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ALGEBRAIC INDEPENDENCE RESULTS RELATED TO PATTERN
SEQUENCES IN DISTINCT (g, r)-NUMERATION SYSTEMS
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Abstract. In this paper, we prove the algebraic independence over C(z) of the gener-
ating functions of pattern sequences defined in distinct (g, r)-numeration systems. Our result
asserts that any nontrivial linear combination over C of pattern sequences chosen from distinct
(g, r)-numeration systems can not be a linear recurrence sequence. As an application, we give
a linear independence over C of the pattern sequences.

1. Introduction and main results. Let g > 2 and r be fixed integers with r €

{0, 1, ..., 9 — 2}. Any positive integer n is uniquely expressed as
k
n= Zaiq’, ai € Xyqr, arp>0,
i=0

for an integer k > 0, where X, , = {-r,1—7,...,0,1,...,9g — 1 —7r} D {0,1}. The
set of all finite nonempty strings of elements in Xy , is denoted by X7 .. Then the string of
(g, r)-digits

(M)g,r = a---aiap € Xy,

is called the (g, r)-expansion of n. The (g, 0)-expansion is the ordinary g-ary expansion.
These numeration systems are called (g, r)-numeration systems.

Forw € X7 ., we write wk = ww---w (k times). In particular w® denotes the empty
word. If w £ 0 for any I > 1, we say that w is a nonzero pattern. For a nonzero pattern
w € Z‘;,r, we define e; , (w; 0) = 0 and ¢, -(w; n) (n > 1) to be the number of (possibly
overlapping) occurrences of w in the (g, )-expansion of n. Here, in evaluating e, , (w; n) for
n > 1, we suppose that the (g, r)-expansion of n has an arbitrary long string of zeros on the
left. The resulting sequence {e, (w; n)},>0 is called the pattern sequence for the pattern w
in the (g, r)-numeration system (cf. Allouche and Shallit [1]).

Define the generating function of the pattern sequence for w € E;‘,, by

f(w; z) = Z eq.r(w;n)z".

n>0
For any fixed integer ¢ > 2 and any patterns wiy, ..., W, € E;‘ o» Uchida [10] gave nec-
essary and sufficient conditions for the generating functions f(wi; z), ..., f(wn; z) to be
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algebraically dependent over C(z). Shiokawa and the author [7, 8] generalized this results
to any fixed (g, r)-numeration systems and studied the linear relations between the pattern
sequences. Recently, the author [9] proved that the generating functions of pattern sequences
defined in distinct g-ary number systems are algebraically independent over C(z).

In this paper, we prove the algebraic independence over C(z) of the generating functions
of pattern sequences defined in distinct (g, r)-numeration systems. The tools to prove the
following main theorem are also similar to those in [9], however we need some different
techniques.

THEOREM 1.1. Letwg, € E;", (g=2,3,..., r=0,1,...,q — 2) be any nonzero
patterns. Then the functions

(1) for@ =) eqrwgrimz" (@=2,3,....r=01,....g-2)

n>0

are algebraically independent over C(z). Furthermore, the values f, (o) (¢ = 2,3, ...,
r=0,1,...,q — 2) are algebraically independent over Q for any algebraic number a with
0<|of <1

Applying Theorem 1.1, we see that any nontrivial linear combination over C of the func-
tions (1) cannot be a rational function, namely,

m q—2

SN o far@ ¢ CQ@)

q=2r=0
for an arbitrary integer m > 2 and ¢, € C not all zero. Hence we have the following
corollary.

COROLLARY 1.2, Let wy, € Z’;"r (g =2,3,....,r =0,1,...,9 — 2) be any
nonzero patterns and cq,, € C not all zero. Then the linear combination of the pattern se-
quences

m q—2
{ Z Zcq,req,r(wq,r; n)}
n>0

q=2r=0

cannot be a linear recurrence sequence. In particular, the sequences {eq ,(Wq,r; 1)}n>0 (@ =
2,3,..., r=0,1,...,q — 2) are linearly independent over C.

EXAMPLE 1.3. Let w = ai---ap be a nonzero pattern with a; € {0, 1}. Then
e2,0(w; n) and e3 1(w; n) indicate the number of occurrences of w in the binary and the bal-
anced ternary expansions of n, respectively, and any nontrivial linear combination over C

{c1e2,0(w; n) + c2e3,1(w; n)}n>0

cannot be a linear recurrence sequence.
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EXAMPLE 1.4. For any integer g > 2, the pattern sequences
{e2,0(1; M}n=0, {e3,0(1; Mln=0, {e31(1;m)}nzo0, ...,

{eq,0(1§ M}n>0, .-, {eq,q—Z(l; mM}n>0,

which are defined by the number of “1” appearing in each (g, r)-numeration systems of n, are
linearly independent over C.

2. Some properties of pattern sequences. In this section, we show as Proposition
2.1 a non-periodicity for the linear combination of the pattern sequences defined in distinct
(q', r;)-numeration systems (i = 1,...,m). Proposition 2.1 will be used in the proof of
Theorem 1.1 (see Section 4).

PROPOSITION 2.1. Let g > 2 be a fixed integer, m > 1 be any integer, and wi ,, €
E;‘i N i=12,...,m, re€{0,1,..., qi — 2}) be arbitrary nonzero patterns. Then for any
¢ci eC(=1,...,m),notall zero, the sequence
{creg,r(wg,riin) +c2ep2 . (Wy2 5 1) + -+ + Cmegm i, (Wgm 1,3 M) }n=0
cannot be purely periodic with a period g* (I > 1).
To prove Proposition 2.1, we need some lemmas. In what follows, let ¢ > 2 and r €
{0, 1, ..., g — 2} be fixed integers. For any nonzero pattern w = b;_1bj_> - - - by € Z’;"r with
bi € Xy r, let |w| denote the length [ and put
-1 -1
3 brgk it > brg* >0,
v(w) = k=(3_1 k=0
g+ bigk otherwise .
k=0

By definition, 0 < v(w) < ¢'. The following Lemma 2.2 is a generalization of [9, Lemma 1]
to the case of (g, r)-numeration systems withr =1,2,...,g — 2.

LEMMA 2.2. Letm > 1 and d > 0 be integers. Then for any nonzero pattern w €
i, withw # 011 (I = 0), we have

1 ifd=0 (mod m),

' dy _
(2) eq"’,r(lU, v(w)g®) = {() otherwise .

PROOF. In the case of r = 0, the equality (2) holds for all nonzero patterns w € Ez}km,o
(cf. [9, Lemma 1]). Let r > 1 and

3) w=0a;--a0?, aj € Egny, axa0#0, L, =0.

Then we have
(v(w)) _ ag---ap0? if a >0,
T T 1101 ay, - - - ag02  otherwise .

If d is divisible by m, noting that ax, ap # 0, we see that the pattern w appears just once in the
(g™, r)-expansion of v(w)g?. Hence the equality (2) holds for this case. In what follows, we
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assume that d is not divisible by m and putd = mh +u, where h > Oandu (1 <u <m —1)
are integers.
Here we prove (2) with assuming a; > 0. The case a; < 0 is proved similarly. Let

4) (l)(u))qbt)qm’r = bsby_1 -- .boOlz c E;’",r s b] IS Eqm’r’ by > 0.

Then we have (v(w)g¥)gm , = (V(W)g* (@™ gm » = bsbs_1 -+ - b0+ withs = kork+1,
since

k+1+h=0)gnrl < 10@g)gn | < 10W)g")gmrl=k+2+10.

Suppose on the contrary that e;m , (w; v(w)g?) > 1, that is, the pattern w appears at least once
in the expansion (4). If s = k, then w = 0"'bgby_1 - - - bo02, which implies v(w) = v(w)g"
from (4). This is impossible, and hence s = k + 1. We distinguish the two cases.

Casel.l, = 0. Ifl; > 1, noting that by4+1 # 0, we see that the pattern w = Ohag - ag
coincides with 01 bi+1by - - - b1. Hence we obtain by (4)

v(w)g™ + by = v(bgt1 -+ b1)g™ + by = v(bkt1 - - - bibo) = v(w)g" ,

so that ) "
— -2
0<v(w)=— Oufqm - <2,
q" —q q" —q
which implies v(w) = 1, namely w = 0/11. By the assumption, this is a contradiction.
Suppose that /; = 0. Then the pattern w must be of the form either w = bg41--- by
or w = by ---bp. In a similar way to the case /1 > 1, we can show w # by41---by. If

w = by - - - by, then

V() + b1 (g™ = vbi- - bo) + b1 (@™ = v(brr -+ bibo) = v(w)g"
so that by 1¢™* D = v(w)(g* — 1). Since u > 1, the positive integers g”™* 1D and g% — 1
are coprime, and hence v(w) = 0 (mod g™ **1). This implies a; = 0 forall j =0,...,k in
(3), a contradiction.

Casell.l; > 1. Inthe case of /1 > 1, the pattern w must be the form w = Ollbk+1 .
b1bp0"2~1 with by = 0. Hence we have by (4)

v(w) = v(bi1 - b1bo0? 1) = v(w)g" ™,

a contradiction.

If I} = 0, then w = by ---b1bo02~" (bg = 0) or w = by - - - bg02. By the same
way as above, we can deduce w # byyq - - - b1 bp02~1 (bg = 0). Furthermore, we see that
w % by - - - bp0'2 by a similar way to the proof of Case I. a

*

For the patterns w = 0'1 € Xom » (I = 0), we prepare the following lemmay;

LEMMA 2.3. Letw € E;Fm,r be of the form w = 0'1 for some | > 0. Then for any
integer k > 1, we have

k if d=0 (mod m),

. kN dy _
eqnr Wi v(wgT) = {0 or 1 otherwise .
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PROOF. The assertion is trivial for the case that d is divisible by m. Suppose that d is
not divisible by m and putd = mh + u, where h > O and u (1 < u < m — 1) are integers. If
q" € Xym ;, we have

g gmr = WG @™ gn » = ¢"0'g") 0",
so thategn , (w; v(w*)g?) = 0. If g* ¢ Zym ,,thenb := —(q"—q") € Zym , and (¢“)gm , =
16 € E;m,r' Noting that b < 0, we have for w = 0/1

1(b + D¥1pot if 1=0,
160 - 11p)k—1oh otherwise ,

W )ggn, = {
where b, b+ 1 € Xym , \ {1}. Hence eym ,(w; v(wk)qd) = 1 and the lemma is proved. O
Let m > 2 be an integer. Define
) Sme1 = {1 koo kno)) €277 0 <k < j— 1)
and its subset
(6) Sm—tn = {(k1, k2, ..., km—1) € Sp—1; k1 + -+ + km—1 = n}
foreachn =0,1,...,(m — 1)(m — 2)/2. Note that S,,,_1 = UnzO Sm—1.n-

LEMMA 2.4 (cf. [9, Lemma 2]). For any integer m > 2, there exist integers dy and d;
with0 < dy < dy <m — 1 such that

Yo BSeotn#E D BSu-in
0

n=> n>
n=d}| (mod m) n=dp (mod m)
where 45,1 is the number of elements in Sy—1 p.
PROOF OF PROPOSITION 2.1. We prove the lemma by induction on m. The assertion
is trivial for m = 1. Indeed, for any pattern w € ZJ;‘J and the integer n; = v(w’/) > 0,

we have e, ,(w;nj) — oo as j — oo. Let m > 2 and assume the assertion for lower m.
Suppose on the contrary that there exist ¢; € C not all zero such that the sequence

(7 {Cleq,rl (wq,m; n) + 2€,2 1, (qu,rz; n)+---+ Cméeqg™ rpy, (wqm,rm§ n)}nZO
is purely periodic with a period ¢’ for some / > 1. We may assume ¢,, # 0. Let d; and d»

(0 <dj; <dy <m — 1) be integers as in Lemma 2.4 and

0 1 m—2
_ ki Ak 1 —d;+DLI(14-ky +mky4-Am"™ 2k, _ .
NJ_ZZZqI m—1—4j ( 1 TMK2 m ml)’ ]_1’27
k1=0koy=0  ky_1=0

where D := lem(1,2,...,m — 1) and L is a sufficiently large integer. Since N1, N = 0
(mod ¢') and the sequence (7) is periodic with the period ¢, we get

m m
(8) ZC,’eqi’r[_ (wq,-’r[_; aNy) = ZC,’eqi’r[_ (wq,-’r[_; aNy)

i=1 i=1
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for any integer a > 0. On the other hand, in a similar way to the proof of [9, Theorem 1], we
can prove

) €qir (wq;’rl_; aNy) = €qi r; (wq,-’r[_; aN)), i=1,2,....m—1.

Hence, combining (8) and (9), we obtain for any integer a > 0
eqm ry (Wgm 1, s aN1) — egm r, (Wgm r,,; aN2) = 0.
In what follows, we show the existence of the integer a > 0 satisfying
(10) eqn ry Wqm r,ys AN1) 7 eqm r,, (Wgm 1, ; AN2)

and deduce a contradiction. We distinguish two cases.
Casel. wym r, # 0'1 for any ! > 0. Forthe integera = v(wgm r,,), we have by Lemma
2.2
0 m—2
. . ki++ky_1+m—d;j+DL
eqm’rm(wqm’rm’aNj) = Z e Z eq’",rm(wq’",rm,aq |+t +m—dj+ )
k1=0  ky_1=0

m—1
= ﬁ{(kl,...,km_ﬂ € Sm_1; > ki =d; (mod m)}

i=1

> #Swoim. J=1.2,

n>0
nzdj (mod m)

where S,,—1 and S,,—1 , are the finite sets defined by (5) and (6), respectively. Hence we
obtain (10) by Lemma 2.4.
CaseIl. wym ;,, = 0'1 forsome ! > 0. We may assume

Z ﬁSm—l,n < Z ﬁSm—l,n .

n=0 n>0
n=d}| (mod m) n=dp (mod m)

Leta = v(w;”,,!,’rm). Then we have

e ryWgn i aND) =m! Y Sy it Y. SuSuoin.

n=0 n>0
n=d| (mod m) n#d| (mod m)

where 8, 1= egm ., (Wgm 1,3 ag"~HTPL). By Lemma 2.3, 8, = 0 or 1 for eachn > 0. Hence,
noting that
Z ﬂSm—l,n =< Z ttSm—l,n =fSu_1 <m!,

n=0 n>0
ns#dy (mod m) -

we obtain the inequalities

€qm 1 (wqm,rm; aNy) < m! Z BSm—1.n < €qM rm (wq"’,rm; aN),

n>0
n=dy (mod m)

which implies (10). Therefore Proposition 2.1 is proved. O
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3. Lemmas for the proof of Theorem 1.1. We prepare some lemmas for proving
Theorem 1.1. In the next section, we show Theorem 1.1 by using these lemmas together with
Proposition 2.1.

LEMMA 3.1 (Nishioka [6, Corollary]). Let K be an algebraic number field and
dy,...,d; = 2 be integers with logd;/logd; ¢ Q ifi # j. Suppose that f; j(z) € K[[z]]
i=1,...,t, j=1,...,m(@)) satisfy the functional equations

[ii@ = [ i@ +bi i), bij@) €KQ).

If for each i, fi1(2), ..., fimG)(2) are algebraically independent over K(z) and all f; ;(z)
converge at an algebraic number 7 = o with 0 < || < 1, then the values

fijl@ (G=1,....t, j=1,...,m(@))
are algebraically independent over Q.
LEMMA 3.2 (Kubota [2], Loxton and van der Poorten [3]; see also Nishioka [5, The-

orem 3.2.1]). Letd > 2 be an integer. Suppose that q1(z), ..., gn(z) € C[[z]] are alge-
braically dependent over C(z) and satisfy the functional equations

(11) 0@ =g@ +ai@) ax)eCk, i=12..m.
Then there exist constants ci, . .., ¢y € C not all zero such that

c191(2) +292(2) + -+ + cmgm (2) € C(2) .
The following lemma is a generalization of [7, Lemma 3], which is the case L = d?—1
of the lemma.

LEMMA 3.3. Letd > 2,1 > 1, and L > 1 be arbitrary integers. Suppose that
c(z) € C(z) satisfies the functional equation

1— L
(12) c@) =cx) + " ;La(z), a(z) € C[7].
-z
Then there exists b(z) € C|z] such that
13 _ =Ly
(13) c(z) = m (2)

with degb(z) < —L + d! max{dlL, L + dega(z)}. Here we understand deg 0 = —oo.
PROOF. Similarly to the proof of [7, Lemma 3], we see that there exists k(z) € C[z]
such that ¢(z) = h(z)/(1 — z% 'L) and
hzhy = Q427 L 247 @D oy (1= 2hya(g)

Let ¢ be an arbitrary L-th root of unity. Substituting z = ;di (i =1,2,...) into the above
identity, we have h(c?y = dh(c?), so that h(¢®) = d'h(¢) forevery i > 1. If h(¢) # 0,
then |h(¢9')| — oo as i — oo, a contradiction. Hence b(z) = h(z)/(1 — z&) € C[z] and
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we obtain the form (13). Next we estimate the degree of b(z). Substituting c(z) in (13) to the
equation (12) and multiplying the both sides by (1 — zdlL) /(1 —z1), we have

1— Zd’L _ dL

@) =T

If the degree of the first term of the right-hand side is not greater than that of the left-hand

side, we get degbh(z) < (d'~! — 1)L. Otherwise, the degree of the first term coincides with

dega(z), so thatdegb(z) = —L + (dega(z) + L)/d. The lemma is proved. O

m b(Zd) —a(z).

4. Proof of Theorem 1.1. Let N be the set of positive integers and M be a subset of

N defined by
M={qeN; q#a" forany a,neN,n>2}.
Then log g1/ log g2 ¢ Q for distinct integers g1, g> € M and
N\ {1} = [ J{g.4% ...} (disjoint union).
qeM
We can choose distinct integers qi, . . ., g; € M such that the set of nonzero patterns
wij,€X (=120 j=1,2...,m@), r=01,....,q¢ =2
q;.r
includes the nonzero patterns given in Theorem 1.1. Let
(14) Fiir@ =) e (wijrime"
n>0

i=1,....t,j=1,...,mj,r =0,.. qu —2). By [7, Lemma 5], the functions (14) satisfy
Mabhler type functional equations

v(wi,j.r)

J
(15) fr @) = 2= ) +
” (="
We transform the functions f; ; -(z) into the functions which satisfy the functional equation
(11). Let L and u;, j » be positive integers defined by L = [i_, ]_[Tﬁl) (ql.j —Dandu;;, =
rL/ (qij — 1), respectively. Multiplying the both sides of (15) by z” (1 — z) and substituting z©
for z, we get

Jlwi jrl "
1 —z4%

Z(r+v(w,;j.r))L(l _ ZL)

J j
U= fijr @) = (=25 £ 00 +

Jlwi jrl
1—z% L
Noting that r L = —u; j » + qij u; j,r, we obtain the functional equation
j Zv(wi,_/,r)L—Mi,_/,r(l _ ZL)
(16) Fi,j,r (2) = Fi,j,r(Zqi )+ Jlwi j ol s
1 —z4 L
where

(17) Fijr(2) = z7"ir (1 =5 fi 5., (25) € QlIz]].



ALGEBRAIC INDEPENDENCE RESULTS RELATED TO PATTERN SEQUENCES 435

Using (16) repeatedly, we have

Di/i=1 | 0L
(18) Fijr(2) = Fij, (% ) + Z 24 (V(wi.j.r)L—Ml‘,j,r)W ,
k=0 1 —z4% L
where D; = lem(1, 2, ..., m(i)).

PROOF OF THEOREM 1.1. Suppose on the contrary that the first assertion of Theorem
1.1 does not holds, namely, the functions f; ;,(z) G =1,...,¢t, j =1,...,m(@), r =
0,...,q' —2) defined by (14) are algebraically dependent over C(z). Then so are the functions
F; jr(2),and hencethe values F; j (o) G =1,...,¢t, j=1,...,m(@i), r=0,..., qi —-2)
are algebraically dependent over Q for any algebraic number o with 0 < |a| < 1 (cf.
Nesterenko [4, Lemma 2.3]). Therefore by Lemma 3.1 together with (16), the functions
Fijr@G=1...,m@), r=0,..., g' — 2) are algebraically dependent over Q(z) for
some fixedi (1 <i <1).

Thus, for a fixed integer ¢ > 2 we may assume that the functions

—u; L . L
Fir@ =2 (=21 ) ey wjpimat™ wj, € 55

n>0
G=1,....m, r=0,1,..., qj — 2) are algebraically dependent over Q(z), where u , :=
rL/(g’ —1). By (18)
D bt ki 1 zqkjL
i o _
(19) Fir@ = Fir@)+ Y o007
k=0 1 - Zq
with D := Iem{1,2,...,m}, and by Lemma 3.2 there exist constants c;, € C not all zero
such that
m qj—2
R@) =Y cjrFjr() e CQ).
j=1r=0

Without loss of generality, we may assume ¢, ,,, 7% 0 for some r,, (0 < r, < g —2). Using
(19) we obtain

b J Yy —
— q . q (Lv(wj,r) Mj,r)
R(Z)— R(Z ) + E E E CjrZ ) q‘ll)j’r|j+k'/L
j=1 r=0 k=0 —<
L

—R(z" )+ < a(Z)
—z4

where [ ;= max{|w;,|; 1 <j<m, 0<r< qj — 2} and

m q/—2D/j—1 ML P

11—
q ’(Lv(w F)=ujr)
a@ =3 > Y ¢z e I_ZL CIE

V=1 r=0 k=0 1z
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Since |wj |j +kj < (lwj,| + D/j —1)j < DI, we get a(z) € C[z] with dega(z) <
(gP!' — 1)L if a(z) # 0. Hence, applying Lemma 3.3 with d = ¢? and ¢(z) = R(z) € C(2),
we see that there exists b(z) € C[z] such that

L

11—z
(20) R(z) = mb(@,

where degbh(z) < (gPU=D — 1)L if b(z) # 0. By the expression (20) and the definition of
R(z), we have

gPU-hp m ¢/-2

-z
b@) = 2. 2 cirFin@
j=1 r=0
m qj—2
D(-1) o
SR E) ) Db ST NROITOE L
n>0 j=1 r=0
m qj—2
D(-1
@n =0@+ Y. > > e+ Py —dj ()t
n>0j=1 r=0

where d; . (n) :==cj e i (wj;n) and

ql.r

gPlV—1 m gi—2

0@ = > > > dj, (" eClz].

n=0 j=1 r=0

It is easily seen that deg Q(z) < (¢PY~V —1)Lif Q(z) # 0. Hence, noting that the exponents
of the power series of the right-hand side in (21) are greater than (¢?¢=D — 1)L for every n,
j,and r, we obtain b(z) = Q(z) and

m q/—2

(22) Y3 Y Wi+ Py = dj e e = 0.

n>0 j=1 r=0
Define the finite sets

T={(.r):1=sj=m 0=r=q’ -2},

Ts={(j,r) eT; r/(¢’ —1)=p}.
Then there exist distinct rational numbers B, ..., B such that T = U{'(=1 Tg;. In the power

series expansion of the left-hand side in (22), if the exponents of z for (n, j, r) = (n1, j1,r1)
and for (n2, jo, r2) are the same, namely

nL+ qD(l_l)L —uj ., =nL + qD(l_l)L —Ujyry s

then we have
ry r

- — - <
gl —1 g2 —1

|ny —na| = 1,
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so that ny = ny and (ji, rj,), (j2,7j,) € Tp; for some i. Hence we obtain

> W +qPY) —dj, ) =0, n=0

(j.r)€Tp;
foreachi =1, 2, ..., k, that is, the sequence
{ > dj,r(n)} ={ > Cj,req_f,r(wj,r;n)}
(j.r)€Ty, n=0 (j.r)ETp, nz0

is purely periodic with a period g ?Y~1 . In particular, noting that Cm,r, 7 0, we see that there

exist constants c; € Cnotall zeroandr; (j =1,...,m, r; € {0, ...,qj — 2}) such that

m
{ Cjeq_f,rj(wj,rj;n)}
j=1 n>0

is purely periodic with a period =D _ This contradicts Proposition 2.1, and therefore the
functions f; j,(z) G=1,...,¢t, j=1,...,m@), r =0, ...,qi — 2) defined by (14) are
algebraically independent over C(z).

The algebraic independence of the values of the functions f; ;  (z) follows immediately.
Indeed, if f; ;,(B) are algebraically dependent over Q for some algebraic number 8 with
0 < |Bl < 1, then by (17) so are the values F; ;,(«) for « = B'/L. This contradicts the
algebraic independence of the F’s as we have already proved above, and the proof of Theorem
1.1 is completed. O
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