ni—1 np—1 np—1 ni—1
— —_—
R :=diag(l,...,1,—-1,—-1,1,...,1,—1,...,—1,1,1,—1,...,—1).

Then, Gg is conjugate to H by an element of G°. We fix u € C and define X =
(Xij)1<i,j<3 € sp(n) in the block matrix form corresponding to the partition 2n = n; +
2no + nq as (4.2):

X12 :=uE11 + By 20, € M(n1,2n2; C), X31:=—E1n, —Ey,1 € M(ng,C).

We define the block entries X 11, X22 and X33 to be zero matrices. The remaining block entries
of X are determined automatically by (2.1). Then Q := [X, R] has the block entries

Q12 = —2uE1 1 + 2By, 2, € M(n1, 2n2; C), Q31 = 2E1 4, — 2E;;1 € M(n1, C).
By a simple matrix computation, we have (here, we recall k = 2)
A1231(0Q) = QIZantQIZJy;I 031 = —8uE1,,, — 8uE,;;1 € M(n1,C).
Consequently we obtain
det(Alp, — A1231(Q)) = A" — 641" ~% ¢ R[A] if u® ¢ R.
From Lemma 4.3, we have G # LG° H. O
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4.3. Completion of the proof of Theorem 1.1. We complete the proof of the impli-
cation (i) = (ii) in Theorem 1.1 (Proposition 4.7) by using Propositions 4.4 through 4.6. We
recall that for a given partitionn = ny + - - - +ng withny, ..., ng—1 > 0and ny > 0, we have
the corresponding Levi subgroup L7 = U(n1) x - -+ x U(ng—1) x Sp(ny) of Sp(n), which
is associated to the subset

J
H’::H\{aieﬂ; iZZnSa 1§j§k_1}
s=1

of the set of simple roots [T (see Diagram 1.1 for the label of the Dynkin diagram).

PROPOSITION 4.7. Let G be the symplectic group Sp(n), o a Chevalley—Weyl invo-
lution, IT',IT" subsets of the set of simple roots I1, and L/, Ly the corresponding Levi
subgroups. Then we have

4.4) G # L G° L
if one of the following conditions up to switch of IT" and IT" is satisfied (1 < i, j, k < n):

()  Either (IT")¢ or (IT")¢ contains more than one element.
I  JT) ={eg}, (T") ={aj}and i, j ¢ {1,n}.
m (T = {e}, UT")° ={an} and i ¢ {1, n}.

PROOF. Let
(L, L) = WUmy) x -+ x Ung—1) x Sp(ng), U@my) x --- x U@m—1) x Sp(my)) .

First, let us show the condition (I) implies (4.4). Without loss of generality, we may and do
assume thatny > --- > ng_y; and m; > --- > my_1, and that (JT')¢ contains more than one
element, that is, k > 3 since the roles of [T’ and IT” are symmetric.

Case (I-1): mj; = 1. Since L and L7~ are contained in U (n1) x U(ny) x Sp(nz +
-o-+ng) and U (1) x Sp(ma+- - -+my), respectively, we can see that (4.4) holds by Proposition
4.4,

Case (I-2): m1 > 2, nx # 0. Since L7 and Lz~ are contained in U(n + np) X
Sp(nz + -+ +ng) and U(m1) x Sp(my + - - - + my), respectively with n; + np > 2 and
m1 > 2, we can find that (4.4) holds by using Propositions 4.6 and 4.5.

Case (I-3): mjy > 2, ni = 0. In this case n; > 2 and thus (4.4) follows from Proposi-
tions 4.6 and 4.5. Here, we note that L7 and L7~ are contained in U (n1) X Sp(na +- - - +ng)
and U (m1) x Sp(ma + - - - 4+ my), respectively with ny # 0.

Next, let us treat the conditions (IT) and (III). Then, we can immediately find that each of
the conditions (II) and (IIT) implies (4.4) by Propositions 4.5 and 4.6, respectively.

Therefore we have finished the proof of the proposition. a

5. Application of visible actions to representation theory. As an application of
Theorem 1.1, we obtain some multiplicity-free theorems by using Kobayashi’s theory of vis-
ible actions. Here we recall the definition [7, Definition 4.1].
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DEFINITION 5.1. We say a biholomorphic action of a Lie group G on a complex man-
ifold D is strongly visible if the following two conditions are satisfied:

(1) There exists a real submanifold S such that (we call S a “slice")
D' := G - S is an open subset of D .
(2) There exists an antiholomorphic diffeomorphism o of D’ such that
ols =idg,
o(G-x)=G-x foranyx € D'.

DEFINITION 5.2. In the above setting, we say the action of G on D is S-visible. This
terminology will be used also if S is just a subset of D.

Let G be a compact Lie group and L, H its Levi subgroups. Then G/L, G/H and
(G x G)/(L x H) are complex manifolds. If the triple (G, L, H) satisfies G = LG? H, the
following three group-actions are all strongly visible:

L~G/H,
H~ G/L,
AG) (G xG)/(LxH).

Here, A(G) is defined by A(G) = {(x,y) € G x G ; x = y}. The following fact [7,
Theorem 4.3] constructs a family of multiplicity-free representations from visible actions.

FACT 5.3. Let G be a Lie group andV a G-equivariant Hermitian holomorphic vector
bundle on a connected complex manifold D. If the following three conditions from (1) to
(3) are satisfied, then any unitary representation that can be embedded in the vector space
O(D, V) of holomorphic sections of V decomposes multiplicity-freely.

(1) The action of G on D is S-visible. That is, there exist a subset S C D and an anti-
holomorphic diffeomorphism o of D' satisfying the conditions given in Definition 5.1.
Further, there exists an automorphism & of G such that o (g - x) = 6(g) - o(x) for
any g € Gandx € D'.

(2) Foranyx € S, the fiber V, at x decomposes as the multiplicity free sum of irreducible
unitary representations of the isotropy subgroup G . Let V, = P, <i<n(x) V)Ei) denote
the irreducible decomposition of V.

(3) o lifts to an antiholomorphic automorphism & of V and satisfies ¢ (V)Ei)) = V)Ei) (1<
i <n(x))foreachx € S.

We return to the case where G = Sp(n). The fundamental weights wy, ..., ®, with
respect to the simple roots «q, ..., o, are given as follows (see Diagram 1.1 for the label of
the Dynkin diagram).

1
U)i=011+2a2+"'+(i_l)ai—1+i<ai+ai+l+"'+an—1+§an) (I<i=<n).

In the sequel, we denote by ) an irreducible representation of Sp(n) with highest weight
A=Y ciwjwithey,...,c, € N. By using the Borel-Weil theory together with Fact 5.3
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and our generalized Cartan decompositions, we can give a geometric proof of the multiplicity-
freeness property of some representations.

EXAMPLE 5.4. The tensor product 74, ® Tpw,+cw; 1S multiplicity-free for any i (1 <
i < n) and for arbitrary non-negative integersa, b € N,andc =0 or 1.

To see this example, we apply Fact 5.3 to 74, @ Thw,+cw; DY setting V := (Sp(n) x
Sp() X W) (Cap ® A), D 1= (Sp(n) x Sp(m)/(U(n) x Un)), S := B -0 x {o}
and G := A(Sp(n)), where A’ is the representation of U (n) on the i-th alternating tensor
product of C", B is as in Proposition 3.2 and o denotes the identity coset. In this situation,
G, contains M := {diag(ey,...,&,) € U(n);e; = £1 (1 < j < n)}, and V; is given by
Cy, ® Al forany x € S. Since A’ is multiplicity-free as a representation of the subgroup M
of U(n), we find that 7744, ® Tpe,+ce; decomposes multiplicity-freely as a representation of
Sp(n) by Fact 5.3. On the other hand, it follows from Stembridge [19] that 7744, ® Tpw,+co;
is not multiplicity-free if ¢ is greater than one.

In the following, we confine ourselves to the line bundle case and give applications of
Theorem 1.1 and Fact 5.3.

COROLLARY 5.5. If the pair (L, A) is an entry in the Table 5-1, then the restriction
7|1 of the irreducible representation 1) of Sp(n) with highest weight A to L decomposes
multiplicity-freely.

Levi subgroup L | highest weight A
U(n) awn
U() x Sp(n—1) aw;
U@i) x Sp(n —1i) awi
TABLE 5-1.

Here, 1 <i <n and a is an arbitrary non-negative integer.

COROLLARY 5.6. The tensor product representation mae, ® Tpe; decomposes multi-
plicity freely for any non-negative integers a, b. Likewise, the tensor product mwgg, @ Tpew, is
multiplicity-free for any a, b € N.

The above representations have been known to be multiplicity-free by Littelmann [13]
by checking the sphericity and Stembridge [19] by a combinatorial method using character
formulas. Our approach uses visible actions and is different from these two methods. We
hope that further applications of Theorem 1.1 and Fact 5.3 to representation theory will be
discussed in a future paper.
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