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CARLESON INEQUALITIES ON PARABOLIC BERGMAN SPACES
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Abstract. We study Carleson inequalities on parabolic Bergman spaces on the upper
half space of the Euclidean space. We say that a positive Borel measure satisfies a (p, q)-
Carleson inequality if the Carleson inclusion mapping is bounded, that is, g-th order parabolic
Bergman space is embedded in p-th order Lebesgue space with respect to the measure under
considering. In a recent paper [6], we estimated the operator norm of the Carleson inclusion
mapping for the case g is greater than or equal to p. In this paper we deal with the opposite
case. When p is greater than g, then a measure satisfies a (p, g)-Carleson inequality if and
only if its averaging function is o-th integrable, where o is the exponent conjugate to p/q. An
application to Toeplitz operators is also included.

1. Introduction. Let H be the upper half space of the (n 4 1)-dimensional Euclidean
space R"*! (n > 1), thatis, H = {X = (x,1); x € R", t > 0}. For0 < a < 1, let L® be
a parabolic operator

a
L(a) = 5 + (_Ax)a s

where A, = E)z/é)xl2 R az/axg is the Laplacian on the x-space R". We say that
a continuous function u on H is L®-harmonic if u satisfies L@ = 0 in the sense of
distributions (For the precise definition of L@ _harmonic functions, see [4,82]). Forl < p <
00, the a-parabolic Bergman space b2 is the set of all L@ _harmonic functions on H with
llullLr(vy < oo, where V is the Lebesgue volume measure on H and || - || »(v) is the usual L?
norm. The a-parabolic Bergman space is a Banach space, and it was shown that 1 /2-parabolic
Bergman spaces bf 12 coincide with usual harmonic Bergman spaces ([4, Corollary 4.4] and
(5, §3D.

We have an interest in analysis of parabolic Bergman spaces. In this paper we discuss
Carleson inequalities on them. Let 1 < p,q < oo and pu be a positive Borel measure on
H. We say that u satisfies the (p, g)-Carleson inequality if a mapping ¢, .4 : b5 — L9(w)
defined by ¢, p qu = u is bounded, that is, there exists a constant C > 0 such that

1/q 1/p
(/ Iulqdu) sc(/ |u|PdV>
H H
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holds for all u € b%. We call this mapping ¢, ; a Carleson inclusion.

In our paper [6], we studied the case 1| < p < g < oo and gave a necessary and
sufficient condition for u to satisfy the (p, g)-Carleson inequality. Here we recall it. For
X = (x,1) € H, an a-parabolic Carleson box Q) (X) = Q@ (x, 1) is defined by

1,1/2a

0 x,1) == 1{(z1,...,zn,7) € Hyt <7 <2t,|xj — 2j| <27 ,j=1,...,n}.

Clearly, V(QW (x,1)) ="+ Fora positive Borel measure ¢« on H and a real number A,
we define a weighted averaging function Q; i of u by

(@@ (X))

Onu(X) = T aariia X=((x,t)e H.

Our previous result is the following ([6, Theorem 1 and Remark 5]).

THEOREM A. Letl < p <qg <ooandputi:= (n/2a+1)(q/p — 1). Suppose that
W is a positive Borel measure on H. Then there exists a constant C > 0 independent of u such
that the inequalities

1A 1 -~ 1
C Ol < Nepgll < ClOlIN

hold, where ||t p 4|l denotes the operator norm of 1, p.q : b5 — L(n). Consequently, u
satisfies the (p, q)-Carleson inequality with 1 < p < q < oo if and only if the function Q) u
is bounded.

Carleson inequalities on analytic or harmonic Bergman spaces were well investigated.
The local submean inequality for analytic or harmonic functions is very useful for studying
them. However, such a submean inequality is not available for our case. To overcome this
difficulty, we used a Whitney type decomposition of the upper half space in the proof of
Theorem A. In this paper we deal with the case ¢ < p. Although the above argument is
unsuitable for this case, an idea of Luecking [3] is effective (see also [2]). In his theory,
interpolating sequences play an important role. By the aide of a b%-interpolating theorem
proved in [8], we have the following theorem. This is the main result of this paper (actually
we will give a more general result in Theorem 5.3 below).

THEOREM 1.1. Letl <q < p <oocand1/o + 1/(p/q) = 1. Suppose that i is a
positive Borel measure on H. Then there exists a constant C > 0 independent of v such that
the inequalities

1A 1 -~ 1
(11) C 1”Q0,U«||L/rrq(v) < ”L,U.,p,q” =< C||Q0/*L||L/aq(v)

hold. Consequently, u satisfies the (p, q)-Carleson inequality with 1 < g < p < oo if and
only if the function Qo is in L° (V).

Note that, unlike in the case p < g, every bounded Carleson inclusion is compact when
g < p. We discuss this fact in Theorem 5.4 below.

We display the plan of this paper. In Section 2, we describe some basic results on the
fundamental solution of our parabolic operator. Since there need some results concerning bf -
interpolating sequences, we list them here, too. In Section 3, we give a Lipschitz type estimate
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of the reproducing kernel (the Bergman kernel) of b2. This estimate brings a certain uniform
continuity for functions in b%. In Section 4, we give a lower estimate of the operator norm of
Carleson inclusions by using some auxiliary functions. In Section 5, after discussing a relation
between weighted averaging functions and our auxiliary functions, we complete the proof of
the inequalities in the main result. Compactness of Carleson inclusions is also mentioned. In
Section 6, we discuss a Toeplitz operator on parabolic Bergman spaces. Since there is a close
relation between Carleson inclusions and the Toeplitz operators, our main result enables us to
show the boundedness and compactness of Toeplitz operators.

Throughout this paper, C will denote a positive constant whose value is not necessary
the same at each occurrence; it may vary even within a line.

2. Preliminaries. For x € R", let

1 20
exp(—t +ix-£)dE t>0
0 t <0,
where x - £ denotes the inner product on R" and |£| = (€ - £)1/2. The function W@ is the
fundamental solution of L®) and it is L*)-harmonic on H. Lety = (y1,..., ¥s) € N bea
multi-index and k € N, where No = N U {0}. We use the notation
glyI+k
Yok . a¥t | aYnak _
O 0 =00 0O = axI" - axrark
where |y| := y1 + - - - + y». The following estimate is [6, Lemma 1]: There exists a constant
C=C,a,y,k) > 0such that
C

(2.2) 187 ok w

@ (x, 1) < 0 e[ Dtk

for all (x,#) € H. The a-parabolic Bergman kernel R, (X, Y) = Ry(x, t; y, s) is given by
Ro(x,1;y,8) = =20WDx —y, t4+5) = =20WOx—y,1+5),

and it has the following reproducing property ([4, Theorem 6.3]): Forany 1 < p < oo,

(2.3) u(X) =/ u(Y)Ry(X,Y)dV(Y)
H

forall X € H and u € b?. We also use a kernel RUK(X,Y) = RU¥(x, 1 y, s) defined by
Rg’k(x, £y, s) = cks‘y‘/zo""kafatha(x, £ y,s) = (—1)‘y‘ckslyl/2“+k8;/8fRa(x, £ y,s),
where ¢x = (—2)F/k!. Note that Ry (X, ¥) = R (Y, X), while RL* (X, Y) # RL* (Y, X) in

general.
We use the following lemma frequently in our later arguments.

LEMMA 2.1 ([6, Lemma 5]). Let6,n € R. If0O <146 < n—n/2a«, then there exists

a constant C > 0 such that

0
/ ! dV(.x, t) — CSG*TH“Vl/zOH“l
(s + | =y
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forall (y,s) € H.

Now we define an «-parabolic cylinder, which is used for the definition of separated
sequences. For X = (x,t) € H and 0 < 5 < 1, an a-parabolic cylinder S,(,“)(X) = S,(f‘)(x, 1)
is defined by

1/20
2 1-— 1
SO, t):={(zr)eH;|x—z| < e/ ,—nt<r<—+nt .
1 1—n? 147 1—n

Clearly lim, 1 S\)(X) = H and V(S\*)(x, 1)) = 2B,(2n(1 — n?)~'py/2e+l = cyn/20t1,
where B, is the volume of the unit ball in R".

In order to study Carleson inequalities for | < ¢ < p < oo, we need some lemmas
concerning b -interpolating sequences. We begin with recalling the definition of separated
sequences and interpolating sequences (for details, see [8]). Let0 < n < 1 and X = {X;} =
{(xi, t;)} be a sequence in H. Then, we say that {X;} is n-separated in the «-parabolic sense
if a-parabolic cylinders S,(,O‘)(X i) are pairwise disjoint. Let 1 < p < oo. For given y € N7,
k € No and u € b%, we denote a sequence of real numbers T 11/ *u defined by

(2.4) Ty = T gu = {2 G Y gk (X))

and we say that {X;} is a b%-interpolating sequence of order (y, k) if T;”k b — 0P s
bounded and onto. The following lemma is our b -interpolating theorem.

LEMMA 2.2 ([8, Theorem 2]). Letl < p < o0, y € Ng, and k € Nq. Then there
exists a constant O < no < 1 with the following property: If {X;} is n-separated in the o-
parabolic sense with n > 1o, then {X;} is a bY-interpolating sequence of order (y, k).

REMARK 2.3. Let ng be the constant chosen in Lemma 2.2. Then, by the open map-
ping theorem and the proof of [8, Theorem 4.4], there exists a constant M =M (n,a, p,y,k,no)
> 0 with the following property: For every n-separated sequence {X;} with n > no and
for each sequence {c;} of real numbers with }_ |¢;|” < 1, there exists u € bL such that
ci = 1"V ki () and flul Lo vy < M.

We also need the following result.

LEMMA 2.4 ([8, Corollary 2]). Ifa sequence X is e-separated in the a-parabolic sense
for some 0 < ¢ < 1, then for any 0 < n < 1, X consists of a finite union of n-separated
sequences in the a-parabolic sense.

3. Lipschitz type estimates of parabolic Bergman kernels. We begin with the fol-
lowing elementary estimates.

LEMMA 3.1. Let0O <o < land X > 1. Suppose 0 < § < 1/3. Then, there exists a
constant C = C(a, L) > 0 independent of § with the following properties:
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(1) Foreverya > O0andr,t > O0with(1—=8)(1+8) "'t <r <1481 -8t we

have
3
3.1 <
G- ‘/(r+a)”1 ‘_ (t+a)’
(2) Foreverya>0,S>0and&, T > 0withé < (28(1 —8%)~H1/22T  we have

(32) fl : v <c— "
. T _

o T+S+la=ED = " (T+S+a)

PROOF. (1) We may assume ¢ > r. Then, since t —r < 2§t and ¢t +a < 2(r + a),
we have

/ t—r Cst Cs
dt| < < < .
y T+ T o) T g+ oM T+ a)t
(2) Since0 < 8 < 1/3and &€ < (28(1 — 8%)~H1/22T we have & < (3/2)!/@s!/22T
and
T+S+la—¢t|>T+S+a—&>{l—@/H*NT +S+a)
forevery 0 < t < 1. Hence

/1 %- C81/205T C81/20t
0

dt < < . O
T+Stla—tp 1 =T +StapH —~ (T+S+a)

Now we can state Lipschitz type estimates of parabolic Bergman kernels. In the sequel,
we use the following notation frequently:

@(8) =84 8'/%,

PROPOSITION 3.2. Let y € Njand k € No. Then there exists a constant C =
C(n,a,k,y) > 0 such that for all (x, 1), (y,s) € H, (z,r) € S (x,1),and 0 < § < 1/3,

. ' s|y|/2a+k
(3.3)  |IRD(x,t;y,8) — Ry (z, 13 y,8)| < Cp(d)

t+s+|x— y|2a)(n+|y|)/2a+k+l

and
§lv1/20+k

v.k . _ pYik .
B4 IRy (x,15y,8) — Ry (z,r; y,8)| < Cp(d) (r 45+ |z — y[2e) (rHly D2kt T *

PROOF. To prove (3.3), it suffices to show the following inequalities:

s|y|/2a+k

v.k . _ pv.k .
G35 IRE Gty = RPNy )| < Cd e

and

k k 1/2 shvi/2ek
(3.6)  |IRVK(x,r;y,8) = RV (z, sy, )| < €81/

t+s+|x— y|2a)(n+\y\)/2a+k+1 '
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By the fundamental theorem of calculus and (2.2), we have
t
|R2;’k(x, £ y,s) — R};’k(x, r;y,s)| = ‘ — 2cksh"/2°‘+k/ 8}5/8!,‘+2W(°‘)(x — vy, T +s)dt
r

< Cs\y\/ZoH-k

t
/ 187 052w @ (x — y, T + 5)|dT
.

13 1 d
(Tt s+ |x — y [Py D kA2 t

< Cs\y\/ZoH—k

Since (z,r) € Sa(a)(x, 1), (3.5) follows from (3.1) in Lemma 3.1. Also, since
RV*(z,rsy, ) — RVK(x, iy, s)
= —2cys!VI/2atk /Ol(z —x) - Vol WO (r(z — x) — (y — x). r + 9))dT,
we have
IRy (zrsy,s) = Ry e ry y,9)]

1
< Cs‘y‘/z‘“"f 12— x| - V507 W (2 (2 = x) = (v = ), + )ld
0

1
Iy 1/ 20k |z — x|
= ./0 s+ [t —n) — (y - )P T

< Cs\y\/ZoH-k

1
|z — x|
X dt
./0 (U =&)(A+8) )12 4 512 4]z — x| — |y — x| 2D
< oty [+ D)/ 2e+k+1 o |y |/2a+k

! |z — x|
X dr.
_/0 (120 4 51720 47|z — x| — |y — x||)nHIvIHI+20G+D)
Hence, (3.2) in Lemma 3.1 implies

slv1/20+k

YKz rey.s) — RVK(x. - 1/2a
|Ry" (2, 73y, 8) = RW(x,rs y, )] = €8 (11720 §172a |y — x[ynly 2D

s|y|/2a+k

1/2¢
= (t + 5+ |y — x|22)(tlyD/20+k+1

To prove (3.4), we remark that » < 27 and |y — z| < |y — x| + (3/4)1/2¢¢1/2% whenever
(z,r) € Sga)(x, t), and hence

rAs 4y =z <2045+ 22y — x[** + G/} <50 +s+ |y —x|*).

The inequality (3.4) follows from (3.3) immediately. O
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Let 1 be a positive Borel measure on H and X be a real number. We define an auxiliary
function S5, u on H by

(S (X))

3.7 Ssam(X) = a1

X=(x,t)eH.

We note that anou(X ) is a constant multiple of the average of u on a cylinder S(ga)(X ). The
following theorem shows a certain kind of uniform continuity for derivatives of u in b2, which
is useful in Section 4.

THEOREM 3.3. Letl <qg < p<oo,1/o+1/(p/q) =1,y € N}, k € No, and put
A := (|ly1/2a + k) q. Suppose that 1 is a positive Borel measure on H and ¢(8) := 8§ +8/%*.
Then, for 0 < n < 1, there exists a constant L = L(n, «, q, p, v, k, n) > 0 independent of u,
8, and | such that if {X;} = {(xi, t;)} is n-separated in the a-parabolic sense, then

Z/s«wm |07 9 u(X;) — 8 0fu(Z)|7du(Z)
i s i

1/o
<. 200+1
< qu(8>‘f||u||i,,(v)(Zsa,wx,-)at;’/ art )
i

Sforallu € bY and 0 < § < min{n, 1/3}.
PROOF. Let 0 < é < min{n, 1/3} and {X;} = {(x;,#)} be n-separated in the «-
parabolic sense. Then, for any Z € S(ga)(X,-) and u € b, by (2.3) and (3.3), we have

oY 9f u(X;) — Y ofu(Z)| < / |u(¥)| - [8Y 0f Ro(Xi, ¥) — 01 9 Ro(Z, Y)|dV (Y)
H

< Co(8) / lu(YV)bL (X, V)V (Y),
H

where
1

v,k . -
ba (Xl’ Y) T (ti L5+ |xi _ y|2a)(n+|y|)/2a+k+l .

Let p’ be the exponent conjugate to p. Then the Holder inequality and Lemma 2.1 show
|0 ofu(X;) — 3 ofu(2)|
< Cp() f u(¥)Is'/PP PP Bk (X, Y)d v (Y)
! 1/p'

1/p
§C¢(8)< / |u(Y>|Ps”P’bz”‘(xi,Y)dvm) ( / s”sz”‘(Xi,Y)dvm)
H H

, , 1/p
< Co (&) WIretkslim/p (/ lu(¥)|Ps"P b1k (X, Y)dV(Y)) .
H
Since 1/0 + 1/(p/q) = 1, the Holder inequality again yields

> fswm 107 0fu(X;) — 8} ofu(2)|?du(2)
i s i
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)y yy — (7172041 p)a /) / a
< Co8)1 ) p(Sy? (X WPl palr (/ u(¥)|Ps''? bg*k(xi,Y)dvm)
P H
Pat+1g ly1/20+k=1/p’ ' "
=Cp(®)1 Y 1™ Ss,AM(Xi)<t,-V ? / u(Y)|Ps'/P bg*k(x,-,Y)dvm)
- H
l
. 1/o
< C¢(5)q<ZSa,AM(Xi)”t,-n/ “r )
i

, ) q/p
X(Zti(n+|)/|)/2a+k+l—1/[7 / |M(Y)|ps1/p bg’k(Xi, Y)dV(Y)> )
- H
1

Hence it suffices to show that there exists a constant C > 0 such that

Zti(n‘Hy‘)/2a+k+1_1/[/bg{/,k(xi’ Y) < Cs—l/P/

l
forall Y = (y,5) € H. If X = (x,1) € S (X), then

ts+lx—y® <t+s+{lx— x|+ -y
1/2a 20
1+ 2
—nli+s+{<—n2li> +|xi—y|}
n I—n

12
m(h’ + 5+ 1x — y1*),

IA

IA

so that, by Lemma 2.1, we have

HyD/2e+k+1-1/p'
Zti(n ly)/2e /p bg’k(Xia Y)

1

, o) n/2a+14 —1
= Y gD ek Y)V(S,s‘”(xi)){an(—l _"nzn) }

i
t.\y\/2a+k—1/p’

_ 1
=Gy Z,: (ti +5+ |x; — y|2a)(n+|1/|)/2a+k+l /géa)(xi)dV(X)

-c Z v/ 20+k—1/p'
=0y : s (+ s+ |x — y|22) ety D/20+k+1

v1/2a+k=1/p'
=G /H (t+s+x— y|2a)(n+\y\)/2a+k+1dV(X)

’
S C?’]Sil/p ’

dv(X)

as required. O

4. The lower estimate of the operator norm of Carleson inclusions. Let1 < p <
00, 1 < ¢ < oo and u be a positive Borel measure on H. For y € Njj, k € No, and u € b},
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we denote L,’ijl;,,qu the function on H defined by
0k () = 0 9ku(X), X eH.

We call L,}:’,l;,q a generalized Carleson inclusion mapping. When (y, k) = (0, 0), we vzrite
lu,pg = 12’2,,,1. In this section, we give the lower estimate of the operator norm |[|¢};’ gl
using an auxiliary function TS’\(;,;L/L defined in (3.7). We remark here that if ||LZ”];’,1 | < o0o,ie.,
if there exists a constant C > 0 such that

1/q 1/p
4.1 (f |8}/8tku|qdu) < c(f |u|”dV)
H H

holds for all u € b, then y is a Radon measure (i.e., finite on each compact subset of H). In
fact, by (2.2) and Lemma 2.1, the inequality (4.1) for the function u( - ) = Y Ry(X, ) € b’
implies

/ 192 8 Ro (X, Y)[9dpu(¥) < €=ty D/ 2t Dan/ 2t D/ p
H

for all X = (x,7) € H. Hence [10, Corollary 1] implies w(Q@ (X)) < ooforall X € H.
Since every compact set is covered by a finite union of 0@ (X)’s, u is a Radon measure.

Given a sequence {t;} of nonnegative numbers and 1 < p < oo, we consider the
weighted sequence space

th({n)) = {{si} DY jE P < oo}.

We begin with showing the following two lemmas.

LEMMA 4.1. Letl <qg <p <oo,1/o+1/(p/q) =1,y € Nj, k € Ny, and put
A= (ly|/2a + k) q. Suppose that j is a positive Radon measure on H and ny is the constant
chosen in Lemma 2.2. Then, for an n-separated sequence X = {X;} = {(x;, t;)} with n > no,
0 <& < 1, and a compact set K C H, there exists u = ux s x € bl such that

1/o
(Z Sa,m(xn“t;’/z"‘“) < > 10% afu X i (S5 (X))
i i

and |lullprvy < M, where dug = xxdp, xg is the characteristic function of K and
M =M, «a, p,y,k,no) is a constant chosen in Remark 2.3.

PROOF. Since {X;} is n-separated in the wa-parabolic sense and K is compact,
{Ss,x 1tk (X;)}i is a finite sequence, so that {Ss ) uk (X;)}; € €5 ({t;}). By the Hahn-Banach
theorem, there exists {&;} € £2/9({#;}) such that

q/p
(42) (Z 6117798} 2"‘“) =1
i
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and
1
S o n/2a+1 /o o n/2a+1
4.3) > Ssank (X)°] =D & Ssomx (X
i i
Since

2a+1 2a+1
L=l lP P = Y g Ve
i i

by Remark 2.3, there exists u € b% such that |[u]|prv) < M and
|§i|1/qti(n/2a+1)/p _ ti(n/2a+1)/p+lyl/2a+ka)1c/atku(Xi) 7

so that |&|1/4 = tl.‘y‘/zaJrkaatku(X,-). Hence, by (4.3), we obtain
i)’ 2a+1
(Z So.uk (Xp)7 12t ) =& Sk (Xpr!
i i

< Y 1] Ssanx X2 =3 0) ofu(xi) 9k (S5 (X0)) D
i i

1

LEMMA 4.2. Letl <o < 00,0 <§ < 1,and X be a real number. Suppose that i is a
positive Borel measure on H. Then there exist a positive integer m = m(«, §) and a constant
C =n,a,0,8, A, m) > 0 with the following property: If a sequence {X ;} = {(xj,t;)} C H
satisfies the condition H = | J ; S(g?r)n (X), then

Si 3, 2a+1
/ Ss/man(X)?dV(X) < C E Sé,AM(Xj)“t;?/ atl
H .
J
PROOF. For fixed 0 < § < 1, take an integer m sufficiently large such that

1+8/m\> 1+8
<
1—38/m 1-35

268/m) 1+8/m\"* 28/m) \"* 28\
(1—(8/m>21—8/m) +(1—<5/m>2) <<1—82) '

Then, for each j, we have Sé?r)n (X) C Sga)(X j)for X € S;%(X ;). Hence it follows that

and

/ Ss/man(X07dV(X) =Y / o Syman(X)7dV(X)
H 7 Syym (X))
< < 2a+1
<CY San(XNTVSE (X)) < C Y Syau(x) o> D
J J

We introduce the notion of a §-lattice. Given 0 < § < 1, we say that a sequence {X;} C
H is a §-lattice in the a-parabolic sense if H = Uj Sa(a)(Xj) and {X} is e-separated in the
a-parabolic sense for some 0 < & < 4.
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REMARK 4.3. There is a §-lattice in the a-parabolic sense for every 0 < § < 1.
We will give a concrete example. For each fixed 0 < § < 1, take a real number &; with
0 <ep <6 Putyj = ((1 +ed — 81)’1)2] (j € Z) and let T (8) be an open interval such

that
1—8 1456
T;0) = ——1t;, —1; ).
i@ (1+5’1—5/)

Clearly Uj T;(8) = (0, 00), and T} (&) are pairwise disjoint whenever 0 < ¢ < &1. Now, for
each fixed j € Z, we choose a sequence {x;;}; in R" as follows: Let x; o be the origin in
R". Pick x; 1 in R" with B(x; 1; p/2) N B(x;,0; p/2) = ¥ and which minimizes |x; 1|, where
B(x; p) :={y € R"; |x — y| < p} with p = (28(1 — §?)~'¢;)1/2*. Continuing inductively,
we can pick x;; in R" such that

il = min{ [x] 3 BGx; p/2) N BGjms p/2) = Bor0<m <i—1}.

Then the balls B(x;;; p/2) are pairwise disjoint. Further R" = J; B(x;;; p). In fact, if
there exists x" € R" such that x" ¢ (J; B(x;; p), then B(x'; p/2) N B(x; ;; p/2) = @ for
all i > 0. Hence the choice of x;; implies that |x; ;| < |x’| for all i > 0. However, this is a
contradiction because each B(x;;; p/2) has the same volume. Finally, we take 0 < &, < 6

such that
26, 1/2a B 25 1/2a
1—¢3 S 2\1-¢2

and put g9 := min{eq, €2}. Then H = Ui j Sga)(xj,i, tj) and {(x;;,1;)};; is e-separated in
the a-parabolic sense whenever 0 < ¢ < g.

. . k
We now give a lower estimate of the operator norm ||LZ’ gl

PROPOSITION 4.4, Letl <g<p <oo,1/o+1/(p/q) =1,y € N}, k € No, and
put A := (|y|/2a + k) q. Suppose that (v is a positive Borel measure on H. Then there exist
constants 0 < § < 1 and C > 0 independent of |1 such that

< 1 k
(4.4) ISs.212ll 5y < Cllilpgl -
Consequently, if | satisfies the inequality (4.1), then ’S},A/L € L°(V) for some § > 0.

PROOF. Let 59 be a constant chosen in Lemma 2.2. Also, let M = M (n, o, p, v, k, no)
and L = L(n,«,q, p, ¥, k, no) be constants chosen in Remark 2.3 and Theorem 3.3, respec-
tively. Further we take 0 < 89 < min{ng, 1/3} such that 2l-a _ Lp(80)IM9 > 0, where
@(8) =84 8172, Finally let m = m(«, 8p) be a positive integer chosen in Lemma 4.2.

Now we take any &o/m-lattice {X;} = {(x;,#)} in the «-parabolic sense. Then, by
Lemma 4.2, in order to show the inequality (4.4) for § = §¢/m, it suffices to show

1/o
) 200+1 k
(4.5) (Zsao,m(x,»)“t?/ “r ) < Cllfp.qll?
i
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Moreover, since {X;} is e-separated in the a-parabolic sense for some ¢ < §p/m, by Lemma
2.4, we can decompose {X;} into a finite many, say N, union of ng-separated sequences in
the o-parabolic sense. Let {Y;} be one of them. Since N is independent of u, it is enough to
prove the inequality (4.5) for the sequence ¥ = {Y;} = {(y:, si)}.

Let K be a compact subset of H. Then the boundedness of tﬁil;,,q and Theorem 3.3 imply
that (since {Y;} is no-separated)

. q/p
IILZ’,p,qIIq(/ Iul”dV>
H

> [otsturtan= 3" [ dstuitans
H ~ Js@m

=214 ol a,"um)wK(Sgg)(Yi))—Z/SW) 107 9Fu(Y;) — oY ok u(Z)|"dpr (Z)
i i g i

1

1/o
—_ < 20+1
> 2179 " a) 0fu(Yi) 9k (S (Yi) — Lo o) ull? (Z Sso btk (V)7 s )
j i

1

forall u € bY. In particular, if we take u = uy s, x € b% in Lemma 4.1, the above inequalities
give us

1/o
k — < 200+1
e p g 19 MT = (217 —Lgo(aoﬂMq)(ZSao,m(m”s?/ “*) :
i
so that
1/o )
) 200+1 — — k
(4.6) (ZSaO,WK(Y»“sf/ "‘*) < M4(2"1 = Lo(80)T M) 1 p.qll? -
i

Since the right-hand side of (4.6) is independent of K, increasing K to H, we have the desired
inequality. O

5. The proof of the main result. In this section, we complete the proof of the main
result. It is important to examine the relation between weighted averaging functions @ i and
our auxiliary functions :S:(g, .. For this purpose, we define generalized averaging functions.
Let S be a Borel set in H of finite V-volume. For a positive Radon measure © on H, we
define a generalized averaging function As w of by

1
V(@x(S) Jaoys)
where @y : H — H (X = (x,t) € H) is the a-parabolic similarity defined by

5.1) Agpn(X) = , XeH,

Dx(Z) =tV 7 +x,tr), Z=(zr)eH

(see [9]). Remark that S (X) = @(S\*(0, 1)). Moreover, Qou(X) = Agu(X) and
S5,0u(X) = CsAs,uu(X) for some Cs > 0, where Q := Q@ (0, 1) and S5 := S\ (0, 1),
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respectively. We also use the following function: For 1 < p < o0,y € N 8, k € No, and a
real number ¢, we put

(52) By pep(Y) = slpmD/2at=e f fIRVK(X, Y)Pdu(X), Y =(y,s) e H.
H

This function acts as an intermediary between @ A and TS’:; ML

PROPOSITION 5.1. Letl <o <00,y € Ng, k € No, and A a real number. Suppose
that | is a positive Radon measure on H. For a real number 0 satisfying —1/o0 < 0 <
1 —1/o,weputc:=|y|/2a + k — L — 6. Then the following statements hold :

(1) There exists a constant C1 > 0 independent of i such that

c! / 0, u(Y)°dV(Y) < f By i1,c0(Y)s™°dV(Y) < C f 0, (Y)°dV(Y).
H H H
(2) Foreach(0 < § < 1, there exists a constant Co > 0 independent of u such that
c;'! / San(X)’dV(Y) < / (B, t1.cn(V)s )7V (¥) < C / San(¥)°dv(Y).
H H H

The proof relies on the following result.

LEMMA 5.2 ([9, Proposition 3]). Let1 < p < 0o,y € Nj, k € Ny, and c a real
number. Then, for a positive Radon measure . on H, we have the following assertions.

(1) Letl <0 < ooandt € R. For a compact set K in H, there exists a constant
C1 > 0 independent of (v such that

(5.3) / ZK/L(Y)JSTdV(Y) < C1/ By k. p,et(Y)sTdV (Y).
H H
2) If1 <o <ooandt € R satisfy
1
(5.4) e t1)ve—p(Hpr) <22 iy,
200 200 o

then, for a relatively compact open set U # () in H, there exists a constant Cy > 0 indepen-
dent of u such that

(5.5) /H By spent(Y)sTdV(Y) < C /H Ayn(y)’sTav(y).

PROOF OF PROPOSITION 5.1. We only prove the assertion (1), because the proof of
(2) is similar. The first inequality of (1) immediately follows from (1) of Lemma 5.2 for
K = Q@(0, 1) and t = —Ao. Accordingly, we show the second inequality of (1).

Since —1/0 <8 <1 —1/o and c = |y|/2a + k — A — 6, if we define p := 1 and
T := —Ao, then we have

1 1
LA 4 B S S
o 20 o

1 1
(1—p)<i+l>+c—p<m+k>—r+ =—-0-—<0.
200 o

200 o

c+1-—

and
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This is (5.4), so that, by (2) of Lemma 5.2 for U = Q = Q(“)(O, 1), we obtain
/H (Bya1.cn(V)s™7dV(Y) = /H By k1. ch(Y)7sTdV(Y)
<C /H Apu(Y)’sdv(y) =C /H Oxu(Y)7dV(Y). D
Now we state the main result of this paper. This contains Theorem 1 as a special case

(v, k) = (0,0) and A = 0.

THEOREM 5.3. Letl <g<p<oo,1/o+1/(p/q) =1,y € N}, k € Ny, and put
A= (|y|/2a + k) q. Then there exists a constant C > 0 such that, for every positive Borel
measure . on H, we have

“1nA 1 k Y 1
(5.6) CUNDrul Ay < Nk gl < CI ol -

PROOF. To show the first inequality, we may assume ||LZ’,I;,,q|| < o0. Then, as we
mentioned in the beginning of Section 4, p is a Radon measure. Hence the first inequality
follows from Propositions 4.4 and 5.1.

To show the second inequality, we may also assume that ”QUL”Z?(V) < oo. Then
O u(X) < oo (V-a.e.). By the same reason as above, u is a Radon measure. Hence by (1) of
Proposition 5.1, it suffices to show that there exists a real number 6 with —1/0 <6 < 1—-1/0
such that

12501 < € [ (Byarenrrs i avan),
where ¢ = |y|/20 + k — A — 6. Now, by (2.3), we have
(5.7) 87 0k u(X) = / u(Y)aY ¥Ry (X, Y)dV (Y)
H
forallu € bY and X € H.
Suppose 1 < ¢ < oo and let ¢’ be the exponent conjugate to ¢. Since o > 1, we can
take a real number 7 such that 0 < n < g and n < (1 — 1/0)q’. Then, as in the proof of

Theorem 3.3, by the Holder inequality, (2.3) and Lemma 2.1, we have

107 8Fu(x)| = / u(Y)|s99" . s/99 13) 9K Ry (X, Y)[dV (Y)
H
) 1/q
< ( / (P79 13 3 Ry (X, Y>|dv<Y))
H
1/q'
x(/ s~419) 8F Ry (X, Y)|dV(Y)>
H

1/q
scﬂy/z“*"*"/‘”/q( f u(Y)|95™9 107 9f Ra (X, Y>|dV(Y)) :
H
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where the constant C is independent of ;. Hence the Fubini theorem yields
/ |07 8 u (X019 du(X)
H
<C / lu(¥)9s"/4 f ¢~ 12etiala=nla Y 9k Ry, (X, V) |dp(X)d V (Y) .
H H

Now putd :=n/q’. Then —1/0 <6 < 1—1/o. Since

sz_|_k_ M+k q_iz_ m_|_k 1_2
o q 2a q q

and
—c—)\=—<m+k>+2,
q/

we have

s'l/‘/'/ t*(l)/|/20¢Jr/<)11/11'*77/11/|3)3C’athO[(X7 Y)ldu(X)
H

1 ! ! ’
- I)W‘Cksf(wzwknn/q / 1=y \2a0a/"0/a'| Ry K (X ) |dpu(X)
- H
! ~*B Y
= ms y,k,l,c,u( ).

Hence the Holder inequality shows that
/ |87 9 u(X)|9dp(X)
H

< Cf u(Y)|9s™" By k. 1,e(Y)dV (Y)
H

q/p
< C</H Iu(Y)IPdV(Y)) (/H{sABy,k,l,cM(Y)}adV(Y)>

k -
Ik p.q 177 < C/ {57 By k. 1,cn())7dV(Y),
H

1/o

This implies

where the constant C is independent of .
The case of ¢ = 1 is easily proved from (5.7). a

We remark the compactness of Carleson inclusions. Unlike the case p < g (see [7]), if
1 <g < p < oo, then 1 p 4 is always compact whenever ||ty p4Il < 00. Moreover the
following theorem is established.

THEOREM 5.4. Letl <q < p <00,y € Ny, k € No and let j1 be a positive Radon

measure on H. Then the generalized Carleson inclusion LZ,p,q is compact if it is bounded.
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PROOF. As in [7, Proposition 1], if i« has compact support, then L,)ii];,,q is compact for
every 1 < p <ooand1 < ¢g < oo. To study the compactness for general measure j, we take
an exhaustion (w;); of H and set

Wj = Xoji and vj:i=pu—pj.

If ||L,)1’,];,,q|| < 00, then by Theorem 5.3, /Q\)\/L € L°(V) and

)/,k )/,k V,k 2y 1/(1
”[u,p,q - [uj,p,q” = ”Lv]-,p,q” = C||QAVj||La(V) s
where 1/0 + 1/(p/q) = 1. Since O > Qsv; and Q,v; decreases to 0 pointwisely as
Jj — oo, ||L,’1jl;,,q - L,’i’jk,p,qn — 0 as j — oo. This brings the compactness of L,’ijl;,,q. O

6. An application to Toeplitz operators. In this section we will give an observation
on Toeplitz operators. For a positive Radon measure © on H, the Toeplitz operator with
symbol u is defined by

(Tu)(X) :=/I_1Ra(X, Nu)du(Y).

Our concern is the boundedness of the operator T, = T, 4 : b5 > b forthe case 1 < ¢ <
p < 0o, because we have already studied the case p < g in [6]. We assume that there is an
integer m > 1 such that

6.1) / |R2””(X, Y)l[du(X) <oo forevery Y € H.
H

Remark that if [, (1 + ¢ + |x|"/?*)™¢du(x, ) < oo withm > n/2a — c, then (6.1) follows
from (2.2).
The following theorem is a consequence of Theorem 1.1.

THEOREM 6.1. Forl < q < p < oo, putt := pq/(p — q). Let u be a positive
Radon measure on H satisfying (6.1) for some integer m > 1. If Qo € L*(V), then the
Toeplitz operator Ty, 4 = bl — bl is well-defined and

(6.2) ITu.p.qll = CllQomtliLz(vy
where the constant C is independent of (.

PROOF. Let v/ and ¢’ be the exponents conjugate to T and g, respectively. Then, since
Qo € LT(V), we see from Theorem 1.1 that both Carleson inclusions L, p,p/o a0d Ly g1 g/ 1o
are bounded. Take any u € b2 and any X € H. Then v := Ry (X, - ) belongs to bZ. Hence
ue LP/" () and v e L9/7 (w). Since p/7’ is the exponent conjugate to ¢'/7’, the integral

Tu(X) = /H Re (X, Y)u(Y)du(Y)

is well-defined. Moreover, because of b = (b4 )*, the adjoint operator L;’ 7] of ty g.q'/7'

is a bounded operator from LP/T/(V)(z (L‘f//’/(V))*) to b, sothat w := L't’q/’q//r/'[u,p,p/t’u
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belongs to bZ. By the reproducing property for w, we have
w(X) = /H Roy(X, Y)Yw(Y)dV(Y)
= (v, w>(bg”bg) = (Uug' g 17V Ypp.p T U (L0 (), LRI (1))
= /H Re(X, Y)u(¥Y)du(Y) = Tyu(X).
This implies that the integral operator T), = T}, .4 : b5 — b? is well-defined and

Tu.pq= Lz,q’,q’/‘[’ “lup,p/t -
Hence by Theorem 1.1, we have
1Tl < Nesegriqrserll - Napoprerll < CIGonI Loy, - 100ull} Ly, = CllQomllLr(v)
which shows Theorem 6.1. O
As for an opposite inequality to (6.2), we have the following result for the case ¢ = p’.

THEOREM 6.2. For p > 2,lett := p/(p — 2) and p’ be the exponent conjugate to
p. Let u be a positive Radon measure on H satisfying (6.1) for some m > 1. If the Toeplitz
operator T, , v : bE — bgl is bounded, then there exists a constant C > 0 independent of |
such that

6.3) 1ol Le(vy < Cll Ty p.prl -
PROOF. We first remark that 2 < p and 1/t 4+ 1/(p/2) = 1. Hence ||§o,u||2/fz(v) <
Cllty,p,21l holds by Theorem 1.1. As in the proof of [7, Proposition 6],

/ ()P dpu(X) = / u(X) Ty, p,pru(X)dV(X)
H H
for every u in £, where £ is a dense subset of 2. Then
e300y < NeelLe ) W T, prtell o vy < W pr N0y
which implies ||ty p 2|l < ||Tﬂ,p,pz||1/2 and hence (6.3) follows. a

By the parallel argument as in Theorem 5.4, we also see the compactness of Toeplitz
operators.

THEOREM 6.3. Let 1l < g < p < oo and let u be a positive Radon measure on
H satisfying (6.1) for some m > 1. Then the Toeplitz operator Ty, p 4 is compact whenever

Q()[,L € L™ (V),wheret = pq/(p — q).
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