
Tohoku Math. J.
63 (2011), 729–749

QUASI-FREE ACTIONS OF FINITE GROUPS
ON THE CUNTZ ALGEBRA O∞

PAVLE GOLDSTEIN AND MASAKI IZUMI

(Received November 18, 2010, revised May 20, 2011)

Abstract. We show that any faithful quasi-free actions of a finite group on the Cuntz
algebra O∞ are mutually conjugate, and that they are asymptotically representable.

1. Introduction. The Cuntz algebraOn, n = 2, 3, . . . ,∞, is the universalC∗-algebra
generated by isometries {si}ni=1 with mutually orthogonal ranges, satisfying

∑n
i=1 sis

∗
i = 1 if

n is finite. It is well known that the two algebras O2 and O∞, among the others, play special
roles in the celebrated classification theory of Kirchberg algebras (see [15], [18]).

An action α of a group G on On is said to be quasi-free if αg (Hn) = Hn for all g ∈ G,
where Hn is the closed linear span of the generators {si}ni=1. We restrict our attention to finite
G throughout this note. To develop a G-equivariant version of the classification theory, it
is expected that G-actions on O2 with the Rohlin property and the quasi-free G-actions on
O∞ would play similar roles as O2 and O∞ do in the case without group actions. Since we
have already had a good understanding of the former thanks to [4], our task in this note is to
investigate the latter, the quasi-freeG-actions on O∞.

The space Hn has a Hilbert space structure with inner product t∗s = 〈s, t〉1, and a quasi-
free G-action α gives a unitary representation (πα,Hα), where πα(g) is the restriction of αg

to Hα . It is known that the association α �→ πα gives a one-to-one correspondence between
the quasi-free G-actions on On and the unitary representations of G in Hn. The conjugacy
class of α depends on the unitary equivalence class of (πα,Hn), at least a priori. Indeed, it
really does when n is finite, and this can be seen by computing the K-groups of the crossed
product (see, for example, [2], [4], [5], [11]). However, when n = ∞, the pair (O∞, α) is
KKG-equivalent to the pair (C, id), and there is no way to differentiate the quasi-free actions
as far as K-theory is concerned.

One of the purposes of this note is to show that any two faithful quasi-free G-actions
on O∞ are indeed mutually conjugate for every finite group G (Corollary 5.2). Our main
technical result is Theorem 4.1, an equivariant version of Lin-Phillips’s result [10, Theorem
3.3], and Corollary 5.2 follows from it via Theorem 5.1, an equivariant version of Kirchberg-
Phillips’s O∞ theorem [7, Theorem 3.15].
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Using Theorem 4.1, we also show that quasi-free actions are asymptotically representable
for any finite group G, which is another purpose of this note. The notion of asymptotic rep-
resentability for group actions was introduced by the second-named author, and it is found to
be important in the recent development of the classification of group actions on C∗-algebras
(see [6], [12]).

The reader is referred to [18] for the basic properties and classification results for Kirch-
berg algebras. We denote by K the set of compact operators on a separable infinite dimen-
sional Hilbert space. For a C∗-algebra A, we denote by Ã and M(A) the unitization and the
multiplier algebra of A respectively. When A is unital, we denote by U(A) the unitary group
of A. For a homomorphism ρ : A→ B between C∗-algebras A, B, we denote by K∗(ρ) the
homomorphism fromK∗(A) toK∗(B) induced by ρ. We denote by A⊗B the minimal tensor
product of A and B.

This work originated from the first-named author’s unpublished preprint [3], where the
idea of developing an equivariant version of Lin-Phillips’s argument was introduced. Some
results in this note are also obtained by N. C. Phillips, and the authors would like to thank him
for informing of it.

2. Preliminaries for G-C∗-algebras. We fix a finite group G. By a G-C∗-algebra
(A, α), we mean a C∗-algebra A with a fixed G-action α. We denote by AG the fixed point
algebra

{a ∈ A ; αg (a) = a for all g ∈ G} .
We denote by {λαg }g∈G the implementing unitary representation of G in the crossed

product A �α G. For a finite dimensional (not necessarily irreducible) unitary representa-
tion (π,Hπ) of G, we introduce a homomorphism

α̂π : A�α G→ (A�α G)⊗ B(Hπ) ,
which is a part of the dual coaction of α, by α̂π (a) = a⊗1 for a ∈ A, and α̂π (λαg ) = λαg⊗π(g)
for g ∈ G. We denote by Ĝ the unitary dual of G, and by ZĜ the representation ring of G.
Then identifyingK∗(A�α G) with K∗((A�α G)⊗ B(Hπ)), we get a ZĜ-module structure
of K∗(A�α G) fromK∗(α̂π ).

Let

eα = 1

#G

∑
g∈G

λαg ,

which is a projection in (A�α G) ∩AG′. We denote by jα the homomorphism from AG into
A �α G defined by jα(x) = xeα. If A is simple and α is outer, that is, αg is outer for every
g ∈ G \ {e}, then K∗(jα) is an isomorphism from K∗(AG) onto K∗(A �α G). If A is purely
infinite and simple, and α is outer, then AG and A�α G are purely infinite and simple.

A G-homomorphism ϕ from a G-C∗-algebra (A, α) into another G-C∗-algebra (B, β)
is a homomorphism from A into B intertwining the two G-actions α and β. Such ϕ gives rise
to an element in the equivariant KK-group KKG(A,B), which is denoted by KKG(ϕ). We
denote by HomG(A,B) the set of nonzeroG-homomorphisms from (A, α) into (B, β). Two
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actions α and β are said to be conjugate if there exists an invertible element in HomG(A,B).
Two G-homomorphisms ϕ,ψ ∈ HomG(A,B) are said to be G-unitarily equivalent if there
exists a unitary u ∈ M(B)G satisfying ϕ(x) = uψ(x)u∗ for all x ∈ A. They are said to
be G-asymptotically unitarily equivalent if there exists a norm continuous family of unitaries
{u(t)}t≥0 in M(B)G satisfying

lim
t→∞‖ϕ(x)− Adu(t) ◦ ψ(x)‖ for all x ∈ A .

If they satisfy the same condition with a sequence of unitaries {un}∞n=1 in M(B)G instead of
the continuous family, they are said to be G-approximately unitarily equivalent.

For a free ultrafilter ω ∈ βN \ N and a G-C∗-algebra (A, α), we use the following
notation:

cω(A) = {(xn) ∈ 	∞(N , A) ; lim
n→ω ‖xn‖ = 0} ,

Aω = 	∞(N , A)/cω(A) .
As usual, we often omit the quotient map from 	∞(N , A) onto Aω. We regard A as a C∗-
subalgebra of Aω consisting of the constant sequences, and we set Aω = Aω ∩A′. We denote
by αω and αω theG-actions onAω andAω induced by α respectively, and we regard (Aω, αω)
and (Aω, αω) asG-C∗-algebras.

LEMMA 2.1. Let G be a finite group, and let (A, α) be a G-C∗-algebra. We assume
that A is unital, purely infinite, and simple, and α is outer. Let ω ∈ βN \N .

(1) Aω is purely infinite and simple, and αω is outer.
(2) If A is a Kirchberg algebra, Aω is purely infinite and simple, and αω is outer.

PROOF. (1) It is easy to show that Aω is purely infinite and simple, and so it suffices
to show that if θ ∈ Aut(A) is outer, so is θω ∈ Aut(Aω) induced by θ . Assume that θ is outer
and θω is inner. Then there exists u = (un) ∈ U(Aω) satisfying Adu = θω. We my assume
that un is a unitary for all n ∈ N . Since A is purely infinite, there exist a sequence of nonzero
projections {pn}∞n=1 in A and a sequence of complex numbers {cn}∞n=1 with |cn| = 1 such
that {pnunpn − cnpn}∞n=1 converges to 0. By replacing un with cnun if necessary. we may
assume cn = 1. Since θ is outer, Kishimoto’s result [8, Lemma 1.1] shows that there exists a
sequence of positive elements an ∈ pnApn with ‖an‖ = 1 such that {anθ(an)}∞n=1 converging
to 0. This is a contradiction. Indeed, let a = (an) ∈ Aω, p = (pn) ∈ Aω. On one hand we
have aθω(a) = 0, and on the other hand we have the following

aθω(a) = auau∗ = apupau∗ = apau∗ = a2u∗ �= 0 .

This shows that θω is outer.
(2) The statement follows from [7, Proposition 3.4] and [13, Lemma 2]. �

Now we state two results, which are equivariant versions of well-known results in the
classification theory of nuclear C∗-algebras. We omit their proofs, which are verbatim modi-
fications of the original ones. The first one is an equivariant version of [18, Corollary 2.3.4].
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THEOREM 2.2. Let G be a finite group, and let (A, α) and (B, β) be unital separable
G-C∗-algebras. If there exist ϕ ∈ HomG(A,B) and ψ ∈ HomG(B,A) such that ψ ◦ ϕ
is G-approximately unitarily equivalent to id(A,α) and ϕ ◦ ψ is G-approximately unitarily
equivalent to id(B,β), then the two actions α and β are conjugate.

The following result is an equivariant version of [7, Proposition 3.13] (see also [18,
Theorem 7.2.2]).

THEOREM 2.3. Let G be a finite group, and let (A, α), (B, β) be unital separable
G-C∗ algebras. We regard the minimal tensor product B ⊗ B as a G-C∗-algebra with the
diagonal action α ⊗ α, and define ρl, ρr ∈ HomG(B,B ⊗B) by ρl(x) = x ⊗ 1 and ρr(x) =
1⊗ x for x ∈ B. We assume that ρl and ρr areG-approximately unitarily equivalent. Then if
there exists a unital homomorphism in HomG(B,Aω) with ω ∈ βN \N , the two G-actions α
on A and α ⊗ β on A⊗ B are conjugate.

3. Equivariant Rørdam’s theorem. The purpose of this section is to show the fol-
lowing theorem, which is an equivariant version of Rørdam’s theorem [17, Theorem 3.6], [18,
Theorem 5.1.2].

THEOREM 3.1. Let G be a finite group, let α be a quasi-free action of G on On with
finite n, and let (B, β) be a G-C∗-algebra. We assume that B is unital, purely infinite, and
simple, and β is outer. For two unital G-homomorphisms ϕ,ψ ∈ HomG(On, B), we set

uψ,ϕ =
n∑
i=1

ψ(si )ϕ(si)
∗ ∈ U(BG) .

We introduce an endomorphismΛϕ ∈ End(BG) by

Λϕ(x) =
n∑
i=1

ϕ(si)xϕ(s
∗
i ) , x ∈ BG .

Then the following conditions are equivalent.
(1) The G-homomorphisms ϕ and ψ are G-approximately unitarily equivalent.
(2) The unitary uψ,ϕ belongs to the closure of {vΛϕ(v∗) ∈ U(BG) ; v ∈ BG}.
(3) The K1-class [uψ,ϕ] ∈ K1(B

G) is in the image of 1−K1(Λϕ).
(4) The K1-class K1(jβ)([uψ,ϕ]) ∈ K1(B �β G) is in the image of 1−K1(β̂πα ).
(5) The equalityKKG(ϕ) = KKG(ψ) holds in KKG(On, B).

PROOF. The equivalence of (1) and (2) follows fromψ(si ) = uψ,ϕϕ(si) and vϕ(si)v∗ =
vΛϕ(v

∗)ϕ(si).
The implication from (2) to (3) is trivial. In view of the proof of [17, Theorem 3.6],

the implication from (3) to (2) is reduced to the Rohlin property of the shift automorphism
of (

⊗
Z Mn(C))

G, where the G-action of the UHF algebra
⊗

Z Mn(C) is the product action⊗
Z Adπα(g). This follows from Kishimoto’s result [9, Theorem 2.1] (see [4, Lemma 5.5]

for details).
The equivalence of (3) and (4) follows from Lemma 3.3 below.
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We will show the equivalence of (4) and (5) in Appendix as it follows from a rather
lengthy computation, and we do not really require it in the rest of this note. �

To show the equivalence of (3) and (4), we first recall the following well-known fact.

LEMMA 3.2. Let A be a C∗-algebra, and let {ti}ni=1 ⊂ M(A) be isometries with mu-
tually orthogonal ranges. Let {eij }ni,j=1 be the system of matrix units of the matrix algebra
Mn(C). We define two homomorphisms ρ1 : A→ A⊗Mn(C) and ρ2 : A⊗Mn(C)→ A by
ρ1(a) = a ⊗ e11, and ρ2(a ⊗ eij ) = tiat∗j . Then K∗(ρ2) is the inverse of K∗(ρ1).

PROOF. Since K∗(ρ1) is an isomorphism, it suffices to show that the homomorphism
ρ2 ◦ ρ1(x) = t1xt∗1 induces the identity onK∗(A). This follows from a standard argument. �

Recall that we regard K∗(β̂πα ) as an element of End(K∗ (B �β G)) by identifying
K∗(B �β G) with K∗((B �β G)⊗ B(Hn)).

LEMMA 3.3. With the above notation, we have the equality K∗(jβ) ◦ K∗(Λϕ) =
K∗(β̂πα ) ◦K∗(jβ).

PROOF. Identifying B(Hn) with the linear span of {sis∗j }ni,j=1 acting on Hn by left
multiplication, we have

πα(g) =
n∑
i=1

αg (si )s
∗
i .

We define a homomorphismρ : (B�βG)⊗B(Hn)→ B�βG by ρ(x⊗si s∗j ) = ϕ(si)xϕ(sj )∗,
which plays the role of ρ2 in Lemma 3.2 with A = B �β G and ti = ϕ(si). Then for x ∈ BG,
we have

ρ ◦ β̂πα ◦ jβ(x)=
1

#G

∑
g∈G

ρ ◦ β̂πα (λβgx) =
1

#G

∑
g∈G

ρ(λβgx ⊗ πα(g))

= 1

#G

∑
g∈G

n∑
i=1

ρ(λβgx ⊗ αg (si )s
∗
i ) =

1

#G

∑
g∈G

n∑
i=1

ϕ(αg (si))λ
β
gxϕ(si)

∗

= 1

#G

∑
g∈G

n∑
i=1

λβgϕ(si)xϕ(si)
∗ = jβ ◦Λϕ(x) ,

which proves the statement thanks to Lemma 3.2. �

4. Equivariant Lin-Phillips’s theorem. The purpose of this section is to show the
following theorem, which is an equivariant version of Lin-Phillips’s theorem [10, Theorem
3.3], [18, Proposition 7.2.5].

THEOREM 4.1. Let G be a finite group, let α be a quasi-free action of G on O∞, and
let (B, β) be a unital G-C∗-algebra. We assume that B is purely infinite and simple, and
β is outer. Then any two unital G-homomorphisms in HomG(O∞, B) are G-approximately
unitarily equivalent.
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Until the end of this section, we assume that G, (O∞, α) and (B, β) are as in Theorem
4.1. To prove Theorem 4.1, we basically follow Lin-Phillips’s strategy based on Theorem
3.1 in place of [17, Theorem 3.6], though we will take a short cut by using a ultraproduct
technique.

Let n be a natural number larger than or equal to 2, and let En be the Cuntz-Toeplitz
algebra, which is the universal C∗-algebra generated by isometries {ti}ni=1 with mutually or-
thogonal ranges. Note that pn = 1 −∑n

i=1 ti t
∗
i is a non-zero projection not as in the case of

the Cuntz algebras. We denote by Kn the linear span of {ti}ni=1. Quasi-free actions on En are
defined as in the case of the Cuntz algebras. For a quasi-free action γ of G on En, we denote
by (πγ ,Kn) the corresponding unitary representation of G in Kn.

LEMMA 4.2. Let γ be a quasi-free action of G on En with finite n, and let ϕ,ψ ∈
HomG(En, B) be injective G-homomorphisms, either both unital or both nonunital. If [ϕ(1)]
= [ψ(1)] = 0 in K0(B

G), then ϕ and ψ are G-approximately unitarily equivalent.

PROOF. In the same way as in the proof of Lemma 3.3, we can see

K0(jβ)

( n∑
i=1

[ϕ(ti t∗i )]
)
= K0(β̂πα ) ◦K0(jβ)([ϕ(1)]) ,

and so we have

K0(jβ)([ϕ(pn)]) = K0(jβ)([ϕ(1)])−K0(β̂πγ ) ◦K0(jβ)([ϕ(1)]) = 0 ,

in K0(B �β G). This implies [ϕ(pn)] = 0 in K0(B
G), and for the same reason, [ψ(pn)] = 0

in K0(B
G). Thus the statement follows from essentially the same argument as in the proof of

[10, Proposition 1.7] by using Theorem 3.1 in place of [17, Theorem 3.6]. �

Since every quasi-free G-action on O∞ is the inductive limit of a system of quasi-free
actions of the form {(Enk , γ (k))}∞k=1, we get the following corollary.

COROLLARY 4.3. Let ϕ,ψ ∈ HomG(O∞, B) be either both unital or both nonunital.
If [ϕ(1)] = [ψ(1)] = 0 in K0(B

G), then ϕ and ψ are G-approximately unitarily equivalent.

Let ω ∈ βN \N be a free ultrafilter, and let ιω : O∞ → O∞ω be the inclusion map. For
ϕ ∈ HomG(O∞, B), we denote by ϕω the G-homomorphism in HomG(O∞ω,Bω) induced
by ϕ. Then it is easy to show the following three conditions for ϕ,ψ ∈ HomG(O∞, B) are
equivalent:

(1) ϕ and ψ are G-approximately unitarily equivalent,
(2) ϕω ◦ ιω and ψω ◦ ιω are G-approximately unitarily equivalent,
(3) ϕω ◦ ιω and ψω ◦ ιω are G-unitarily equivalent.

Note that since G is a finite group, we have (O∞ω)G = (OG∞)ω ∩O′∞ and (Bω)G = (BG)ω.

PROOF OF THEOREM 4.1. Let ϕ,ψ ∈ HomG(O∞, B) be unital. Since O∞ is a Kirch-
berg algebra, the ω-central sequence algebra O∞ω is purely infinite and simple. Let H be
the kernel of α : G → Aut(O∞). Then we may regard α as a faithful quasi-free action of
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G/H , which is outer. Therefore αω is outer as an action of G/H . This implies that (O∞ω)G
is purely infinite and simple.

Choosing three nonzero projections q1, q2, q3 ∈ (O∞ω)G satisfying q1 + q2 + q3 = 1
and [1] = [q1] = [q2] = −[q3] in K0((O∞ω)G), we introduce ϕi, ψi ∈ HomG(O∞, Bω),
i = 1, 2, 3, by ϕi(x) = ϕω(qix) and ψi(x) = ψω(qix) for x ∈ O∞. Then we have

ϕ(x) = ϕ1(x)+ ϕ2(x)+ ϕ3(x) , x ∈ O∞ ,
ψ(x) = ψ1(x)+ ψ2(x)+ ψ3(x) , x ∈ O∞ ,

[1] = [ϕ1(1)] = [ϕ2(1)] = −[ϕ3(1)] = [ψ1(1)] = [ψ2(1)] = −[ψ3(1)] ∈ K0((B
ω)G) .

Since [(ϕ2 + ϕ3)(1)] = [(ψ2 + ψ3)(1)] = 0 in K0((B
ω)G), Corollary 4.3 implies that

there exists a unitary u ∈ U((Bω)G) satisfying u(ϕ2+ϕ3)(x)u
∗ = (ψ2+ψ3)(x) for x ∈ O∞.

We set ϕu1 (x) = uϕ1(x)u
∗. Then ϕu1 is in HomG(O∞, Bω) satisfying ϕu1 (1) = ψ1(1), and

ϕω ◦ ιω and ϕu1 + ψ2 + ψ3 are G-approximately unitarily equivalent. Since (ϕu1 + ψ3)(1) =
(ψ1 + ψ3)(1) whose class in K0((B

ω)G) is 0, Corollary 4.3 again implies that there exists a
unitary v ∈ U((Bω)G) satisfying vψ2(1)v∗ = ψ2(1) and v(ϕu1 + ψ3)(x)v

∗ = (ψ1 + ψ3)(x)

for x ∈ O∞. This shows that vuϕ(x)u∗v∗ = ψ(x) for x ∈ O∞, and so ϕ and ψ are G-
approximately unitarily equivalent. �

5. Splitting theorem and Uniqueness theorem. Thanks to Theorem 4.1, we can
obtain a G-equivariant version of Kirchberg-Phillips’s O∞ theorem [7, Theorem 3.15], [18,
Theorem 7.2.6].

THEOREM 5.1. LetG be a finite group, and let (A, α) be aG-C∗-algebra. We assume
thatA is a unital Kirchberg algebra and α is outer. Let {γ (i)}∞i=1 be any sequence of quasi-free
actions of G on O∞. Then (A, α) is conjugate to(

A⊗
∞⊗
i=1

O∞, α ⊗
∞⊗
i=1

γ (i)
)
.

PROOF. Let Hi be the kernel of the homomorphism γ (i) : G → Aut(O∞). Since we
may regard γ (i) and γ (i)⊗γ (i) as outer actions ofG/Hi , Theorem 4.1 implies that there exist
unitaries {u(i)n }∞n=1 in (O∞ ⊗O∞)γ (i)⊗γ (i) satisfying

lim
n→∞‖u

(i)
n (x ⊗ 1)u(i)n

∗ − 1⊗ x‖ = 0, for all x ∈ O∞ .
Let

(B, β) =
( ∞⊗
i=1

O∞,
∞⊗
i=1

γ (i)
)
,

and let ρl, ρr ∈ HomG(B,B⊗B) be as in Theorem 2.3. Then ρr and ρl areG-approximately
unitarily equivalent.

To prove the statement applying Theorem 2.3, it suffices to construct a unital embedding
of (B, β) in (Aω, αω). For this, it suffices to construct a unital embedding of (O∞, γ (i)) into
(Aω, αω) for each i because the usual trick of taking subsequences can make the embeddings
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commute with each other. Let γ be the quasi-free action of G on O∞ such that (πγ ,H∞)
is unitarily equivalent to the infinite direct sum of the regular representation. Since there is a
unital embedding of (O∞, γ (i)) into (O∞, γ ), in order to prove the theorem, it only remains
to construct a unital embedding of (O∞, γ ) into (Aω, αω).

Thanks to [13, Lemma 3], we can find a nonzero projection e ∈ Aω satisfying eαωg (e) =
0 for any g ∈ G \ {e}. We choose an isometry v ∈ Aω satisfying vv∗ ≤ e, and set s0,g =
αωg (v). Then {s0,g}g∈G are isometries in Aω with mutually orthogonal ranges satisfying
αωg (s0,h) = s0,gh. Let p = ∑

g∈G s0,g s∗0,g , which is a projection in (Aω)G. Replacing v if

necessary, we may assume that p �= 1. Since (Aω)G is purely infinite and simple, we can
find a sequence of partial isometries {wi}∞i=0 in (Aω)G with w0 = p such that w∗i wi = p for
all i, and {wiw∗i }∞i=0 are mutually orthogonal. Let si,g = wis0,g . Then {si,g }(i,g)∈N×G is a
countable family of isometries in Aω with mutually orthogonal ranges satisfying αωg (si,h) =
si,gh. Thus we get the desirable embedding of (O∞, γ ) into (Aω, αω). �

Applying Theorem 5.1 to A = O∞ with a faithful quasi-free action α, we obtain

COROLLARY 5.2. Any two faithful quasi-free actions of a finite group on O∞ are
mutually conjugate.

6. Asymptotic representability.

DEFINITION 6.1. An action α of a discrete group G on a unital C∗-algebra A is said
to be asymptotically representable if there exists a continuous family of unitaries {ug(t)}t≥0

in U(A) for each g ∈ G satisfying

lim
t→∞‖ug (t)xug(t)

∗ − αg (x)‖= 0 , for all x ∈ A , g ∈ G,
lim
t→∞‖ug (t)uh(t)− ugh(t)‖ = 0 , for all g, h ∈ G,

lim
t→∞‖αg (uh(t))− ughg−1(t)‖ = 0 , for all g, h ∈ G .

An action α is said to approximately representable if α satisfies the above condition with a
sequence {ug (n)}n∈N in place of the continuous family {ug (t)}t≥0.

Every asymptotically representable action is approximately representable, but the con-
verse may not be true in general. When G is a finite abelian group, an action α is approxi-
mately representable if and only if its dual action has the Rohlin property. WhenG is a cyclic
group of prime power order, approximately representable quasi-free actions on On with finite
n are completely characterized in [5], and there exist quasi-free actions that are not approxi-
mately representable.

The purpose of this section is to show the following theorem:

THEOREM 6.2. Every quasi-free action of a finite group G on O∞ is asymptotically
representable.

It is unlikely that one could show Theorem 6.2 directly from the definition of quasi-free
actions. Our proof uses the intertwining argument, Theorem 2.2, between two model actions;
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one is obviously quasi-free, and the other is an infinite tensor product action, that can be
shown to be asymptotically representable.

We first introduce the notion of K-trivial embeddings of the group C∗-algebra. We de-
note by {λg }g∈G the left regular representation of a finite group G. The group C∗-algebra
C∗(G) is the linear span of {λg }g∈G.

DEFINITION 6.3. Let G be a finite group, and let A be a unital C∗-algebra. An unital
injective homomorphism ρ : C∗(G) → A is said to be a K-trivial embedding if KK(ρ) =
KK(C∗(G) � λg �→ 1 ∈ A).

For each irreducible representation (π,Hπ) of G, we choose an orthonormal basis {ξ
(π)i}nπi=1 of Hπ , where nπ = dimπ . We set π(g)ij = 〈π(g)ξ(π)j , ξ(π)i〉, and

e(π)ij = nπ

#G

∑
g∈G

π(g)ij λg .

Then {e(π)ij }1≤i,j≤nπ is a system of matrix units, and we have

λg =
∑
π∈Ĝ

nπ∑
i,j=1

π(g)ij e(π)ij .

Let C∗(G)π be the linear span of {e(π)ij }nπi,j=1. Then C∗(G)π is isomorphic to the matrix
algebraMnπ (C), and C∗(G) has the direct sum decomposition

C∗(G) =
⊕
π∈Ĝ

C∗(G)π .

Let χπ(g) = Tr(π(g)) be the character of π . Then

z(π) = nπ

#G

∑
g∈G

χπ(g)λg =
nπ∑
i=1

e(π)ii

is the unit of C∗(G)π .
It is easy to show the following lemma.

LEMMA 6.4. Let G be a finite group, and let A,B be unital simple purely infinite
C∗-algebras.

(1) A unital injective homomorphism ρ : C∗(G) → A is a K-trivial embedding if
and only if [ρ(e(π)11)] = 0 in K0(A) for any nontrivial irreducible representation π . When
K0(A) is torsion free, it is further equivalent to the condition that [ρ(z(π))] = 0 in K0(A)

for any nontrivial irreducible representation π .
(2) Any two K-trivial unital embeddings of C∗(G) into A are unitarily equivalent.
(3) If ρ : C∗(G)→ A and σ : C∗(G)→ B are K-trivial embeddings, so is the tensor

product embedding C∗(G) � λg �→ ρ(λg )⊗ σ(λg ) ∈ A⊗ B.



738 P. GOLDSTEIN AND M. IZUMI

We now construct aK-trivial embedding of C∗(G) into O∞. We fix a nonzero projection
p ∈ O∞ with [p] = 0 in K0(O∞), and fix unital embeddings

B(	2(G)) ⊂ O2 ⊂ pO∞p .
We denote by σ0 : C∗(G)→ pO∞p the resulting embedding, and set ug = σ0(λg )+ 1− p.
Then σ : C∗(G) � λg �→ ug ∈ O∞ is a K-trivial embedding of C∗(G) into O∞.

Using {ug}g∈G, we introduce a G-C∗-algebra (A, α) by

(A, αg ) =
∞⊗
k=1

(O∞,Ad ug ) .

More precisely, we set

An =
n⊗
k=1

O∞ , u(n)g =
n⊗
k=1

ug ,

and α(n)g = Adu(n)g . Then (A, α) is the inductive limit of the system {(An, α(n))}∞n=1 with the
embedding ιn : An � x �→ x ⊗ 1 ∈ An+1. The C∗-algebra A is isomorphic to O∞, and the
action α is outer.

LEMMA 6.5. Let the notation be as above.
(1) The action α is asymptotically representable.
(2) The embedding ια : C∗(G) � λg �→ λαg ∈ A�α G gives KK-equivalence.

PROOF. (1) It suffices to construct a homotopy {vg (t)}t∈[0,1] of unitary representa-

tions ofG inA3 satisfying vg (0) = ug⊗1⊗1, vg (1) = u(2)g ⊗1, and α(3)g (vh(t)) = vghg−1(t).

Since {ug ⊗ 1}g∈G, {u(2)g }g∈G, and {1 ⊗ ug }g∈G give K-trivial embeddings of C∗(G) into
A2, there exist unitaries w1, w2 ∈ U(A2) satisfying w1(ug ⊗ 1)w∗1 = w2(1 ⊗ ug )w∗2 =
u
(2)
g . Let w = (w1 ⊗ 1)(1 ⊗ w∗2), which is a unitary in AG3 = A3 ∩ {u(3)g }′g∈G satisfying

w(ug ⊗ 1 ⊗ 1)w∗ = u(2)g ⊗ 1. Since AG3 is isomorphic to a finite direct sum of C∗-algebras
Morita equivalent to O∞, there exists a homotopy {w(t)}t∈[0,1] in U(AG3 ) with w(0) = 1 and
w(1) = w. Thus vg (t) = w(t)(ug ⊗ 1⊗ 1)w(t)∗ gives the desired homotopy.

(2) We identify Bn = An �α(n) G with the C∗-subalgebra of A �α G generated by
An and {λαg }g∈G, and we denote by ι′n : Bn → Bn+1 the embedding map. Then A �α G is

the inductive limit of the system {Bn}∞n=1. Let ι(n)α : C∗(G) � λg �→ λαg ∈ Bn. Since we

have ι′n ◦ ι(n)α = ι
(n+1)
α , in order to prove the statement it suffices to show that ι(n)α induces

isomorphisms of the K-groups for every n.
Since α(n) is inner, there exists an isomorphism θn : Bn → An ⊗ C∗(G) given by

θn(a) = a ⊗ 1 for a ∈ An and θn(λαg ) = u
(n)
g ⊗ λg . Thus all we have to show is that the

map θn ◦ ι(n)α : C∗(G) � λg �→ u
(n)
g ⊗ λg ∈ An ⊗ C∗(G) induces isomorphisms of the

K-groups. This follows from the facts that An is isomorphic to O∞ and {u(n)g }g∈G gives a
K-trivial embedding of C∗(G) into An. �
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LEMMA 6.6. For the G-C∗-algebra (A, α) as constructed above, any unital ϕ ∈
HomG(A,A) is G-asymptotically unitarily equivalent to id.

PROOF. Let B = A �α G, and let α̂ : B → B ⊗ C∗(G) be the dual coaction of α.
Then ϕ extends to a unital endomorphism ϕ̃ in End(B) with ϕ̃(λαg ) = λαg , which satisfies
α̂ ◦ ϕ̃ = (ϕ̃ ⊗ idC∗(G)) ◦ α̂. By Lemma 6.5,(2), we have KK(ϕ̃) = KK(idB). Thus Lemma
6.5,(1) and [6, Theorem 4.8] imply that there exists a continuous family of unitaries {u(t)}t≥0

in A satisfying

lim
t→∞‖u(t)xu(t)

∗ − ϕ̃(x)‖ = 0 for all x ∈ B .
Setting x = λαg , we know that {αg (u(t))− u(t)}t≥0 converges to 0. Since G is a finite group,

there exists a conditional expectation from A onto AG, and we can construct a continuous
family of unitaries {ũ(t)}t≥0 in AG such that {u(t) − ũ(t)}t≥0 converges to 0 by a standard
perturbation argument. Therefore ϕ and id are G-asymptotically unitarily equivalent. �

PROOF OF THEOREM 6.2. Let γ be a faithful quasi-free G-action on O∞. Thanks to
Corollary 5.2, we may assume that O∞ has the canonical generators {si}i∈J with G ⊂ J

satisfying γg(sh) = sgh. Since α is asymptotically representable, it suffices to show that α
and γ are conjugate. Thanks to Theorem 5.1, the action α is conjugate to α ⊗ γ , and so there
exists a unital embedding of (O∞, γ ) into (A, α). Thus if there exists a unital embedding
of (A, α) into (O∞, γ ), Theorem 2.2, Theorem 4.1, and Lemma 6.6 imply that α and γ are
conjugate. Since γ is conjugate to the infinite tensor product of its copies thanks to Theorem
5.1 again, all we have to show is that there exists a unital embedding of (O∞,Adu·) into
(O∞, γ ).

We denote by Oγ∞ the fixed point subalgebra of O∞ under the G-action γ . Since Oγ∞
is purely infinite and simple, we can choose a nonzero projection q0 ∈ Oγ∞ with [q0] = 0
in K0(Oγ∞). We set q1 = ∑

g∈G sgq0s
∗
g . A similar argument as in the proof of Lemma 3.3

implies that [q1] = 0 in K0(Oγ∞). We set

vg =
∑
h∈G

sghq0s
∗
h + 1− q1 .

Then {vg }g∈G is a unitary representation of G in O∞ satisfying γg(vh) = vghg−1 , and so
{v∗g }g∈G is a γ -cocycle. We show that this is a coboundary by using [4, Remark 2.6]. Indeed,
we have

1

#G

∑
g∈G

v∗gλ
γ
g = (1− q1)eγ + 1

#G

∑
g∈G

∑
h∈G

shq0s
∗
ghλ

γ
g(6.1)

= (1− q1)eγ + 1

#G

∑
g∈G

∑
h∈G

shq0λ
γ
g s
∗
h = (1− q1)eγ +

∑
h∈G

shq0eγ s
∗
h .

This means that the class of this projection in K0(O∞ �γ G) is

[(1− q1)eγ ] + #G[q0eγ ] = [eγ ] ,
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which implies that {v∗g }g∈G is a coboundary. Thus there exists a unitary v ∈ O∞ satisfying
v∗g = vγg (v∗).

We set wg = v∗vgv, and claim that {wg }g∈G gives a K-trivial embedding of C∗(G) into
Oγ∞. Indeed,

γg(wh) = γg (v∗)γg (vh)γg (v) = v∗v∗gvghg−1vgv = wh ,
which shows wg ∈ Oγ∞. Let ρ : C∗(G) � λg �→ wg ∈ Oγ∞. Thanks to Lemma 6.4,(1), in
order to prove the claim it suffices to show that [ρ(e(π)11)] = 0 inK0(Oγ∞) for any nontrivial
irreducible representation (π,Hπ) of G. Indeed, we have

K0(jγ )([ρ(e(π)11)])=
[
nπ

#G2

∑
g,h∈G

π(h)11λ
γ
gwh

]
=
[
nπ

#G2

∑
g,h∈G

π(h)11λ
γ
g v
∗vhv

]

=
[
nπ

#G2

∑
g,h∈G

π(h)11γg (v
∗)vghg−1λ

γ
g v

]
=
[
nπ

#G2

∑
g,h∈G

π(h)11v
∗v∗gvghg−1λ

γ
g v

]

=
[
nπ

#G2

∑
g,h∈G

π(h)11vhg−1λ
γ
g

]
=
[
nπ

#G2

∑
g,h∈G

π(h)11vhv
∗
gλ
γ
g

]
.

Equation (6.1) implies that this is equal to[
nπ

#G

∑
h∈G

π(h)11vh{(1− q1)eγ +
∑
k∈G

skq0eγ s
∗
k }
]
.

Let ρ0 : C∗(G) � λg �→ vg ∈ O∞. Since vh(1 − q1) = 1 − q1 and π is nontrivial, we see
that this is equal to [

ρ0(e(π)11)
∑
k∈G

skq0eγ s
∗
k

]
= nπ [q0eγ ] = 0 .

Thus the claim is shown.
We choose a unital embedding µ0 : O∞ → Oγ∞. Since both {µ0(ug)}g∈G and {wg }g∈G

give K-trivial embeddings of C∗(G) into Oγ∞, Lemma 6.4,(2) shows that we may assume
µ0(ug ) = wg by replacing µ0 if necessary. Let µ(x) = vµ0(x)v

∗. Then

γg ◦ µ(x)= γg (v)µ0(x)γg(v
∗) = vgvµ0(x)v

∗v∗g = vwgµ0(x)w
∗
gv
∗

= vµ0(ugxu
∗
g )v
∗ = µ ◦ Adug (x) .

Thus µ is the desired embedding of (O∞,Ad u·) into (O∞, γ ). �

From Theorem 6.2 and Lemma 6.6, we get

COROLLARY 6.7. Let G be a finite group, and let γ be a quasi-free action of G on
O∞. Then any unital ϕ ∈ HomG(O∞,O∞) is G-asymptotically unitarily equivalent to id.
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7. Equivariant Rørdam group. Let A and B be simple C∗-algebras. For simplicity
we assume that A and B are unital. Following Rørdam [18, p. 40], we denote by H(A,B) the
set of the approximately unitary equivalence classes of nonzero homomorphisms from A into
B ⊗K. Choosing two isometries s1 and s2 satisfying the O2 relation in M(B ⊗ K), we can
define the direct sum [ϕ] ⊕ [ψ] of two classes [ϕ] and [ψ] in H(A,B) to be the class of the
homomorphism

A � x �→ s1ϕ(x)s
∗
1 + s2ψ(x)s∗2 ∈ B ⊗K .

This makes H(A,B) a semigroup. When A is a separable simple nuclear C∗-algebra and B
is a Kirchberg algebra, the Rørdam semigroup H(A,B) is in fact a group. Moreover, if A
satisfies the universal coefficient theorem, it is isomorphic to KL(A,B), a certain quotient of
KK(A,B).

Let G be a finite group, and let α and β be outer G-actions on A and B respectively.
We equip B ⊗ K with a G-C∗-algebra structure by the diagonal action βsg = βg ⊗ Adug ,
where {ug} is a countable infinite direct sum of the regular representation of G. Then we
can introduce an equivariant versionHG(A,B) as the set of theG-approximately equivalence
classes of nonzeroG-homomorphisms in HomG(A,B ⊗K).

THEOREM 7.1. Let (A, α) and (B, β) be unital G-C∗-algebras with outer actions α
and β. We assume that A is separable, simple, and nuclear, and B is a Kirchberg algebra.
Then HG(A,B) is a group.

Let (A, α) and (B, β) be as above. We say that ϕ ∈ HomG(A,B) is O2-absorbing if
there exists ϕ′ ∈ HomG(A ⊗ O2, B) with ϕ = ϕ′ ◦ ιA, where A ⊗ O2 is equipped with
the G-action α ⊗ idO2 , and ιA : A � x �→ x ⊗ 1 ∈ A ⊗ O2 is the inclusion map. We
say that ϕ ∈ HomG(A,B) is O∞-absorbing if there exists a unital embedding of O∞ in
(ϕ(1)BGϕ(1)) ∩ ϕ(A)′.

The proof of Theorem 7.1 follows from essentially the same argument as in [18, Lemma
8.2.5] with the following lemma.

LEMMA 7.2. Let the notation be as above.
(1) Let ϕ,ψ ∈ HomG(A,B) be O2-absorbing G-homomorphisms, either both unital

or both nonunital. Then ϕ and ψ are G-approximately unitarily equivalent.
(2) Any element in HomG(A,B) is G-asymptotically unitarily equivalent to an O∞-

absorbing one in HomG(A,B).

PROOF. (1) When ϕ and ψ are nonunital, the two projections ϕ(1) and ψ(1) are
equivalent in BG, and we may assume ϕ(1) = ψ(1). Replacing B with ϕ(1)Bϕ(1), we
may assume that ϕ and ψ are unital.

Let γ be a faithful quasi-free action ofG on O∞. Since (A⊗O2, α⊗ idO2) is conjugate
to (O∞ ⊗ O2, γ ⊗ idO2) thanks to [4, Corollary 4.3], it suffices to show that any unital
ϕ,ψ ∈ HomG(O∞⊗O2, B) areG-approximately unitarily equivalent. Theorem 4.1 implies
that there exists u ∈ U((Bω)G) satisfying uϕ(x ⊗ 1)u∗ = ψ(x ⊗ 1) for any x ∈ O∞, where
ω ∈ βN \ N is a free ultrafilter. Let D = (Bω)G ∩ ψ(O∞ ⊗ 1)′. Then it suffices to show
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that the two unital homomorphisms ρ, σ ∈ Hom(O2,D) defined by ρ(y) = uϕ(1 ⊗ y)u∗,
σ(y) = ψ(1⊗ y) for y ∈ O2, are approximately unitarily equivalent. Indeed, since (Bω)G ∩
B ′ = (Bω)

G is purely infinite and simple, for any separable C∗-subalgebra C of D there
exists a unital embedding of O∞ in D ∩ C′. Thus essentially the same proof of [15, Lemma
2.1.7] shows that cel(D) is finite (see [15, Lemma 2.1.1] for the definition). Therefore ρ and
σ are approximately unitarily equivalent thanks to [17, Theorem 3.6].

(2) Since (B, β) is conjugate to (B⊗O∞, β⊗ idO∞) thanks to [4, Corollary 2.10], the
statement follows from the same argument as in the proof of [18, Lemma 8.2.5,(i)]. �

REMARK 7.3. There are two natural homomorphisms

µ : HG(A,B)→ H(A,B) ,

ν : HG(A,B)→ H(A�α G,B �β G) .

The first one is the forgetful functor. Every ϕ ∈ HomG(A,B) extends to ϕ̃ ∈ Hom(A �α

G,B �β G) by ϕ̃(λαg ) = λβg , and the second one is given by associating [ϕ̃] ∈ H(A�α,G,

B �β G) with [ϕ] ∈ HG(A,B). The following hold for the two maps (see [6, Section 4] for
more general treatment):

(1) If β has the Rohlin property, then µ is injective, and the image of µ is

{[ρ] ∈ H(A,B) ; [βsg ◦ ρ] = [ρ ◦ αg ] , for all g ∈ G} .
(2) If β is approximately representable, then ν is injective, and the image of ν is

{[ρ] ∈ H(A�α G,B �β G) ; [β̂s ◦ ρ] = [(ρ ⊗ idC∗(G)) ◦ α̂]} .
REMARK 7.4. Let ĤG(A,B) be the set of the G-asymptotically equivalence classes

of nonzero G-homomorphisms in HomG(A,B ⊗ K). It is tempting to conjecture that the
natural map from ĤG(A,B) to the equivariantKK-groupKKG(A,B) is an isomorphism, as
it is the case for trivial G (see [15]).

8. Appendix. In this appendix, we show the equivalence of (4) and (5) in Theorem
3.1. Since our argument works for a compact group G, we assume that G is compact in
what follows. Our proof is new even for trivial G. Let α be a quasi-free action of G on On

with finite n, and let (B, β) be a unital G-C∗-algebra. Now the definition of the projection
eβ ∈ B�β G should be modified to eβ =

∫
G
λ
β
gdg , where dg is the normalized Haar measure

of G. For two unital ϕ,ψ ∈ HomG(On, B), we define uψ,ϕ ∈ U(BG) as in Theorem 3.1.
Let En be the Cuntz-Toeplitz algebra with the canonical generators {ti}ni=1. We denote

by qn the surjection qn : En → On sending ti to si for i = 1, 2, . . . , n. Then the kernel Jn of
qn is the ideal generated by pn = 1 −∑n

i=1 ti t
∗
i , and is isomorphic to the compact operators

K . We denote by in : Jn→ En the inclusion map. Since On is nuclear, the exact sequence

(8.1) 0 −−−−→ Jn
in−−−−→ En qn−−−−→ On −−−−→ 0 ,

is semisplit, that is, there exists a unital completely positive lifting ln : On → En of qn. We
denote by α̃ the quasi-free action of G on En that is a lift of α. By replacing ln with lGn given
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by

lGn (x) =
∫
G

α̃g ◦ ln ◦ αg−1(x)dg , x ∈ On ,

we see that (8.1) is a semisplit exact sequence ofG-C∗-algebras. Thus it induces the following
6-term exact sequence of KKG-groups (see [1, p. 208]):

KK0
G(Jn, B)

i∗n←−−−− KK0
G(En, B)

q∗n←−−−− KK0
G(On, B)

δ

⏐⏐
 �⏐⏐δ
KK1

G(On, B) −−−−→
q∗n

KK1
G(En, B) −−−−→

i∗n
KK1

G(Jn, B)

.

Let Hn be the n-dimensional Hilbert space Cn with the canonical orthonormal basis
{ei}ni=1. We regardHn as a C-C bimodule with a G-action given by πα . We denote by Fn the
full Fock space

Fn =
∞⊕
m=0

H⊗mn ,

with a unitary representation πFn of G coming from πα. Identifying ti with the creation op-
erator of ei acting on Fn, we regard En as a C∗-subalgebra of B(Fn). With this identification,
we have Jn = K(Fn), and pn is the projection onto H⊗0

n . We regard Fn as Jn-C bimod-
ule, which gives the KKG-equivalence of Jn and C. Pimsner’s arguments [16, Theorem 4.4,
Theorem 4.9] yield the following 6-term exact sequence:

KK0
G(C, B)

1−[Hn]⊗̂←−−−−− KK0
G(C, B) ←−−−− KK0

G(On, B)

δ′
⏐⏐
 �⏐⏐δ′

KK1
G(On, B) −−−−→ KK1

G(C, B) −−−−−→
1−[Hn]⊗̂

KK1
G(C, B)

,

where [Hn]⊗̂ denotes the left multiplication of the class [Hn] ∈ KKG(C,C). Note that
the identification of KK∗G(Jn, B) and KK∗G(C, B) is given by [Fn] ∈ KKG(Jn,C), and so
δ′ = δ ◦ (Fn⊗̂).

With the Green-Julg isomorphism h∗ : KK∗G(C, B) → K∗(B �β G) ([1, Theorem
11.7.1]), we have the commutative diagram

KK∗G(C, B)
[Hn]⊗̂−−−−→ KK∗G(C, B)

h∗
⏐⏐
 ⏐⏐
h∗

K∗(B �β G)
K∗(β̂πα )−−−−−→ K∗(B �β G)

,
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and so we get the following 6-term exact sequence

K0(B �β G)
1−K0(β̂πα )←−−−−−− K0(B �β G) ←−−−− KK0

G(On, B)

δ′′
⏐⏐
 �⏐⏐δ′′

KK1
G(On, B) −−−−→ K1(B �β G) −−−−−−→

1−K1(β̂πα )

K1(B �β G)

,

with δ′′ = δ ◦ ([Fn]⊗̂) ◦ h−1∗ . Now the proof of the equivalence of (4) and (5) in Theorem 3.1
follows from the next theorem.

THEOREM 8.1. With the above notation, we have

δ′′(K1(jβ)([uψ,ϕ])) = KKG(ψ) −KKG(ϕ) .
The proof of Theorem 8.1 follows from a standard and rather tedious computation below.

In what follows, we freely use the notation in Blackadar’s book [1] forKK-theory. We regard
C1, C = C0[0, 1), and S = C0(0, 1) as G-C∗-algebras with trivial G-actions.

[1, Theorem 19.5.7] shows that δ′ is given by the left multiplication of the class δqn of the
extension (8.1) in KK1

G(On,C) = KKG(On,C1), whose Kasparov module (E1, φ1, F1) ∈
EG(On,C1) is given as follows. By the Stinespring dilation of the G-equivariant lifting lGn :
On → En ⊂ B(Fn), we get a Hilbert spaceH including Fn, with a unitary representation πH
of G extending πFn , satisfying the following condition: there is a unital G-homomorphism
Φ : On → B(H) such that if P is the projection from H onto Fn, then lGn (x) = PΦ(x)P
for any x ∈ On. Now we have

(E1, φ1, F1) = (H ⊗̂C1,Φ⊗̂1, (2P − 1)⊗̂ε) ,
where ε = 1⊕−1 is the generator of C1 ∼= C∗(Z2).

Let z(t) = e2πit , and let θ be the element in HomG(S,B) determined by θ(z − 1) =
uψ,ϕ − 1. Then h−1

1 ◦K1(jβ)([uψ,ϕ]) is given by

KKG(θ) ∈ KKG(S,B) ∼= KKG(C1, B) .

In order to compute the Kasparov product of δqn ∈ KKG(On,C1) and KKG(θ) ∈
KKG(S,B), we need to identify KKG(S,B) with KKG(C1, B) explicitly, and we need the
invertible element x ∈ KKG(C1, S) defined in [1, Section 19.2]. By the extension

0 −−−−→ S −−−−→ C −−−−→ C −−−−→ 0 ,

we get an invertible element in KKG(C, S⊗̂C1). Then x is the image of this element by the
isomorphism

τC1 : KKG(C, S⊗̂C1)→ KKG(C⊗̂C1, S⊗̂C1⊗̂C1)

=KKG(C1, S⊗̂M2(C)) = KKG(C1, S) .

For the identification of C1⊗̂C1 and M2(C) with standard even grading, we follow the
convention in the proof of [1, Theorem 18.10.12] (our computation really depends on it). A
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direct computation shows that x is given by the Kasparov module (E2, φ2, F2) ∈ EG(C1, S)

with E2 = C2⊗̂(S ⊕ S),
F2 =

(
0 1
1 0

)
⊗
(

1 0
0 −1

)
,

φ2(1) =
(

1 0
0 1

)
⊗Q, φ2(ε) =

(
0 −i
i 0

)
⊗Q,

where the projectionQ ∈ M2(M(S)) is given by

Q(t) =
(

1− t √
t (1− t)√

t (1− t) t

)
,

and the grading of E2 is given by(
1 0
0 −1

)
⊗
(

1 0
0 1

)
.

With this x, we have

δ′′(K1(jβ)([uψ,ϕ])) = δqn⊗̂C1x⊗̂SKKG(θ) = θ∗(δqn⊗̂C1x) ,

and so our task now is to compute δqn⊗̂C1x explicitly.

LEMMA 8.2. The class δqn⊗̂C1x ∈ KKG(On, S) is given by the quasi-homomorphism
ρ = (ρ(0), ρ(1)) from On to S such that ρ(0) and ρ(1) are unital homomorphisms from On to
B(H ⊗̂S) with ρ(0)(x) = Φ(x)⊗̂1 and

ρ(1)(x) = (P ⊗̂1+ (1− P)⊗̂z)(Φ(x)⊗̂1)
(
P ⊗̂1+ (1− P)⊗̂z)∗ .

PROOF. We regard H ⊗̂S as an On-S bimodule with trivial grading, and we set E =
(H ⊗̂S) ⊕ (H ⊗̂S)op. We denote by Ψ : S → Q(S ⊕ S) a Hilbert S-module isomorphism
given by

Ψ (f )(t) = (√1− tf (t),√tf (t)) .
Then E1⊗̂C1E2 is identified with E via the identification of (ξ1⊗̂f1, ξ2⊗̂f2) ∈ E and

ξ1⊗̂1⊗̂C1(1, 0)⊗̂Ψ (f1)+ ξ2⊗̂1⊗̂C1(0, 1)⊗̂Ψ (f2) ∈ H ⊗̂C1⊗̂C1C
2⊗̂(S ⊕ S) .

We claim that δqn⊗̂C1x is given by the Kasparov module (E, φ, F ) ∈ EG(On, S) with

φ(x) = diag(Φ(x)⊗ 1,Φ(x)⊗ 1) ,

F =
(

0 1⊗̂c
1⊗̂c 0

)
+
(

0 −i(2P − 1)⊗̂s
i(2P − 1)⊗̂s 0

)
,

where c(t) = cos(πt), s(t) = sin(πt). Indeed, it is easy to show that (E, φ, F ) is a Kas-
parov module, and the graded commutator [F1⊗̂1E2, F ] is positive. We show that F is a
F2-connection (see [1, Definition 18.3.1] for the definition). Let ξ ∈ H , x = (x1, x2) ∈ C2,
and f = (f1, f2) ∈ S ⊕ S. Then we have

Tξ⊗̂1(x⊗̂f ) = (x1ξ⊗̂(
√

1− tf1 +
√
tf2), x2ξ⊗̂(

√
1− tf1 +

√
tf2)) ∈ E ,

Tξ⊗̂ε(x⊗̂f ) = (−ix2ξ⊗̂(
√

1− tf1 +
√
tf2), ix1ξ⊗̂(

√
1− tf1 +

√
tf2)) ∈ E .
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A direct computation shows that Tξ⊗̂1 ◦ F2 − F ◦ Tξ⊗̂1 and Tξ⊗̂ε ◦ F2 + F ◦ Tξ⊗̂ε are in
K(E2, E). Since F2 and F are self-adjoint, we see that F is an F2-connection. Therefore
(E, φ, F ) gives the Kasparov product δqn⊗̂C1x.

Note that F satisfies F = F ∗, F 2 = 1. Let

U =
(

1⊗ 1 0
0 1⊗̂c + i(2P − 1)⊗̂s

)
,

which is a unitary in B(E). Then we have

U∗FU =
(

0 1⊗ 1
1⊗ 1 0

)
,

U∗φ(x)U =
(
ρ(0)(x) 0

0 ρ(1)(x)

)
,

which finish the proof. �

To continue the proof, we need more detailed information on the homomorphismΦ.

LEMMA 8.3. Let the notation be as above.
(1) We can choose Φ so that it has the following form with respect to the orthogonal

decompositionH = Fn ⊕ F⊥n :

Φ(si) =
(
ti ri

0 vi

)
.

(2) For Φ as in (1), the quasi-homomorphism ρ = (ρ(0), ρ(1)) in Lemma 8.2 is ex-
pressed as

ρ(0)(si) =
(
ti⊗̂1 ri⊗̂1

0 vi⊗̂1

)
, ρ(1)(si) =

(
ti⊗̂1 ri⊗̂z∗

0 vi⊗̂1

)
.

In particular, we have
n∑
i=1

ρ(1)(si )ρ
(0)(si)

∗ = (1H − pn)⊗̂1+ pn⊗̂z∗ .

PROOF. (1) We first construct lGn : On → En explicitly. Ignoring the G-actions, we
can find a representationΦ ′ of On on Fn ⊕ Fn of the form

Φ ′(s1) =
(
t1 pn

0 w1

)
,

Φ ′(si ) =
(
ti 0
0 wi

)
, 2 ≤ i ≤ n .

Using Φ ′, we define ln by(
ln(x) 0

0 0

)
=
(

1 0
0 0

)
Φ ′(x)

(
1 0
0 0

)
,
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and lGn by lGn (x) =
∫
G
α̃g−1 ◦ ln ◦ αg (x)dg . We have lGn (si) = ti for all 1 ≤ i ≤ n by

construction.
We show that the Stinespring dilation (Φ,H) of this lGn has the desired property. Recall

thatH is the closure of the algebraic tensor product On�Fn with respect to the inner product

〈x � ξ, y � η〉 = 〈lGn (y∗x)ξ, η〉 ,
and Φ is given by the left multiplication of On. The space Fn is identified with 1 � Fn, and
the unitary representation πH is given by πH(g)(x� ξ) = αg (x)�πFn (g)ξ . To show thatΦ
has the desired property, it suffices to show ‖si � ξ − 1� tiξ‖ = 0 for all ξ ∈ Fn. Indeed,

‖si � ξ − 1� ti ξ‖2
= 〈lGn (s∗i si)ξ, ξ 〉 − 〈lGn (si )ξ, tiξ〉 − 〈lGn (s∗i )tiξ, ξ 〉 + 〈ti ξ, tiξ〉 = 0 ,

and we get the statement.
(2) The first statement follows from (1) and Lemma 8.2. The Cuntz algebra relation

implies

pnri = ri , r∗j ri + v∗j vi = δi,j ,
n∑
i=1

rir
∗
i = pn,

n∑
i=1

riv
∗
i = 0 ,

n∑
i=1

viv
∗
i = 1 .

These relations and the first statement imply the second statement. �

PROOF OF THEOREM 8.1. Thanks to the previous lemma, we may assume that the class
θ∗(δqn⊗̂C1x) ∈ KKG(On, B) is given by a quasi-homomorphism σ = (σ (0), σ (1)) from On

to B of the form

σ (0)(si ) =
(
ti⊗̂1 ri⊗̂1

0 vi⊗̂1

)
, σ (1)(si ) =

(
ti⊗̂1 ri⊗̂u∗ψ,ϕ

0 vi⊗̂1

)
,

and they satisfy
n∑
i=1

σ (1)(si )σ
(0)(si)

∗ = (1H − pn)⊗̂1+ pn⊗̂u∗ψ,ϕ .

We set σ̃ (0) = σ (0) ⊕ ϕ, σ̃ (1) = σ (1) ⊕ψ , which are unital homomorphisms from On to
B((H ⊕ C)⊗̂B). Then σ̃ = (σ̃ (0), σ̃ (1)) is a quasi-homomorphism with

n∑
i=1

σ̃ (1)(si )σ̃
(0)(si )

∗ = ((1H − pn)⊗̂1+ pn⊗̂u∗ψ,ϕ
)⊕ (1C⊗̂uψ,ϕ) ,

which is denoted by u. Then we can construct a norm continuous path {ut }t∈[0,1] of unitaries

in C1+K(H ⊕ C)G ⊗ BG satisfying u(0) = u and u(1) = 1. Let σ̃ (0)t = σ̃ (0), and let σ̃ (1)t

be the homomorphism from On to B((H ⊕ C)⊗̂B) determined by σ̃ (1)t (si) = u(t)σ̃ (0)t (si ).
Then σ̃t = (σ̃ (0)t , σ̃

(1)
t ) gives a homotopy of quasi-homomorphisms connecting σ̃ and σ̃1 =

(σ̃ (0), σ̃ (0)). This shows [σ̃ ] = 0 in KKG(On, B), and so θ∗(δqn⊗̂C1x) = KKG(ψ) −
KKG(ϕ). �
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REMARK 8.4. The above argument shows that there exists a short exact sequence

0→ Coker(1−K1−∗(β̂πα ))→ KK∗G(On, B)→ Ker(1−K∗(β̂πα ))→ 0 .

REMARK 8.5. From (8.1), we obtain the 6-term exact sequence (see [16, Theorem
4.9]),

KK0
G(B,C)

1−⊗̂[Hn]−−−−−→ KK0
G(B,C) −−−−→ KK0

G(B,On)�⏐⏐ ⏐⏐

KK1

G(B,On) ←−−−− KK1
G(B,C)

1−⊗̂[Hn]←−−−−− KK1
G(B,C)

.

In particular, we have the following exact sequence by setting B = C:

0 −−−−→ K1(On �α G) −−−−→
KG

0 (C)
1−⊗̂[Hn]−−−−−→ KG

0 (C) −−−−→ K0(On �α G) −−−−→ 0
.

Let ια : C∗(G)→ On �α G be the embedding map, let (π,Hπ) be an irreducible represen-
tation of G, and let

e(π)ij = dimπ
∫
G

π(g)ij λgdg ∈ C∗(G) .
Then the canonical isomorphism fromKG

0 (C) ontoK0(C
∗(G)) sends the class of (π,Hπ) in

KG
0 (C) to [e(π)11] ∈ K0(C

∗(G)). Thus we have the exact sequence

0 −−−−→ K1(On �α G) −−−−→ ZĜ
1−[πα ]−−−−→ ZĜ −−−−→ K0(On �α G) −−−−→ 0 ,

where [π] ∈ ZĜ is sent to K0(ια)([e(π)11]) ∈ K0(On � G). With the identification of
K∗(On �α G) and K∗(OG

n ), this recovers the formula of K∗(OG
n ) obtained in [11], [14].
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