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1. Let F be an open abstract Riemann surface and I' be its ideal
boundary. Suppose that F,(# =0, 1, ----) is the compact subdomain of F
satisfying the following conditions :

1°) F, is simply and F, (n = 0) is finitely connected,

2°) the boundary I', of F, consists of a finite number of analytic closed
curves,

3°) F, < Fpei(n=0,1,----) and
4y UF.=F

n=0
Such a sequence of domains
(1) Fy, F,---e, Fp -
is called an exhaustion of F.
Putting R, = F, — Fy, R, is a compact subdomain of F and the boundary
of R, consists of I'y and I',. Let » be the harmonic function in R, such
that

(2)

and

_ 0 on I';
“=llog un on I'y

fdv = 27,
Ty

where v is the conjugate'function of # and the integral is taken in the
positive sense with respect to R,. Then we call w, the modulus of R,.
2. We shall prove an extension of the maximum principle.

THEOREM 1. Let F’ be any non-compact subdomain of F, I"’ be the rela-
tive boundary of F’' and U be a single-valued bounded harmonic function on
F’ which equals to zevo on I''. If F has a null boundary, then the function
U equals identically to zero throughout F’.

Proor. First we choose an exhaustion (1) of F such that F, is contain-
ed in F'. Let u# be the harmonic function (2) which defines the modulus
w, of R, and v be its conjugate function. Denote by A, the domain defined
by 0 < u# < A (0 <A =loguy,) and by 1", the part of the niveau curve I'y:u = A
contained in F’. Then the Dirichlet integral D(A) of U taken over the
compact domain F\ = F’(] (A U Fy) equals to
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where the integral is taken in the positive sense with respect to F)'. Since
we may suppose that |U| < M, we have, from the Schwarz inequality,

D) =< f Udy f aU U Yy < 2 M d%&”

r, Ty
or
adD(\)
2 4
d\x < 22 M- DOV
whence, by integrating from A = 0 to A = log wu,, it follows

1
log p, < ZnM[ DOY D‘(W)} 27 M:? D(O)
where D(n) is the Dirichlet integral of U taken over F’'(F,.
On the other hand, it has shown by T. Kuroda [ 17 that F has a null

boundary if and only if lim u, = oo.
N->co

Hence D(0) equals to zero and so the function U must be identically
equal to zero throughout F’. ‘q.e.d.

As a corollary of the above theorem we get the following

THEOREM 2. Let F’ be any non-compact subdomain of a Riemann surface
F with null boundary and I'’ be the relative boundary of F’. If U is @
single-valued bounded harmonic function m F then for any point of F’

11m UsU=< hm U.

Proor. Let us suppose that there exists an inner point p, of F’ such
that
U(py)> lim U = M.
Then we can find a suitable number M, satisfying

(3) U(pe) > M, > M.
Denote by F” the set of all points p of F' such that
U(p) > M,.

It is easy to see that F’ is non-compact. Since the relative boundary of
F” consists of an enumerable number of analytic arcs or analytic closed
curves and U(p) = M, on I, IV and I'” are disjoint each other. The function
U is single-valued, bounded and harmonic in F” and equals to M; on I'”.
Hence, from Theorem 1, U must be the constant M, throughout F”, which

contradicts to (3). Thus we have lim U = U. Similarly as the above we
T/
can show th U < U which is the required.

Theorem 2 can be also obtained using the harmonic measure as stated
in the famous R. Nevanlinna’s monograph: Eindeutige analytische Funk-
tionen (1936).

2. Let w = f(p) be a single-valued meromorphic function on an open
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Riemann surface F. The topological space constructed by the elements
qg = [p, fp)] (b € F) defines a covering surface & spread over the w-plane.
The correspondence p <-> g gives a topological mapping between F and &.

We shall state some definitions.

If the set of the values taken by w = f{p) on F is everywhere dense in
the w-plane, we say that the function w = f{(p) has Weierstrass’ property.

Next let ®d, be any connected piece of @ lying on the disc |w — wy| < p,
where w, is any point on the w-plane and p is any positive number. Denote
by A the domain on F corresponding to s by p<>q. If f(p) =w, in A
and there exists a sequence of points {f,} (v =1, 2,----) in A such that
lim f(p*) = w, where p, tends to the ideal boundary I' of F as » > o, then

v->w@
we may define that the function w = f(p) has Lindelsf’s property.

On the other hand if either there exists a path in A tending to I' such
that lim 7(p) = w, along the path or there exists an inner point of A such
that f(p) = w,, then we may define that the covering surface ® has Iversen’s
property.

By a slight modification of K. Noshiro’s method 73], we can easily prove
the following

THEOREM 3. [If the function has Weierstrass' property and Lindelof’s pro-
perty, then ® has Iversew's property.
Using the above, we can prove the following theorem.

THEOREM 4. (S. Stoilow [5]).* Let w = f(p) be a non-constant sinde-valued
meromorphic function on F with null boundary. Then @ has Iversen's
Droperty.

Proor. First we shall prove that the function w = f(p) has Weierstrass’
property. If not so, we can find a point w, such that the function ®(p)
= 1/(f(p) — w,) is bounded and regular on F. Hence the real part of this
function ®(p) is single-valued, bounded and harmonic on F. Since F has a
null boundary, such a function must be a constant (c.f. R. Nevanlinna [2]),
which contradicts to our assumption. Thus w = f(p) has Weierstrass’
property.

Next we shall show that w = f(p) has Lindel6f’s property. We construct
any connected piece ®, of & lying above the disc|w — wy| < p and the
domain A corresponding to ®. by p <> g as alrendy stated. Let us suppose
that /() = w, in A. It is immediately seen that A is non-compact in F
and [f(p) —wy| < p in A and [f(p) — w,| = p on the relative boundary of A.
If we suppose that there exist no sequence of points {$,} (w=1,2, ----) in
A such that lim £f(p,) = w, and p, tends to I' as » > o, then the function

v

P(p) = 1/(f(p) — w,) is bounded and [@(p)| = 1/p on the relative boundary of
A. Hence, from Theorem 2, |®(p)| <1/p and so |f(p) — w,| = p in A, which

*3  This stoilow’s paper is refered to only through the Mathematical Reviews.
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is absurd. Thus w = f(p) has Lindel6f’s property.

From Theorem 3, our assertion is proved.

REMARK. Recently Prof. K. Noshiro [4] proved that, under the same con-
ditions as in the above theorem, & has Gross’ property. Theorem 4 is
contained in his theorem. T. Kuroda gave also a similar proof as the
author’s independently.
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