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I. Consider the Dirichlet series

1

λn + 1 > λ«, λ! > 0, lim λ?ϊ = oo, s = σ + it,

where

(11) E ϊ J ° S » = D < o o .

It defines in its half-plane of convergence a holomorphic function. Let
<rc and σa be the abscissa of convergence and the abscissa of absolute con-
vergence respectively of /(s).

Let μ(σ) be the maximum of \an\e1T^ (n = 1, 2, ), and M(σ) the 1. u. b.
of \f(σ + it)\, — oo < t < oo, where σ is a constant smaller than σa. If σc

= oo, σa = oo, /(s) defines an entire function. Let λv(σ) be the λw corresponding
to the maximum term of the series for re{s) = σ. Then λ,;(σ) is evidently a
non-decreasing function of σ.

Since for σ < σa,
T

n = lim J; I

one has

and consequently

{A] μ(σ)<:M(σ), σ < σa.

On the other hand, for every positive £ one can choose a positive integer
N(€) such that log n < \n(D + 6/2) for n > ΛΓ(£). Therefore

(o
= 2 lOnl^

+ D + £),

being a constant depending on/(s) and £.
If σ α = oo, log^(σ-) being convex and indefinitely increasing, one has
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+ V) = lθgμ(σ) + VPM, V > 0,

and it follows that

[B] M(σ) <μ{<rΛ-D+e), β > 0, σ>

In this paper we prove several relations between these auxiliary functions.
M(σ) etc., which are true whether f(s) be of finite or infinite order. We
shall use the following notations.

Tfc _ ,. supM^σ) m Pk _ Γ r n s u p hM(σ) .
—' Aim r * ΐ — i i m , j

Γfc σ->~ i n t ίfc~i <T /3fc σ->co m i l]c-2(Γ

„ H SUP ^ - i

mi l& σ->oo m i lie-iσ vk σ ĉo m i /fc-2 O"

Sfc _ i ί r n

s u P 4Mσ) . Ffc t. Sup hμ(σ)
— i i m . —- , — l i i n . — ,

ŝ . σ-̂ oo i n t ίfc-ισ <pfc σ->«> i n t /fc_2 cr

where £ is any fixed integer ^ 2 and /fc# denotes the £-th interate of log x

[1, P 16].

2.

THEOREM. We have

(2.1) fc = sfc (A = 2,3, . . . . )

(2.2) Γfc = Sfc ( '/ >

(2.3) ί2 = 1 + δ2

(2. 4) Γ a = 1 + Δa

(2. 5) 4 = max(l, &) (A = 3, 4, . . . . )

(2.6) Γfc = max(l,Δfc) ( * )

(2.7) p^φ^p, (A = 2 , 3 , . . . . )

(2.8) p f c = F fc = ΛΓfc ( * )

3.

LEMMA. ££/

(i) ^K#) 6e « positive increasing function

(ii) liminf1-5K^ = α (0^«<oo).

Then corresponding to each pair of positive numbers β, <γ satisfying the
inequalities

(iii) a < β, J r < 7 < 1,

there is a sequence xu x>>, tending to infinity such that

(lV) ψ(x)<e^

For let xh x2, be a sequence such that

Xn
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Then if

log ψ{x) ^ log ψ(Xn) < βyxn ^ βx, or

4.

(i) Proof of £fe = Sfc.

Since Λf(σ) ^ μ(σ) we have

4 S St.
Moreover, log μ(<r) is a convex function of <r and therefore for any£(arbi-
trarily large) positive constant H,

log μ{σ) >Hσ σ> σ{H).

We get

sk > 1 (ft ^ 2),

and so

(4.1) f * £ s * > l (*
To prove 4 g $ki we may suppose 5fc < oo. We have

k-xM(σ) < h-Λμ(σ + D + 6)< e<**+«'>i*-i(*+i>+.

for a sequence of values of cr-> oo. Hence

which holds when sh = oo.
(ii) Proof of Tfc = Sfc is similar and is omitted.
(iii) Proof of t> = 1 + δa.

We may suppose δ2 < oo. We have [B 2, p. 67]

log M{σ) < log μ(σ + D + S)

/
σ+D+e

D+ς

< lθgμ(D + 6) + σλK σ +D+ e )

< 2<rλ)/(σ4l)+ί)

so that
log log M(σ) < log 2 + log σ + log (̂α+ΰ+e)

and we get

which holds when δ2 = oo.

To prove tΛ > 1 + δ2, we may suppose 0 < δ2 < oo. We have

log M(σ) ^ log μiσ) > j λKaj) dx > σ- λ,,<σ/2)

Hence

/, > 1 + δ2.
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which obviously holds when δ2 = 0. If δ2 = oo, the above argument shows
that t2 = oo.

(iv) Proof of T2 = 1 4- Δ2 is similar and is omitted.
(v) Proof of sk = max(l, Bk)s (k g: 3).

Since
4-2

\v(xydx< lθgμ(σ -f 2) Or 2λv(σ) < lθgμ(σ + 2)

it follows that δfc <; sfc and hence from (4.1), max (1, δ*.) ̂  sfc. If δfc < 1, let

δfc < θ < 1: then

(4.2) fc-iλKσ)<β/fc-iCΓ>

for a sequence of values of σ ~>oo. Further

logger) = logμ(a) + I \,ω dx

a

< log μ(a) -f σλ,(σ)

(4. 3) or log log μ{σ) < log 2 + log σ + log λ, ( σ )

< log 2 + log σ + (9 log cr, by (4. 2)
< 2 log <r + O(l)

for a sequence of values of σ —> oo. Hence sfc g 1 and so s& = 1. If 1 g δfc <
oo, let θ > δfc. From (4.3)

log log μ(σ) < 3 en-Zfleis-ia)

for a sequence of values of σ -> oo. Hence 5fc <Ξ δfc which holds if δfc = oo.
Hence the result follows.

(vi) Proof of Si- = max (1, Δfc) is similar and is omitted.
(vii) Proof of p2 = vλ.

We have

(4.4) lθgμ(σ) = \θgμ(σ0) + I λ,^) dx.

[A] and (4.4) give

2λv(σ) S f λvca.) JΛ; < logμίσ + 2) ̂  log Λf(σ + 2),

whence

log 2 log λ»(σ) . log log M(σ + 2)

(4.5) Λ v2^p2 ( 0 ^ /

Now suppose that vλ < oo. λv<σ) is a non-decreasing function and so by
the lemma, if v2 < βt v2/β < y < 1, there is a sequence σu σ2i for which
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(4.6)
σ

Take positive numbers δ, £' such that y < S < 1, γ/δ < £' < 1, and write
ξn = Bσ-n, so that

By (4.4)

logM?w) ^ log/^(f'crt) + i λμC c) JΛ:.
β'fn

Since/(s) defines an entire function

and therefore for a sufficiently large fn

so that

log /*(?„) ^ log μffi'ξn) + λκ(./W J

fi'f.) + (1 - δ'

log μ{6'ξn) + ±=ε

- & lOg^^n) < - lOg/!(£'£.)

log/*(f») - Clog/*if.) <

Thus using (4. 6),

(4. 7) (1 - £0 log.fc(f») < J eP* dσ

From [B]
1 —

log Af(f» - Z? - £) < log/rff») < e#»-
(1 -

whence

(4.8) P Ϊ S ^
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(4. 5) and (4. 8) are equivalent to ρ2 = v2.
Proof of pjs = vb, for k > 3, is similar to that for k = 2 and is omitted.

Proof of pTc = φfc is also omitted.
(viii) Proof of (2. 8) is simple and is omitted.
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