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1. One of the most important theorems given by Littlewood-Paley [2]

reads as follows.

For / (0) € L" (0, 1) (1 <p<°°), let

If
2 n - l

| / t _ 2 7 1 — 1

a0 n = 0,

then2)

The corresponding result for Walsh-Fourier series was proved by Paley
[4]. The discrete analogue of this theorem is as follows.

THEOREM 1. For c(k) € I2 Π lP ( l < /><•<*>), feί

= f
JQ

dθ.

1) Research supported in part by the National S:ience Foundation (U. S. A.).
2) A(ρ), A'(ρ), B(ρ), denote constants depending upon only p, and these are

not the same in different occurrences.
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If

Uk) = Γ^Λθy-™' dθ n=l, 2,.

then
p/2 «oo p/2 «

Σ \Uk)\*\ Σ

Hirschman [l] proved the Walsh-Fourier series analogue of this theorem.
The object of this paper is to supply the proof of Theorem 1. All known
proofs of the Littlewood-Paley theorem depend upon the complex variable me-
thods; For example, see Littlewood-Paley [2], Zygmund [9] [10] and Sunouchi
[7]. In the proof of Theorem 1, we can not use the complex methods, because
the variable is discrete. But the idea of the complex variable methods survives
and the author follows the method given Zygmund [9] [10].

In 2 and 3, we shall prove preliminary lemmas and in 4 we shall prove
that

~ co p/2

Σ Σ |S,(£)|2 ^B\p) Σ \c(k)\p.

This is the most interesting part of the theorem.
In 5 and 6 we prove the converse inequality. From Theorem 1, we get the

following /^-multiplier theorem in 7.

THEOREM 2. If λ(0) is a function such that

^ M, £ J υ \dX{θ)\ ^M (n = 1, 2,

then, the hypothesis

fcβ-CO fcβ-CO

i?n plies

mm- έ d(ky°™,

and moreover

Σ, \d(k)\p<^c(p) Σ \<<k)\'.

This corresponds to the ZΛmultiplier theorem of Marcinkiewicz [3].

2. In this section, we prove a discrete analogue of M. Riesz's theorem
and related theorems.
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LEMMA 2.1. Let άk) € Γ f] I" (1 < p < °o), and

c(k) = J 1 f(θ)e-2*m dθ,

ct(k)= ff(θ)e-**™ dθ
JO

then

jr \ c t ( k ) \ p j t
fc=-co

PROOF. If we set

\ Λ .
\ 0 elsewhere,

then

where χt(θ) is the characteristic function of the interval (0, t). These functions
have the following Fourier coefficients.

c(k)= (
J0

2irιk Jo

t = Γ ^ ( ^ ) ^ ^ = 0.
Jo

0

f dθ

If we denote by Σ' the summation that the term m = 0 is omitted, then

say. If we denote the discrete Hubert transform by

~s,\ _ 1 y> c(k + m) — cjk — m)

then the well known M. Riesz's theorem [5] yields for 1 < p <
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fc.-co fc.-eo

Hence we get for j = 1, 2,

Σ kFwr^β^) Σ \dk)\

and the lemma is proved.

LEMMA 2. 2. / / / o r 1 < /><<»,

co - co >P/2 co - co

Σ Σ l<α,/)l2 ^A(ί) Σ Σ W
p/2

where c (k, Γ) means the discrete Hilbert transform of c(k, I) with respect

to k.

PROOF. The present author [7] showed the following result.

If

f {J" I/Gr, 012dtj12 dx<oo, (l<p<oo)

then

f \f \Rx, t)Vdt ]mdx S A(p)J~ [f~ \f(x,

where f(x, t) is the conjugate function of f(x, t) with respect to the variable

x. We can prove the Lemma by using this fact.

Let ίftjc, i denote the square with center p — p(k, I) where k, I are integers

and edges of length 1. Given a sequence c(k, I), let f(x, t) denote the function

taking the value c(k, I) at the part of dt'jcj (concentric and similarly situated

square with edge 1/2), and equals to zero elsewhere.

Then

depends upon p only, we set [x] = k9 [ί] = I, then

f(x> t) = Σ c(k\ I) I ^— + c(k, I)
2 x—y

', I) ——z~r + c(k, ϊ
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where χk(x) is the characteristic function of the interval [k — 1/2, k + 1/2].
Hence

Integrating with respect to t,

)\*£A Γ \f(x,

Take the //2-power of both side, and integrate with respect to x, then
P/2

Σ ] Σ k(M)Γ
p/2 cβ ( βo \J)/2

~ r °° ( 1 )2i

= / + J + X,

say, where 3ίfc means interval [& — 1/2, k + 1/2]. From the first remark,

ZsSA'O) Σ Σ k(M)!2

fc=-CO I Zπ=-OO J

and - / oo γ,2 _
J^B() Σ Σ k(^OI2 I \xlχ)\pdχΣ Σ k(^OI2 I

Ό>) Σ Σ \dk,i)
!fco-eo I ?B-eo

because %t is the conjugate of the characteristic function of the interval
[4- 1/2 k + 1/2]. We have

Σ I Σ Σ dk',D .. 1

bΎ 1
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oo co

For the sake of simplicity, we set

then the last term is

I k ) J

In the case 1 < p < 2, applying Jensen's inequality, this is less than

(t_Vy Σ

(k—k')p

"(p) Σ 1 Σ

Thus the lemma is proved for Kp<:2. For the case p^t2, we can get the
lemma by the generalized conjugacy method for Banach-space valued functions
given by Boas and Bochner [0].

By the same method, we can prove following two lemmas

LEMMA 2. 3. Let c(k, t) the discrese Hϊlbert transform of c(k, t) with
respect to k, then

« ( CO _ \PI2 CO / ]ϊ/ϊ

Σ \j m \c(k,t)\*dή ^A(p)Σ, j / ^ \c{k,t)\*dt J

for 1< ρ<°°.

LEMMA 2. 4. Let c(k, t) the discrete Hilbert transform of c(k, t) with
respect to k, then

0 0 ( r°° ~ ) p l 2 ( r°° ι

Σ f \c{k,t)Vdμ(t)\ ^A(p)Σ\
IC=-co(J-c*> J fc=_co l J - «

where μ(f) = t or has a jump 1 where t is an integer.
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LEMMA 2. 5. For given

cn(k) € I2 Π m < P<°°) (k = 0, ± 1, ± 2, ; Λ = 1, 2, ΛΓ),

Cn(k) =

ctn(k; cn(k)) =

then

Σ, \cdk;cn(k))\

PROOF. From the view of Lemma 2. 1 and 2. 2, this Lemma is immediate.

LEMMA 2. 6 Under the same assumption of the above Lemma, if we
set"

Ctn(<rn + ik;cn(k)) =

Pl2

p/2

PROOF. Using the notation of Lemma 2. 5 and integrating by part

-2τr(σn+lfc)0 Jn
U(7

*" $clki cn(k))dθ

1) We write C (jk) = c(*) and G(tt) = α(£).
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Squaring and summing up with respect to n and applying Jensen's inequality,
we have

co l N \pl 2

Σ Σ \CtSrn+ik; cn(k))\Λ
=-ooU=l J

If

Σ Σ2?r<rn / e-'Znσ"θ\cΘ(k; cn(k)\2dθ

N \pl2

ί
by Lemma 2. 5. and Lemma 2. 4.

LEMMA 2. 7. Let In is a subinterval in [0, σn],
co ( y }pl2

Σ

Σ|Σ:-ΊTT/ ICC Γ + Λ;

under the same hypothesis with Lemma 2. 5.

PROOF. From Lemma 2. 6, we have
- ( N \pμ

Σ

Pl2

N \p]2

Σ\C(<r'n + ik,cn(k)\*\

where σn € (0, σn). Hence by the definition of Riemann integral, the lemma is
immediate.

3. We shall define discrete analogue of Littlewood-Paley function g(θ)
and Marcinkiewicz function μ(θ).

Let us set

v=0

k; c) = 2_
(m=l

then we get the following lemma. M(k;c) is a discrete analoge of μ(θ).

LEMMA 3. 1. If; c(k) € Γ(l < p<^ 2), then
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Σ \M(k)\»^A(p) Σ I<<*)Γ

PROOF. We split the proof into two stages. In the first place, we prove

(1°) If dk) € l\ then M(k) is finite for all k, and

JV S ^^Σ \dk)\,

where Ns denotes numbers of k such as M(k; c) > s. This means that M(k; c)
is the operation of weak type (1,1) acting on I1. But the proof of (1°) is only
from words to words repetation of Stein's proof for continuous case [6,Lemma
7, p. 438]. So we omit details.

(2°) M(k; c) is the operation of the strong type (2. 2), that is,

OI2^S£ Σ k*)Γ.

From the definition

D(k 4- m) + ΊXjk - m) - 2LKk)
ft+m Tc—rn

Σ + Σ - 2 Σ

Hence

= 2ί

= 2* f V

— Σ

cos — cos ί
dx.

2sin

- m) - 2ΣK.k)\

cos x — cosίra + )x
2 \ 2 /

Since the summation is

cos x — cos (m Λ ) x
2 V 2 /

?n3x2
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+ D1*4 + A

= (XX),

it follows that

ΣΛ Σ

Thus we have proved that M(k, c) is the operation of strong type (2. 2).
Hence we get Lemma 3. 1. by applying the interpolation theorem of Marcink-
iewicz [10, p. 111].

We define another function G(n), which is a discrete analogue of Littlewood-
Paley function g(θ). Let

and for σ > 0, we setυ

L
rt(σ+ik)θ

c(m)[l — exp \2π(im - σ — iK)\\

27Γ Jzί^ σ + ik — im

DkC(σ + ik) = - 2τr f f(θ)θe-2«σ+mθ dθ

1_ ^U c(m) ψ (im ~ σ -- fjfe)

"" 2τr mfr« («• + i* - im)2

where

ψ (zm — <r — ik) = exp[ 2π(im — σ — ik) — 1 — 2τr(im

— σ — ik)exp {2ir(im — σ — ik)}]

and
1/2

j= IJ σI AC(σ + ik) I

LEMMA 3. 2. Under the above notations,

1) In C(<r+/&), the variable k is discrete. Now we suppose k is continuous formally
and differentiate C(σ+ik) with respect to k. This is DicC(σ+ik).
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G(k) ^ AM(k).

PROOF. For the sake of simplicity, we denote

2τr (o + ikf

and set this into the definition D,jC(σ + ik),
00

DkC(σ + ik) = J ] dm)K(σ, k - m)

The partial summation yields

because

Since

we can write

= o(m), as I w) -> 00

σ , ^ — m) = O(m'3) as \m\

Δ m ^( σ , * - m) = 0,

On the other hand, from the definition of K(σ} m\ we have

ΔmK(σ, m) = O(σ-3) for σ > 0

ΔmK(σ, m) = O(m-3) /or |m| > σ- >0.

If we denote

Ek(m) = Dik- m) + D(k- m) - 2D(k),

then

ik)\2

έ Elm)ΔmK(σ, m)\

= °"jf Σ + Σ+ m)

+ Σ
- σ - 1 co
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By the Schwarz inequality, this last term is less than

£ \Ek(m)\*\+C Σ,
J m-o+1

say. Consequently

G\k) = Γ «r| D*C(σ + ik)\*ώr
Jo

^ Γa(σ)dσ + Γβ(σ)dσ.
Jo Jo

The first term is less than

^2A jt \Elm)VΓa'* dσ
m.l J™

^ 3 A Σ . I£(m)l7ι»\

and the last term is less than

m.ϊ

m-l

Summing up these estimates, we get the lemma.

LEMMA 3. 3. For 1< ρ<<*>,

From Lemma 3. 1 and 3. 2, we can show the lemma for 1 < p < 2.

Next, we shall prove this for λ j> 4. In the following let us assume that
Ob = 0 for k Si 0; this is no restriction. Let

+ l
p λ
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and ξ(k) be any non-negative function such that

1 - yip

ΣI#*)Γ ^1, forl<p^2,

and

G(k, I) = Πk).

Then
\2/λ

5 fc-1

The last summation is

ιk)Vdσ\ξ{k)
J

Γ lέ
o U-i

= 4 Γ σ J E I AC(2σ + /*)|2 ? (ft)j dσ.JE ) | ) j
On the other hand, since Jensen's inequality yields

σ\DkC(σ 4- ww)|2{1 — exp 2ττ(im — <r — ?A
—— —L\|

ίk)\

we can write

σ\DkC(σ -f zm)|21 — σ —

^ Σ IA.c(β + imψ miξ(o- + »»)}.

Hence
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£Ξ 4 Γσ ΪΣ, \DkC(σ + ik)\*m\ξ(σ + ik)\λ dσ.

Applying the well known formula

where Δ means Laplacian operator, it follows that

41 DkC(σ 4- ik)12 = Δ[ I C(σ + ik)\ 2SR [f (σ + ί*)} ]

+ \C\σ + ik)\

^ 4 Σ ΓΔ[\C(σ + ik)\mξ(σ + ιk)-]σdσ

+ 8 Σ f |C(σ + life)I ί|C(σ+ ί*)|σ|8ϊf U + \C(σ + /*)

say. If we write,

I C(σ + ik) I ^ sup C(σ + /*) = C*0)

then
| i / M ΛCO I i/a

<r I Dkζ(σ + z&) 12έiσ !
o

^ 8

Concerning with /j, since differentiation with respect to k yields the same with
respect to σ,

!ι = 4 Σ ΓσΔΠC(σ + ik)\2ΐϋ(ξ{σ + ik))\dσ

" Γ 1
Γ ϋ J Jfc-l I

1) 1 \C*{k) I |λ^^4(λ) I |c(y^) I |λ, (1< λ <oo) is proved quite similarly to that of continuous
case.
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= - 4 f ) ί" ί I C(<r + i k ) I '«(&»• + »'*))} "do-

^ - 4 Σ [ I C(σ + i*) 12SR(£(o- + **))]"

fc-1

Hence

and we get

^ B(p,

This proves Lemma 3. 3 for λ ^ 4. And the interpolation theorem of sublinear
operations [10, p. I l l ] yields the Lemma completely.

4. Consider now the proof of the right half inequality. Our definition is

c(k) = f f(θ)e-*«tkβ dθ
Jo

C(σ + ik) = f f(θ)e-^
Jo

Moreover we define

clk)= f f(θ)e-2*m dθ
Jo

C,(σ + ik) = f f(θ)e-*««+m dθ.

The notation DhCt(σ + ik) means that

AA(σ + ik)

= - 2τr f
Jo

Differentiating these formula with respect to t, then

3 elk) =
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dt
•DkCt(σ + ik)=f(t)te-^'+"

and

Hence we have

DkQ(σ + ik) =

J2-»

-c
J'2—n

<(σ + ik)\ dt

J2-«
ik) — e dt

- f2 ( DkCt(σ + ϋ
J2-»

= /,(«, A) + 72(«, ft) + /,(«, A)

say.

Then

If we take <rn e (2", 2"+1), then

2«2»2-( - )

and we may write

= Σ Σ !/.(«, *)
p/2
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]22 M |AC2- («-1 )(σn4- ik)V

Let Ln be the interval (2n, 2W+1), and applying Lemma 2. 7, the last terms is
less than

: 2 2 M - Γ ^ T f IAC(O
,1 I All JA,

ίS K/>) f) j έ 2" fL I A O + iA) I *daY

ft = l (•'0 j

In the same way, it follows that
co / co •> p/2

J χ I

k^i [n-1 V ' J

00 \ Γ 2 Γ / 2

Concerning with Iz{n, k), since σ w € (2W, 2W+1), we have

IΛOi, * ) | 2 ̂  ^ { / " ^ IDkCt{σ + A)12 2 7 r σ ^ + g 2 ^ ώ } 2

r Λ 2-(»- i )

W2—»

If we write
\f>/2

12

then
\Pl*co / co f2-(«-l) \

D3(p)Σ, Σ 23Λ / I ACXσ + it)| fΛ

P/2

where Ln = (2Λ,2n + 1). This is less than
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\j»/2

: j i :2 3 W 2- w 2- w J £ \DJXσ + ik)V

σ\DkC(σ + ik)\2dσ\.

Summing up, these estimates,

l J

p/2

- f Γ~
Σ / σ\Dk

by the definition. Hence, from Lemma 3.3, we have
CO

Σ

5. In this section, we prove the following lemma-

LEMMA 5. 1. If c(0) = 0, then for 1 < p <oo,

PROOF. Let

ιA) = f f(θ)θe-2*iσ+mθ dθ
Jo

ιk) =
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ik)D.kC2(σ - ik)

say. Then

Γ I{σ)d<τ = f
Jp Jo

On the other hand, ParsevaΓs identity yields

and we have

Σ r (u\r (— hλ dpΓ
Jp

I \DkCl(<r +

JO

= A Σ I ^lAC,(σ + ik)\ \D.k(σ - ik)\dσ

^ A Σ { Γ\DkCx(σ + ik)\2dσ\ l \ Γσ\D_kC2(σ -
fc oo (Jo j (Jo

= A

- ik) dσ

2d<λ
\l/2

We now set

A(*) = \dk)I'^sign ^ ) , IX*) = G(k;h)

and />' is the conjugate exponent of p. Then
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using the result of the preceding section. Hence
OO CO <

Σ
fc —oo fca

j

t Σ IG(*)Γ[

This gives

6. We prove the another part of inequality, that is,
CO / OO SPJ2

Σ \dk)\p<LB(p) Σ Σl*»(*)lf

Σ

In the view of the preceding section, it is sufficient to prove

Σ \G(k)\" ^ A(p)

If we set

then

DkC(σ + ik) = Γ f(θ)θe-2'ίσ

= C e-*mβdhlθ)
JO

= [e-2^A,(^)]X + 2τr(r Γ e~**σθ hk(θ)dθ
0 Λ

= e-*nσhk(l) + 2τrσ f e~2*σθ hk(θ)dθ
Jo
f

Jo

= 7Λ(σ, *) + 7f(σ, σ)

say. Let us now consider the term containing 71(<r, k). Since



DISCRETE ANALOGUE OF A THEOREM OF LITTLEWOOD-PALEY 315

Γσl/Xσ, k)\ 2dσ = Γσe~™σ

Jo Jo

We get

Now

Hence

- ί r* ) f

Σ I σllibr.Wdσl
— 'Λ )

f
Jo

A(p)

dt

^ Γ ̂  { f/(&-***> dt - Γf(t)e-^dt V
Jo *Jo Jo ^

= Σ Γ " ^M 1 ff(t>-**mdt - Γf(t)e-
Wβ0J2-(»-t-i) (Jo Jθ

Σ [έ Γ "
- Γ - f /.I

Σ IΣ2- f
k—00 L W β 0 (Jo

00 co

Σ Σ2-
00 co /

Σ Σ2-"
fcβ-co LW-0 I ̂

n*

- J f{t)e-^dι\
Jo ) J

p/2

2 p/2

1

^ Σ
- 0

Σ Σ
fc = -eo L ./=0

Σ |ΣI*X*)Γ|.
*; = —«. L j - 0 J

p/2
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Concerning with the term I2(σ, k), we have

Γσ\h(σ,k)Vdσ
Jo

= 4τr2 Γσ3 f e~Ma» hk(θ)dθ

= 4τr2 Γσ3

Jo

dσ

da e~2*σ
r2 Γ β Vσ I

Jo I Ji
dθ + 4τr2 Γ β Vσ I Γ e " 2 ^ hk(θ)dθ

J I J

say. Then

^ Γσ'rfo- Γ"'\hlθ)\*dθ Γ'e-ιxaβ dθ
Jo Jo Jo

^ Γσ'dσ C'" \hk{θ)\*dθ
Jo Jo

= f-^r ί \h^θ)\*dθ
Jo X Jo

= f \hk{θ)Vdθ f -*L
Jo Jβ X β X

Q(k)= Γ
J I

3dσ dθ

•A r,->
Jθ Λ/σ θ

iβ

= A ΐdxΐ
Jo X

dθ

Jo 6»4 Jo Jo

Collecting these estimates,
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2_
/

PI2

rC+'hlί )Pl2

J1

Σ Σ
P/2

' " P/2

say.

= Σ
w-0

= Σ [Jf - JΓ

1 / 2 - r ) f / 2-n

^ Σ τ^7 Σ / Λ /
Hence, by Lemma 2. 5.

Σ

|2-τ

- Γ ΛO-*"*
JO )

Σ [ Σ T ^ Σ Γ" du J Γ"/(ί>-*"Λ" Γ/<ί>-**4T
eo c. « / -2_» f2-(«-") )2ηP/2

Σ I Σ ^ Σ 2"m / fίfyr^dt - I f{t)e-™dt\ .

Now, since the interior term is

Γ'
Jo

f(t)e-™kt dt

we get
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PI*

ft-—eαLn-o

The interior sum is

Σ τ ^ Σ 2 - m ί i s n + 1 ( * ) i + + |β.+1(*)iιi

Ln-o 1 ^ I w=n J

Σ i ^ r r Σ 2-mί|am+ι(*)i + + \sm+1(k)\V

- n)

=0 j=n m=n
OO CO CO

m^ Σ i W I ' Σ Σ 2m

^ Σis/*)I2Σ-Sr
i=o n=j

Σ
Thus we have

eo X p | |

ΣI«X*)Γ
/=0 J

Summing up these estimates, we get the requring result.

7. In the last section, we prove Theorem 2. Let us set

Σ,

Γ
t/2—n

dθ =
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= λ(2-(n-1)) Sn(k) - f * υ K,θ{k)d\(θ).
t/2—n

Hence

Γ"

by the hypothesis.
\p/20 0 / 0 0 \p/2 ~ / » -2—(»-i)

= -eo(n=0 j fcβ-co(w-0 »̂ 2~"

Λ2-C-1) )

+ Λί |Jλ(^)| |δnα)|2

J2-» J

\p/2

^ Σ (̂/>) ΣΛί11Uk)\2 + M21S<»|2Σ (̂/>) ΣΛί11Uk)\

by the lemma 2. 2. In the view of Theorem 1, we have Theorem 2.
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