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Introduction. In his recent papers S. Cunihin skilfully introduced the
notion of II-solubility in the theory of finite groups, where II is a certain
set of prime numbers, and obtained some interesting results of types of
L. Sylow and P. Hall on II-soluble groups. These results of S.Cunihin
can, in my opinion, be in a more precise way derived even in a little more
generalized form from the following two propositions——one is due to I.
Schur and the other is due to H.Zassenhaus (H, Zassenhaus [17).

THEOREM (S). Let N be a normal subgroup of a group G with index prime
to its order. Then there exists in G at least one complemented subgroup S of N.

HyproTHESIS (Z). Under the same assumption of Theorem (S), all the
complemented subgroups of /N are conjugate one another.

This hypothesis (Z) is probably true (Cf. H. Zassenhaus [1]) and seems
to be considered as a generalization of the D. Hilbert-A.Speiser theorem on
crossed product theory and has been verified affirmatively, by Zassenhans,
in case either N or G/N is soluble. So we shall expose our results on
assuming the validity of the hypothesis, and in case a result is free of it
we shall remark that.

The purposes of this paper are

(1) to reproduce the theory of S. Cunihin with a suitable modification
from this point of view (§1),

(2) to generalize the theory of P, Hall on soluble groups to the case of

II-soluble groups of a certain type ( §2), and
(3) to generalize some results in the theory of O.Griin on p-Sylow

groups to the case of II-Sylow groups under a certain condition ( § 3).

1. On the theory of S.Chunihin (S. Cunihin [1],[2], [3], [4], [5] and
£6l.

First we prove the following

INcLusION THEOREM. Under the assumpiion in Theorem (S), let T be a
subgroup of G with order dividing the index of N in G. Then T is contained
in a suitable conjugate subgroup of S.

ReMARk. If T is soluble, the result is free from the hypothesis.

Proor. From S(NT) = (NT)S = G, we clearly have [G:S] =[NT:(NT)
N SJ], whence (NT") 1 S* = T with a suitable element A of N by hypothesis

(Z). This proves S42T.
Let II be a certain set of prime numbers. We say that an integer »n
belongs to II, if all the prime factors of # belong to II, and that # is



ON TI-STRUCTURES OF FINITE GROUPS 173

prime to II, if none of the prime factors of # belongs to II.

A group is a II-group, if its order belongs to IT. A II-subgroup is a
II-Sylow subgroup, if the index is prime to II. A subgroup with order
prime to II is a II-Sylow complement, if the index belongs to II.

DEFINITION. A group G is Il-soluble, if the order of each factor group of
a normal series of G either belongs to Il or is prime to II.

ProrosITION 1. (1) If G is II-soluble, there exist in G at least one II-Sylow
complement and also at least one I1-Sylow subgroup.

(2). If G is II-soluble, then all the TI-Sylow complements are conjugate
one another and all the I1-Sylow subgroups are conjugate one another.

(3). If G is 1l-soluble, then any subgroup of order prime to 11 is contained

in some II-Sylow complement and also any II-subgroup is contained in some
I1-Sylow subgroup.

RemaRrk, If either a II-Sylow complement or a II-Sylow subgroup is
soluble, then (2) and (3) are free from the hypothesis.

ProoF. By symmetry, we have only to prove these for II-complement.
Now we prove these by induction. If G is simple, then all the assertions
trivially hold good. Let N be a minimal normal subgroup of G. If N is of
order prime to II, then all the assertions can readily be proved. Let thus
N be a II-group. Unless G/N is of order prime to II, all the assertions
can easily be proved by induction. So let G/N be of order prime to II.
Then all the assertions can be proved easily by Theorem (S), Hypothesis
(Z) and Inclusion Theorem.

DEFINITION. A group G is II-faithful, if there exists in G at least one
II-Sylow subgroup and all the II-Sylow subgroups are conjugate one another.

“PrROPOSITION 2. Let N be a normal subgroup of a group G. If N and G/N
are l-faithful, then G is also I1-faithful.

Proor, Existence. Let K and H/N be II-Sylow subgroups of N and G/N
respectively. Then we have clearly Ny(K)N = Hand H/N=Nu(K)/N N Nu(K).
The latter is a II-group. Now N | Na(K)/K is of order prime to Il and
is normal in Nu(K)/K. Therefore we have the assertion by Theorem (S).

ReEMARK. This is free from the hypothesis.

Conjugacy. Let P, and P, be any two II-Sylow subgroups of G. Con-
sidering in G/N, we have clearly P N22P,* with a suitable element A of G.
So we have only to show that all the II-Sylow subgroups of P,N are
conjugate one another. Let P, and P; be any two II-Sylow subgroups of
P,N. Now P, N\ N and P; | N are II-Sylow subgroups of N and therefore
they are conjugate one another. Further Np(P; N N) =2 P, and Nax(P; | N)
D P,. Therefore Npn(P; ) N)2 P,. Therefore Npx(P; | N)=2 P;® with a
suitable element B of P,N. So we have only to show that all the II-Sylow
subgroups of Nax(P; | N) are conjugate one another. Now since N/P;(\N is
normal in Npn(P, | N)/P, N N, we have the result by Hypothesis (Z).
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REMARK. We need not Hypothesis (Z), if a Il-Sylow subgroup of G is
soluble.

PROPOSITIN 3. Let q be a prime not belonging to TI. If G is Tl-soluble,
then G is {11, g}-faithful. Similarly let q be a prime belonging to I1.If G is
II-soluble, then G is {11, q}--faithful.

Proor. We can easily prove this by an induction argument.

REMARK. If either a II-Sylow complement or a II-Sylow subgroup is
nilpotent then the result is free from the hypothesis. (N.It6 [17).

2. On the theory of P.Hall (P.Hall [17,[2],[37,[4] and [5]).

DEerNITION. A II-soluble group G is a II-soluble group of type S, if at
least one IT-Sylow complement of G is soluble.

Now the theory of P.Hall on soluble groups can be naturally extended
to IT-soluble groups of type S. We omit the detailed proofs and formulations
and only list the necessary definitions, since any proof and formulation of
the soluble case can be easily modified in the case of IT-soluble groups of
type S. Naturally the result is free from the hypothesis.

Let g be a prime not belonging to II. There exists in G at least one
g-Sylow complement C4(G). All the ¢-Sylow complements are conjugate
with one another. Any subgroup whose order divides the order of Cy(G) is
contained in some conjugate subgroup of C(G).

DerFmNITION. We call any system {Cy(G)}, where g runs all the prime
factors of the order of G not belonging to II, a II-Sylow system. A II-
system normalizer is the meet | N(C{(G)).

DEerFNITION. A commutator [X, Y] = XY XY is called a Il-comm-
utator, if X and Y possess orders prime to II. We denote by D(Il,G) the
characteristic subgroup generated by all the II-commutators and call it the
IT-commutator subgroup. Then the II-commutator series can be naturally
defined as follows: DUXII,G) = DI, G), and D"+(11,G) = DI, D™(1I, G))
for n=1.

DEFINITION. A group G is a II-soluble group of type A, if D(II,G) = E.

A TI-soluble group of type A is clearly a II-soluble group of type S.
A group G is a II-soluble group of type A, if and only if G= S (II, G)
‘C(I1, G), with abelian normal C(II, G), where S(II, G) and C(II, G) denote II-
sylow subgroup and II-Sylow complement of G. A group G is a II-soluble
group of type S, if and only if D*+XII, G) = E for some n = 0.

DEFINITION. An element X with order prime to II is called a II-central
element, if X is commutative with all elements with order prime to II. We
denote by Z(I1, G) the characteristic subgroup generated by all the II-central
elements and call it the II-centre of G. Then the II-upper central series
can be naturally defined as follows: ZUXII,G) = Z(II,G), and Z"+X(II,G)/
Zox(11, Gy = Z(11,G/Z"(11, G)) for n=1.
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Z(I1,G) is clearly a II-soluble group of type A.

DerFINITION. A group G is a Il-soluble group of type N, if G = Z+D
(II, G) for some n = 0.

A group G is a II-soluble group of type N, if and only if G= S (II,G)
-C(I1, G) with nilpotent normal C(II, G).

Last, the II-lower central series can be naturally defined as follows:
HWYII,G) = G, and H®+1XII,G) is the characteristic subgroup generated
by all the II-commutator [ X, Y] such that X belongs to H"™II,G).

A group G is a TI-soluble group of type N, if and only if H®+(II,G)
= E for some # =0. The lengths of the II-upper central series and the II-
lower central series of a group are the same with each other.

After O.0re we say that a maximal subgroup M of a group G belongs
to a normal subgroup N of G, if N is the largest among normal subgroups
of G contained in M. The following proposition is a generalization of
Theorem IV-14 of O.Ore [1].

ProPOSITION 4. Let G be a Il-soluble group of ivpe S and let N be a
normal subgroup of G. If any two maximal subgroups, which have indices
prime to 11, belong to N, then they are conjugate to each other.

Proor. We have only to prove this for N = E, as we see by an induction
argument. Now, there exists in G the least normal subgroup P of order a
power of a prime p, where p is prime to II. And for any maximal subgroup
M belonging to E, we have clearly G = M:P and M\ P=E. Let L/P be
a miniml normal subgroup of G/P. If L is a p-group, then the centre Z(L)
of L is different from E and is normal in G. Further we clearly have Z(L)
= P, whence we have also that M () L is normal in G. This is a contradic-
tion. Thus the order of L/P must be prime to p. Therefore there exists"
in L a complemented subgroup @ of P by Theorem (S). Further all the @’s
are conjugate one another by Theorem (Z). Now then M () L = @* for some
element X € L and the normalizer of Q¥ in G is M.

3. On the theory of O. Grun (O.Griin [1] and [2]).

In this section we assume that a group G and its all subgroups are
IT-faithful. First we state some results of O.Griin in a formally generalized
form without proofs. Let P be a II-Sylow subgroup of G and let Z(P) be
the centre of P. After O.Griin we denote by V(P) the weak closure of Z(P)
in P itself, i.e., the join of all the conjugate subgroups of Z(P) which
are contained in P.

DEFINITION. Let Z(P), Z(P%), .. .., Z(PS) be all the conjugate subgroups
of Z(P) which are contained in P. We call the complex N(Z(P)XE + S: +
i FSUE 4+ St - 4+ S,THN(Z(P)) the conjugator complex, after O.
‘Griin, and denote it by K(P).

Any two elements of P which are conjugate one another in G are
transformable with a suitable element of K(P).
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Let U be any subgroup of G containing §(P). Then we have G/G/(II)
= U/U'(I1), where G(IT) and U'(Il) are II-factor commutator subgroups
of G and U respectively.

ProrosiTioN 5 (N.Ité[2]). If G is a Il-soluble group, then V(P) is abelian.

Proor. In case there exists in G a normal subgroup with order prime
to II, the -assertion can be proved by induction. So let us assume that
there exists in G no normal subgroup with order prime to II. Let M be
the largest normal II-subgroup of G. Then M contains the centralizer
K(M) of M. In fact,if M =2 K(M),let N be the largest normal II-subgroup
of K(M), and let H/N be a minimal normal subgroup of G/N, which is
contained in K(M)/ N, Then by Theorem (S) there exists in H a complemented
subgroup K of N, Since M2N and K(M)=K, we clearly have KN = Kx N,
This is a contradiction, Thus M contains all the conjugate subgroups of
Z(P). Therefore V(P) is normal in G. In particular, V(P) is abelian.

PropOSITION 6 (N, Ité [2]). If V(P) is abelian, then K(P) = N(Z(P))N(V(P))
-N(Z(P)).

Proor. We have only to prove that §(P) & N(Z(P))N(V)P))N(Z(P)). Since
V(P) is abelian, we have clearly N(Z(P)) =2 V(P 'P), whence V(Ps )
= V(PT), where T is a suitable element of N(Z(P)). This proves our
proposition,

ProrosITION 7. If G is a II-soluble group,then G/G'(11)=N(V(P)/N(V(P)(II).

Proor. We saw in our proof of Proposition 5 that if there exists in
G no normal subgroup with order prime to II, then V(P) is normal in G.
Let N be the largest normal subgroup of G with ordr prime to II. Then
we have G = N(V(P))N. In fact, let us assume that Z(P!) < PN, where A
is a suitable element of G. Then clearly Z(P*) < V(P?), where B is a
suitable element of N. Therefore Z(P4) & V(P)N. :This shows that V(P)N
is normal in G, whence we have easily G = N(V(P))-N. On the other hand,
we clearly have G'(II)= NV(P)Y(II)N and NUV(P)Y(II)N N N(V(P))
= N(V(P)Y(II). The assertion is now evident by the second isomorphism
theorem.
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