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1. One of the most important theorems given by Littlewood-Paley [2]
reads as follows.

For f(6) € L* (0, 1) (1 <p <o), let
a, = f 1 F£(@) e dg,

f(ﬁ) _~ Z aveZm'va.

V==—oo

If
on-1
Z a e21z£u0 —
7 n--1,2’ ...... s
ye=2n—1
An(a) = Qo n = O,
> am n=—1—2,...,
v==2—"41
then”

At n/2 1
= 101} o] [ IR0 = A <.

N=—0co

o<mw§£{

The corresponding result for Walsh-Fourier series was proved by Paley
[4]. The discrete analogue of this theorem is as follows.

THEOREM 1. For c(k) € I’ NI" (1 < p<L o), let

f(a) —_~ i C(k)ehtiko’

k==oo

(k) = fﬂ )

1) Research supported in part by the National S:ience Fourdation (U. S. A.).
2) A(p), A'(p), B(p),-- denote constants depending upon only p, and these are
not the same in different occurrences.
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I¥
a2

8.(k) = j

g—n

)
S(6)e™**° dg n=12,....,
then

o oo /2 o
0<BA= (T 8@t} [ X 1w’ = B <o

Hirschman [1] proved the Walsh-Fourier series analogue of this theorem.
The object of this paper is to supply the proof of Theorem 1. All known
proofs of the Littlewood-Paley theorem depend upon the complex variable me-
thods; For example, see Littlewood-Paley [2], Zygmund [9] [10] and Sunouchi
[7]. In the proof of Theorem 1, we can not use the complex methods, because
the variable is discrete. But the idea of the complex variable methods survives
and the author follows the method given Zygmund [9] [10].

In 2 and 3, we shall prove preliminary lemmas and in 4 we shall prove
that

oo

o »/2 oo
> (T 1swr) =56 T 1w

k=—oco ‘m=1 k=—oo

This is the most interesting part of the theorem.
In 5 and 6 we prove the converse inequality. From Theorem 1, we get the
following [’-multiplier theorem in 7.

THEOREM 2. If M#) is a function such that

)
IMO)| = M, f @) <=M  (n=12,...),
then, the hypothesis

fO~ T dper™, ¥ Bl <o (1< p<e)
implies

MOLO) ~ 3 dBe™, 3 |d(k)|?<o,

ke—oo k= —-co

and moreover

S 1dBIP=Cp) T 140

k= —co kE=—oco

This corresponds to the L”-multiplier theorem of Marcinkiewicz [3].

2. In this section, we prove a discrete analogue of M. Riesz’s theorem
and related theorems.
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LEMMA 2.1. Let k)€’ N1I" (1 < p<o0), and
1
o(k) = [ f6)e"*" d,

el k)= f " AB)e dg

then
> le®’ = AP T I O=t=1).
PROOF. If we set
i () 0=6=t¢,
10 = { 0 elsewhere,

then

SfL6)=f6)x.(6)

where x.(#) is the characteristic function of the interval (0, ¢). These functions
have the following Fourier coefficients.

B = [ ' F(B)e 0 dg
= [ " At)e 0 dg

1 — g2kt 1 \
ik =f Xd0)e™" do k=0,
0

-1
t= j xA6)d8 E=0.
0

If we denote by =’ the summation that the term m = 0 is omitted, then

., 1 . p=2nimt
ck)y= > c(k — m) ~27rj'm— + tc(k)

Me=—oco

= il —M _ e..z,,ikt i’ C(k—..m)e%u‘(k—m)t

Me —co 2arim Me—co qulm
= o (B) + ¢ (B) + & (h),

say. If we denote the discrete Hilbert transform by

+ tc(k)

3

c"(k)=_71r_ i c(k + m) — c(k — m)

ms=1 m

then the well known M. Riesz’s theorem [5] yields for 1 < p<oo
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S JHIPSAD T 1B

Ka—co k=—co

Hence we get for j = 1,2,

Z |c?(k)|” < B(p) Z lc(R)|”

K=—oco k=w=o0

and the lemma is proved.
LEMMA 2.2. If for 1 < p<oo,
then

p/2

{5 1ew 1),

le—oco

- o vz >
S {Z i) =an T

k= —oco l=—co k=—oco
where :(k, ) means the discrete Hilbert transform of c(k,l) with respect
to k.
PROOF. The present author [7] showed the following result.

If
f’;{f’" If(x,t)l"’dt}m dz < oo, (1< p<oo)

—-oo

then

[ Faora ) ar<ao [ {[ 1fa ol

—co -

where j?(x, t) is the conjugate function of f{x, z) with respect to the variable
z. We can prove the Lemma by using this fact.

Let R,,, denote the square with center p = p(k, [) where %k, [ are integers
and edges of length 1. Given a sequence c(k, 1), let f(x, £) denote the function
taking the value c(k, ) at the part of R';(concentric and similarly situated

square with edge 1/2), and equals to zero elsewhere.

Then

> {5 ewor [ e ora]” g

k=—-co | lm—oo

depends upon p only. we set [x] = &, [t] =, then

—~ k+1/2 dy
= E, 1l + (&, 1 —_
Fan =3 o [ P[P
k+1/2 dy
=272 k,1) 7 k + ok, 1) s 2y

kK’ =k
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0 [ T otk {fm Sl k‘-ifk'}]

Py k12 XY

= 27T (k1) + ok, Do) + O{Z‘(k" D Ey }

k'=k

where x{(z) is the characteristic function of the interval [k — 1/2, k& + 1/2]
Hence

Xk DI < Az, )1* + Blck, l>|2|$k(x)1'-’
+OL§C("‘ DTy }

Integrating with respect to ¢,

> &0t 1fe ol + BRI S | DI

la~co lm—co

+ 30 {% «F, 1) (k——I;T}

l=—co

Take the p/2-power of both side, and integrate with respect to x, then

IRPIE zw}m

k=w—oo

<A(P)f {f |f(.r,t)|2dt} dx+B(p)i{ i Ic(k,l)]g}m'

k=—co

lm—eo

l=—oca

2_p|2

fm |xz) | *dz+ C(p) Z [ Z Lgc (&, 1) TIQ)TH

K=—c0o - l==oco

=I+J+ K,
say, where R means interval [k — 1/2,% + 1/2]. From the first remark,

oo oo |2
1s4Ap 2| T k.01

k==—co

and s {

l==oo

J=<B(p) X

k=—co

»/2 ~
5 0] [ R

l=—co

o /2
<B(p) ¥ { > I l)P},

km—co \ lm—oo

because ax; is the conjugate of the characteristic function of the interval
[k- 1/2 k + 1/2]. We have

k=cp T[>

K=—co - lm—oco

{Zc(k n1 - k)z l]m

k' +k
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- p/2

= z[= {Z I(C,a(k_”klf;l I }J

k' xk k/xk

k==oco = l=—co

s 2 [ 21z Geh |

-Dp/2

=c0 T [ o T el |

For the sake of simplicity, we set

o

2 le®, D|* = d&),

l=—co

then the last term is

apn 3 |z 2|

K=m—co

In the case 1 < p< 2, applying Jensen’s inequality, this is less than

R T gy 2l

k/=k

k= —co

=Cp) T 1B T

/ = —oco k’'=xk

o /2
=C(») Z |d(&) " = C'(p) Z { 2 &, l)V}

k'=—co K=moo |\ lm—co

Thus the lemma is proved for 1<p =< 2. For the case p= 2, we can get the
lemma by the generalized conjugacy method for Banach-space valued functions
given by Boas and Bochner [0].

By the same method, we can prove following two lemmas

LEMMA 2.3. Let ?(k, t) the discrese Hilbert transform of c(k, t) with
respect to k, then

o

\p/2

k;ﬁ{f_‘: ek, t)Izdt}f’”g A(p) ki_,{f.: le(k, £)|%dt }

Sor 1 < p<eo,

LEMMA 2.4. Let :(k, t) the discrete Hilbert transform of c(k, t) with
respect to k, then

p/2

o

= [ o oramol 4o £ [ 1k orao|

k== k=—oco

where i(t) =t or has a jump 1 where t is an mteger.
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LEMMA 2.5. For given
B el NI"Q1 < p<o) (b=0,%£1,X=2,...... in=1,2,...... N),

we set

o

fn(a) = Z cn(k)eZﬂ(kﬂ’

k=s—co

o) = [ foy s,
ks ci®) = [ fl)emxdo

then

> {5 etk el }m

kzs=oco \m=1
]plz

<Ap) X {Z Bl

kK=o \n=1

PROOF. From the view of Lemma 2. 1 and 2. 2, this Lemma is immediate.

LEMMA 2.6 Under the same assumption of the above Lemmna, if we
set”

tn
Ct,.("'n + ik; cl(k)) = f fn(g)e-zﬂ(v,.+ik)o ds,
0
then

5 {51000 + el }m

k=—ees \n=1

o N /2
= A 2 {Z]Cn(k)lzf (1< p<oo).

k=—oc \n=1

PROOF. Using the notation of Lemma 2.5 and integrating by part

Ct,,(a'n + lk; C’n(k)):_— f‘nﬁz(a)e_zx(a-n+ik)0 d0
0

ta
= f e—2mr,.0 de(:e(k; Cn(k))

0

t, 2
= [e-hv,.oco (; Cn(k))]o + %m0, f‘ e 0ci(B; o )d6
0

178
= e e, (ks cd(k)) + 2ma, f e c(k; c.(k))db.
0

1) We write C (ik) = c(k) and G (¢k) = ci(k).
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Squaring and summing up with respect to » and applying Jensen’s inequality,
we have

> {Z |Gt iks cu(B)| }

k== \n=1

<Ap) 3 {z laults cB)]® }/

k=—co {n=1
»|2

b4 tn
2 2wa, f e | cf(k; cq(k)|*db
0

n=l

+ A(p) i {

k==co
|7

<Bp ¥ {Z @)

k==co \m=1

by Lemma 2. 5. and Lemma 2. 4.
LEMMA 2.7. Let I, is a subinterval in [0, 0,], then

o v /2
> {z Culon + ik, c(B) }

n=1

km—co

/2

=< A(p) i {Z ,in, L |Clo + ik; cn(k))lgdﬂ'},

k=—oo \n=1

under the same hypothesis with Lemma 2. 5.

PROOF. From Lemma 2. 6, we have

5 (S 16w+ it cipl?]

K=—co \n=l

<4 3 (5 100+ ik e

E=—c0 n=l
where o, € (0, o,). Hence by the definition of Riemann integral, the lemma is
immediate.
3. We shall define discrete analogue of Littlewood-Paley function ¢(#)
and Marcinkiewicz function u(6).

Let us set
(k) =Zc(v),
M(E; ¢) = {i | D(k + m) + D(f;s_ m) — 2D(m)|? }:,

then we get the following lemma. M(%;c) is a discrete analoge of w(#).
LEMMA 3.1. If; (k) € I"(1 < p< 2), then
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> IMBIP= AP T 1B

K==—co Ks—co
PROOF. We split the proof into two stages. In the first place, we prove
(1°) If (k) € I', then M(k) is finite for all %, and

ng—— > 148,

k=—co

where N, denotes numbers of % such as M(k; ¢) > s. This means that M(k;c)
is the operation of weak type (1,1) acting on /'. But the proof of (1°)is only
from words to words repetation of Stein’s proof for continuous case [6,Lemma
7,p. 438]. So we omit details.

(2°) MC(k; c) is the operation of the strong type (2. 2), that is,

S MG =B S 4B

Km—oco k= =co

From the definition

Dk + m) + D(k — m) — 2D(k)

k+m k—m

[ f[E+E ~2xfeas

v=0 v=0 v=0

= 2 f f'(x)e‘z”’k’”(Z sin vx) dzx

v=1l

1 cos-l——:c—cos(m+%)x
=27 f fzx)e 2 2 I : dzx.
0 2sin - x

Hence

3

b

mel m®

Z |D(k + m) + D(k — m) — 2D(k)|*

K= =co

say L[ Rar

o m z*

2

dz

COS — X — COS (m + —1——)x
2 2

o

dz.

1 1 2

” cos—2—x~—cos m+—2—x

saf 170z . )
0 mal m-x

Since the summation is

2
cos—l—x —cos(m + —l—)x
2 2

oo
m=1

mix?
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1/=) (m + 1)4.2,‘4

<A

B X 1
+ 2 —
m=1 m’z? z! m%x] m’
= O(1),

it follows that

Z Z |D(k + m) + D(h — m) — 2D(m)|*

mal m?

k=—oco

=c[ f@ldz=C 3 1"

k=—co

Thus we have proved that M(k, ¢) is the operation of strong type (2. 2).
Hence we get Lemma 3. 1. by applying the interpolation theorem of Marcink-
iewicz [10, p. 111].

We define another function G(z), which is a discrete analogue of Littlewood-
Paley function ¢(6). Let

1
c(k) = f iC) i
0
and for ¢ > 0, we set?

C(a' + ik) = f ! f(a)e-mnuc)o

_ 2_1_ i c(m)[1 — exp {27(im — o — ik)}]

o+ ik —im

M= —co

DkC(O' + 1k) = — zﬂ-f f‘(a)ae—h(auk)o de
0

_ 1 = dm)¥Gm — o — ik)
om 2= (ot ik — im)

o

where
Y (im — o — ik) = exp| 2m(im — o — ik) — 1 — 2n(im
— o — ik)exp {2m(im — o — ik)}]

and

G(k) = { fo " | DClo + ik)| Zda}f’z

LEMMA 3. 2. Under the above notations,

1) In C(c+ik), the variable £ is discrete. Now we suppose £ is continuons formally
and differentiate C(s+7k) with respect to k. This is DxC(c+7k).
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G(k) < AM(E).
PROOF. For the sake of simplicity, we denote

1 W ib)
Ko, B 2w (o + ik)*

and set this into the definition D,C(a + k),

D.C(o + ik) = i c(m)K(a, k — m)

M=—co

The partial summation yields
2 D(m)3,.K(a, k — m),
because
D(m) = o(m), as |m|— oo
A, K(o, k — m)=O(m™®) as |m|— oo.

Since
> AK(e,k—m)=0,

we can write

o

DC(o + ik) = {D(k — m) + Dk + m) — 2D(k)} A, K(o, m).

m=0

On the other hand, from the definition of K(o, m), we have
A, K(o,m)=0(c"*) foro>0
A, K(e, m)=O(m™®) for |m|> o >0.

If we denote
E(m) = Dk — m) + Dk — m) — 2D(k),
then
c|D,C (o + ik)|*

- ,{ > Edm)AK, m)}2

M= —co

= a{(m-éi + é + %) E(m)A,K(a, m)}2
ot - A

2+ 22 (Elm)/m?)

M=o m=g+1 )

= Aa'/o-ﬁ{ i E,c(m)}2 + Bo

M =-—g

305
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By the Schwarz inequality, this last term is less than

§A¢-4{ > |Ek<m>|2}+c > |Em)] Y

m=—c Memo+1
=< a(o) + Ko),
say. Consequently

G (k) = f " | DC(e + iF)|*de
=< j; mC¥(¢J')d¢1'-¥- f wﬂ(o-)do'.

The first term is less than

=a [ o—{z |Ek(m>12}da

m=1

<24 % |Em|'[ o do

mml
<34 ) |E(m)|*/m’,
mml
and the last term is less than

gcfo"dai | E(m)| */m*

M=o

<C X IBm|Ym [ do

=C i | E(m)|*/m?.

Summing up these estimates, we get the lemma.

LEMMA 3.3. For 1< p<oo,
2 IGBIT= AR 20 (R

k= —co Km—co

From Lemma 3.1 and 3. 2, we can show the lemma for 1 < p < 2.

Next, we shall prove this for A = 4. In the following let us assume that
¢ = 0 for £ =< 0; this is no restriction. Let

1,2

2 A
G(k) = G, c)
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and £ (k) be any non-negative function such that

{z EOk 1””§1, for 1< p=2,

kal

and
G(k, &) = T(k).

Then
T 2/N

[Sicwr|” =z icwr]

k=1 k=1
= sup y_ G*(k) & (k).
£ ka1
The last summation is

SGHE) £ (B)

k=1

— Z{ f | DC(o + zk)lzdtr}f (k)

k=1

Il

[[+|T Dot + 1" EB)de

k=l

=4[ s {z D20 + k)| f(k)’ do.

k=1
On the other hand, since Jensen’s inequality yields

s < o|D,C(e + im)|*{1 —exp21r(zm—o--—1k)}
| DC(20 + ik)| mz.l o+ 7k — im|°

we can write

S Do +i B)|* E(R)

k=l

= Zf(k) Z a|D,Clo + im)|?|1 — exp2m(im — o — ik)]

P mot lo+ik-~im|®

=< i | D, (o + im)|*R{E(a + im)}.
Hence

> GXB) E(B)

kwl
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=4« [Z IDClo + ik)|* RiE (o + ik)}]do-.
0 k=1
Applying the well known formula
4|F'|* = A(F)

where A means Laplacian operator, it follows that
4|DC(a + ik)|* = A[|Clo + ik)|*R{E (o + ik)}]
—24[C¥o + k)| |RE|, + |Ca + k)| [RE[L}.
2. G¥k)E (k)

=4 if:A[lC(a + ik)|*RE (0 + k)] odo

+8 2 [( 10 + @) (ot M) IFELL + [Clo + BLIRE | ] odo
=rIl + I,

say. If we write, ‘

1Cle + k)] < Sl)lg) Cle + ik) = C*(k)

then

L<8 ic*@){f}wkac + ik)| %} ' {Lwa-leE(a-+z‘k)l ‘de

1/2

< 83 CHBGHIR)

k=1

= 8 [C*®ILIGEINT®, = Ale, Ml®IMGELIP.

Concerning with I, since differentiation with respect to % yields the same with
respect to o,

I, = 4if:mz 1Clo + i) "REo + ik)}de

k=1

=43 [ olICle + i8) NEe + R}

— 43 ot 1O+t Neo + k)]~ [ 1C(a+ik)[2m<§(a+ik>)}ada}

k=1

1) 1|1C )| AasSAM) | e (B) | |a, (1< A <o) is proved quite similarly to that of continuous
case.
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=4 X [ + )Mo + k) od

k=l

<-4 (10 + D) NEe + k)]

k=1

— 43 |CGHR)|EB)|

=< lle®INEN, = IC@IIX
Hence
GBI} = Al MICE)INGE,+ (Rl

and we get
IG&)IIx = B(p, MlIc(B)l|

This proves Lemma 3. 3 for A = 4. And the interpolation theorem of sublinear
operations [10, p. 111] yields the Lemma completely.

4. Consider now the proof of the right half inequality. Our definition is

c(k) = j; 1 f(B)e ™ dp

f(0) ~ i c(k)e—hlko

y=—oo

Clo + i) = [ floyem=+* ds.
0

Moreover we define
1
k) = f F(O)e™>™* dg
(1)

¢
Ct(a' + ,k) — / f(g)e-zz(ﬂzka) de.
The notation D,Cfo + ik) means that
DCfo + ik)
¢
o [ s
0

Differentiating these formula with respect to #, then

o) (;(tk) — f(t)e—gmkt
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2

YR D,C(a + ik) = f(t)te 2=+ ®*
and
—aat—DkCt(d' + lk) = { aat Ct(k)} te=2 .
Hence we have
2—(n—1)
S.(k) = f F(O)e ™ dg
2—n

= cp-o—n(k)—ca—(k)
e M dt
9--n ot
2—("1) azwz { )
ot

Do + ik)} dt

2—" t

ot 2—(n—1)
=[£= Do + )]
g—n

2zat 2nat
e

—(ﬂ——l) ._
- f 2 D.Cfo + i) 2mate de
2

—n t2

2PN

= DC"a + ik)

e’.’mrz-ﬂ

— - DCyc + k)

-7

2—(n—1) 2eot 2ot
— [ DClo + iy BT g4
’ ¢

= I(n, k) + I(n, k) + Ifn, k)
say.
Then
[8.(R)* < A(| Ii(m, B)|* + |I(n, B)|* + |Ls(n, B)|*).
If we take o, € (2%, 2"*'), then
s (n—ty

eht'l

—n

2

,Iz(n, k)[ 2 __S_ !chCZ—(-—l)(d'n + lk)l 2

< B2"| DCy—r—(0, + k)|*

and we may write

J, = kf: {Z | Ln, )] }/

nw=l
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YOS {Z 2™ D,Cacosy (@ + iB)| }

k=1 \n=1

Let L, be the interval (2", 2"*'), and applying Lemma 2.7, the last terms is
less than

DO L (E 2" A7 [ 100 + itae]

k=1 \m=1

o /2
> 2 f |DC(o + ik)| 2da'}

n=1 L,

=D |

k=1

< BO L[ oDt + )as]

k=1

In the same way, it follows that

5= IS e k)lz}m

k=1 \n=1
i o /2
SEDE [ o1Dct + i) -
k=1 0
«Concerning with Iy(n, k), since o, € (2", 2"*?), we have

e 2nat 20 2
| I(n, k)lzéA{f ' IDClo + i) ErTET R T gy)

2
2—n z

)
gB{f |DC(ow + k) —"T'_%%;“—lldt}

e[ a{[ 7 IDCon + )
2 2

9—n —n

< Co™ { L 2:,,_,, |DCoan + ik)|*dt } .

If we write

= TE 11 bl

k=1 \n=1

‘then
"— (ﬂ—l

o o »/2
n=DHE{T e [ D + wial

k=1 ﬂ 1

= Es(P); {g 2" j; ZZ(H){ L] f | DClo +i k)| 2do-} }P/’

‘where L, = (2", 2"*!). This is less than
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o

oo ]2
<F(pY { > omgnon fL |D.C(o + ik) tﬁda}

k=1 {nal
p[2

= Gg(?)i{f:uleC(o' + ik)! 2d0'}-

k=1

Summing up, these estimates,
}pl :

Z{Z LI

k=1 \n=1

= A(p)i? {i(lll(n, B+ |L(n k)|* + | L(n, k)]’)lw;

k=1 \m=1 )

T "
=BAEEE |11 B

i=1 =1m=1

<cp Y { [ " oI DCla+ib)| %}m

k=1

<Dy G

k=l

by the definition. Hence, from Lemma 3.3, we have

)Y |s,,<k>!2}m

k= -0 \n=l

<B® X |dh)”

K=w=oco

5. In this section, we prove the following lemma.

LEMMA 5.1. If c(0) = 0, then for 1 < p <oo,

oo

S 1dBIP <A S GBI

Km—oo k=—oo

PROOF. Let

1
(k) = f FiB)e ™ dg
0
1
e(B) = [ filb)e*""db
0
1
DCy(o + it) = f £1(8)8e™ ™8 gg
0

1
T e
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then
>° D,Cy(o + ik)D_,Cyo — ik)
k=—co
1
= f FUO)F0)f e db
0
= Io),
say. Then

f,, " Ko)do = f L F(OFA)8 e—h: de.

[ ae f Koo = f FAOFL6)6" [-———]
1 2 (2 0)2
=4 f £(8)£(6)6" db.
0
On the other hand, Parseval’s identity yields

S B — &) = ffl(ﬁ)fz(ﬂ)dﬂ

Km—oco

and we have

S eBea(— k)‘<Af dpf

Km—oco

<Ay dpf |D.Cy(e + ik)| | D-iCxlo — iB)| der

k=—co

Z chl(a' + ik)D_kCQ(a' - lk) dd

k=amoco

I

—A Y da- j; |DCi(o + k)| | D_Co — ik)|dp

Kem—oo

=A Z a'!DkCI(a' + k)| | D_i(o — ik)|do

1/2

<A 3 { f IDCy(o + zk)|2dc}m { fo "o |D_iCo - z‘k)]2da-}

k==co

=A Z Gi(B)G,(— k).

K=—=oco
We now set

h(k) = | (k)| "~ 'sign (), (%) = G(&; h)
and p is the conjugate exponent of p. Then

oo 1/’ oo llp"-
{Z lP(k)!”’} gA(p’){ > lh(k)l’-”}

k= —oco km=—co
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(»-1)/p

sap |z iwr)
using the result of the preceding section. Hence

T B = 3 dHH=A S G~ B)

<4 {z TG(::)!”}W{:L;-;('_ I }'

éB(P’)i > !G(k)ip}m{ > lc(k){”}(ﬂm

K=—co k=—co

This gives

{i Ic(k)l’}w_s. C(p){ > [G(k)("}i/p

k=—oo k=—co

6. We prove the another part of inequality, that is,

> bt = vz
> ldB)IP<B(p) X {Z lb‘,,(k)lz}.

K=—oo k=—o \n=1

In the view of the preceding section, it is sufficient to prove

e o oo »/2
S 16E)1P = Alp) 3 {Z 18.0)] )

k=—co k=—co \n=1 ) )

If we set
0
f S(te™™ dt = h(8),
0
then

DC(o + ik) = f ' f(ﬁ)ﬂe‘“("‘”")" 26
)
1
- f e—zm dhk( 0)
0
1
= [e_znohk(a)]o + 270 f ' e h,(6)do
o

1
= e'_?"hk(l) + 271'0"/‘ 8_2’00 hk(ﬁ)dﬂ
(1}

= Ii(a, k) + I(a, o)
say. Let us now consider the term containing I (e, k). Since

I(o, k)= e hi(1),
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‘/:a'lfl(o', k)| *do =‘/:a'e"2’“'hk(1)da-

=< Ah(1).
We get
o oo »/2 e v/2
Z [ nral” < aw) £ il
Now
1 =| [ Flores= ae]
= [ fo " du | fo " A dp— fo 0 dt}:]z
< [) " du { ﬁ ' Koy gy — [’ uf(t)e‘”"”“dt}z
Hence

[ el k)|2da'}m
n% .[i:+) du { j; 1 A s — ff(t)e—mu d;}z},,z

r = 1 2—("+1) 2_p/2
22‘”{ f Sy de — | f(t)e—m“dzH
“n=0 0

1M
/—*—‘s -~

=

L

IA
1M

8

IA

(2" (8 +8,(8) lﬂ]m

=

p/2

IA
™M E[\/Js ;Ms

£
|
8

IA

22- {; 18,(8)| H

»/2

IA
M 8

a3

IA
™

(3
|
8

> z{z ISj(k)l’}-n
—n=0 j=0

Lol . ©o n »/2
PALOIN o

n=j

/2

IA
n MB

]
|
8

= 1aw1]
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Concerning with the term I(o, k), we have

[ﬂmwww

= 47r2f a*
0

= 47* f - ’do
0
= 47°P(k) + 47*Q(k)
say. Then

P(k) = faojdo
0
< f " edo f " | hi8)|2d8 f " gmaxat g
0 0 0
< f " oda f " | h(6)|7d8
0 0

=f:%j: OIS

1
f o0 hk(a)del *do

0

1/o ” 2
f i hk(ﬂ)‘ do
o0

= [ 1moyras [ 4= < [* ingo)as [

= —31— f : |h(6)]%6-d6.
Q(k)= f jana

0, (a)) d6

llo

é‘[.a’da' ‘[/a“_lhkgf)| d(i}{ -04e“"""d0}

1lo

ool [ 0" )3
<Af —2[/‘? lhk(0)| 4o

_AfhflMW

—a [ Amor fh_AIIMWZ_

Collecting these estimates,

i{fﬂ%ﬂW&f

k=—co

2 00
de + 4=t f o’do

1o

e h,(0)do |2
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<Ap ¥ u Mi%imda}m

K=—co
23— o+ vj2
<« |hd2” ) | }
oy [ e (277 a8

= A(p) Z

ke —oco

b
=By T {5 meeorent |

k=—cc 'mm0

_ B Z 152 | tf(t)e“m"”dtl2 }m
Kol P @y
= B(p) k_Z_i°° {U)y”,
say.
=% L’“‘;??t)ewt(z/lz—m

Ii

S| e - [ o a [ 121
([ e~ [ o] Y12

2—(™) i { £2—”f(tk_2,,u dt -—_,: ﬂt)e"z'mdt}z-

IA
M

n=0

= z

n=0 m=n V2~ ("+1)

IA
M 3

Hence, by Lemma 2. 5.
2 U®|”

k=—co

<ap 3 [Ste s [ aul [T goema - [ real T

k=—co “Mm0 m=n /2—("+1)
PI2

<Ap % {Z,z |Z 2" { f f)e ™™ dr — f z_(H)f(t)e'””“‘dt} ] -

k=—oco m=0

Now, since the interior term is

3—(m+1)
f f(t)e 2kt g f f(t)eﬁz’"d dt'
= lsn+1(u)l + ]8n+2(k)| e + {amﬂ(k)!:

we get

Z | UR)|®

k=—co
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f18nra(R)| 4 --e0e + | 8mrai(B)] -}z]

k=—co “n=q m=n

The interior sum is

Z —n l Z 2—m |8n+1(k)l e + [8m+1(k)[ 52

=z rretly swm} (m — )
= ZE B®IZ 2
SNDCID g

> laa) e

= n=j

jZ 188)1.

ﬂ/\

IA

"Thus we have

|2
> UG < AR {Z l&(k)[*} .

k=—oco

Summing up these estimates, we get the requring result.
7. In the last section, we prove Theorem 2. Let us set

f(0)~ i C( k)eZﬂlkG

k=—o0

M6)(6) ~ Z d(k)e™™

k=—co

f( 0)6—211130 — Sn,t( k)

g—n

fz_(”—‘)f(ﬂ)h( 0)e_21zik0 de = 8;;(k)’

then

2— (n—1
8.() = f 7 RN e
Z—n
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Q— (n—1

=M 8B — [ 8s0(R)IN).

lg—n

[8.B)|* = |(A27")[*]8,(k)|®

+ [ ) lane)] [

2—n g—n

—(n—1

1ano)),

OIS ) INNLY O YOI

by the hypothesis.

o

2

k=—oo

<<

IA

by the
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n=Q

2—("-1)

S AD{E M1a®I + M [

k=—0co
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lemma 2.2. In the view of Theorem 1, we have Theorem 2.
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