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Introduction. A study of crossed products of rings of operators [4]
shows that any countably infinite group is isomorphic to a group of outer
automorphisms of an approximately finite factor on a separable Hilbert
space. Combining the discussions in [4] with those in [3] we obtain the fol-
lowing result.

THEOREM. Any countably infinite group is isomorphic to a group of
outer automorphisms of a certain factor of type III on a separable Hilbert
space.

The purpose of this paper is to prove this theorem together with the
theorem of N. Suzuki [4]. In this paper, an automorphism of a factor means a
"^-automorphism, and a group of outer automorphisms of a factor is a group
of automorphisms all of which are outer automorphisms except the unit.

1. The construction of a factor of type III which contains a singu-
lar maximal abelian subring. Let G be a given countably infinite group.
Let A be the set of all functions a on G such that <x(g) = 1 on a finite subset
of G, and = 0 elsewhere. Defining for a, β € Δ the addition a + β by [or
+ β] (9) — oί(g) + β(g) (mod 2), we make Δ into a group with the unit 0:0(g)
= 0 for all g € G. Let Δ' be the set of all functions ψ on Δ such that φ(ά)<
= 1 on a finite subset of Δ? and — 0 elsewhere. Δ' is a group with addition
\_φ + ψ](ά) = φ(ά) + ψ(ά) (mod 2) for φ, ψ € Δ\ The unit element of Δ7

is the function 0:0(ά) = 0 for all a € Δ.
For each ci €ί Δ, we associate the measure space (Xa9 Sα, A6*), where X*.

consists of two points 0 and 1, Sα consists of all subsets of Xa, M>Λ(\0\) —p,
μ»({l\) = q, and q > ρ> 0, pΛ q— 1. We construct the infinite product mea-
sure space (X, S, μ) of (Xay Sα, μ^aeΔ Then a point x € X is a function on Δ
which takes values 0, 1 only, and so Δ' is a subgroup of X when X is consi-
dered as an additive group. Let H = L2(X, S, μ) and the multiplication algebra,
on H be denoted by A and an element of A corresponding to a function.
a € Loo(X, S, μ) will be written by a.

For a € Δ, φ £ Δ' and g € G, we define one-to-one mappings x -> x"^
x -+ xφ and x -* x° of X onto itself as follows:
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x°(y) = x(a + y),

x%y) = x(y) + φ(y) (mod 2),

where y° is defined by y\h) = y(gh), and g~ι is the inverse of g.
Using the above mappings, we define operators a06, aφ € A for each a € Ar

a e Δ? φ e Δ' by

ίa"flx) = a(x«)f(x)

\.aφflx) = a(xφ)f(x) for all / € H.

Let (Δ'jΔ) be the set of all pairs (φ, a), φ € Δ', a € Δ. For each (φ, a}
€ (Δ'? Δ) we associate a one-to-one mapping x -> ^(iP>Q;) of X onto itself,
defined by

*<"<%) = ^ ( α + γ) + ^(γ) (x € X).

For an a € Δ and a £> € Δ' we define an element φ* € Δ' by φa(y) = ^>(Λ + 7).
Then, as [ ^ »] (* β ) = ^^+*.-+fl) for (^,α), (Ψ,/8) € (Δ', Δ), (Δ', Δ) is a group,
by the law of composition (φ, ά) (ψ, β) = (φβ + ψ, a + β). In fact,

(φ, *X0, 0) = (0, OXφ, a) = (φ, ά)

(φ, a)(<p«, a) = (φ\ ά)(φ, OL) = (0, 0).

This group will be denoted by ®.

For a € A, cί € Δ and y> € Δ' we define operators ^4, [/„ and Uφ on the
Hilbert space ΈL0 lt(&) as follows: For F(x,(ψ,β)) € H(g)/2(®)

[AF](x, (ψ>5 /S)) = a(x)F(x, (ψ, β)),

ίUaFjx, (ψ, β)) = ί t a , ( t , β) (0, α)),

(ψ-, β)) = \j^ (x)f W , (Ψ , /βXΛ 0)),

where μφ(E)= μ(Eφ) and £̂ > = \xφ\x €. E\ for any £ € S. Here we note the-
following fact: For any φ € Δ',

and thus if p = q = -±-9-&L(X) = 1.
2 dμ

It is easily seen that A is a bounded operator for each a € A and

*) By Corollary of Lemma 3 in [4] μ is quasi-invariant under Δ\ that is, M(Έ) = 0 for
implies μ{Eφ)=Q for all φ£Δ\ Hence μφ is absolutely continuous with respect to /t-
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Uφ are unitary operators for all ct € Δ5 φ € Δ'.

LEMMA I. For each a € A, oc € Δ tf«<i >̂ € Δ'? we have

UaAUa = A", UψAUφ = A\ U.U9Ua = UΨ«,

•where A"(resp. Aφ) is an operator on H ® Z2(®) corresponding to a" (resp.
a?) on H.

PROOF. For F € H ® /2(®), we have

[C7αAt7αF](^. ( t , /β)) = [^C/αF](^, (ψ, βXO, a))

= a(^a)[t7a F\x°, (ψ, β)(0, a))

:, (ψ, β)),

lUφAUφFjx, (ψ, β)) = [-^J- U ) ] ^ ? / ^ ] ^ (Ψ, /SX<p, 0))

fc (x) ̂  (a*)γaίa*)F(x, (Ψ, β

because —p2- (x) —p^ (xφ) = 1 except for a set of /^-measure 0, and
dμ dμ

, (ψ, β)) =

Put U(φ)Cύ) = UaUφ for each (φ, a) € @. Then we get the following
lemma.

LEMMA 2. For each (φ, a), (ψ, β) e ©,

PROOF. Uiφ^UiΨtβ) =UΛUφUβU* = UΛUβUβUφUaUφ

and [L^,*)]-1 = UφUΛ = UaUMφUa = UΛUφ* = Uiφ;Λ> = L V Γ 1 .

If ^ > p > 0, ® is /re#, ergodic and non-?neasurable in the sense of [2]

(cf. [3 : Lemma 9]),- and if p = q = , © is free, ergodic and measurable
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since, in this case μ is Lebesgue measure on [0. l] . Hence, employing [ 1 :
Lemma 5. 2. 2] and [4: Lemma 1] we have

LEMMA 3. Let M be the ring of operators generated by A {a € A) and
U(φlC6) ((φ, oc) € ©). Then M is either a factor of type III or a factor of type

IIj according as either q > p> 0 or p — q — . In the latter case, M is

an approximately finite factor since ® is locally finite.

2. The proof of the theorem. First we observe that the subalgebra
P = M generated by f/(0,«) (pi € A) is a singular maximal abelian subalgebra
of M, i.e. the subalgebra of M generated by the unitary operators U € M
satisfying U P U* §= P coincides with P. In fact, Δ is an abelian group and:
hence the discussion in the proof of [3 : Theorem 2] is directly applicable, and
the conclusion for P is obtained.

For each g € G we define a one-to-one mapping of A' onto itself φ->φ°
by φ°(y) = ^ ( γ ^ 1 ) . The element (φ°,yd)((φ,a) € ®, g € G) will be denoted by
(φ, a)0 shortly. Using these we define the unitary operator Ug on Ή.(£) 12(®}
for each g € G by

Then the following lemma is obtained.

LEMMA 4. For (φ, oc) € &, g € G and a € A we have

Uβ-iUί9,.)Uβ = U(φ,af, Ut-*AUβ = A'

where A' is defined by \_A°FXx,(Ψ,β)) =a(xr1)F(x,(ψβ)) for F € H ®/,(@).

PROOF. For F € H (g) /2(®), we have

= lAUaFXx«-\ (ψ, βΓ>)

X, (ψ, β)\

and the second equality is proved.
To prove the first equality, we show at first that for each x (Ξ X, ff € G,.

a € Δ, φ € Δ' and (-ψ , /β) € ®,

In fact,

(((^ww = (G^mr1) = (^Jr(/-') +
= χ"~\a + Y'1) + φ\i) = x(a"
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and

(irk, βyΛφ, «))'

= (*•» + φ°,β + Cf) = (ψ, β)(φ\ a")

Using these relations we obtain

for F € H ® /2(®), and thus we get

Ug-lU(φ,a)Ug = U(φ>cύf.

From Lemma 4 we have

LEMMA 5. The mapping g ->Ug (g € G) ώ α faithful unitary represen-

tation of G on H ® /2(@) α^J ίA^ mapping T -> Ug-ιTUg (T € M) defines
an automorphism of M.

PROOF OF THE THEOREM. It is sufficient to show that for each g € G,
f̂=j=e, the unit of G, the mapping T ->Ug-iTUg (T € M) defines an outer

automorphism of M. Suppose that there is a g € G such that the mapping
T -> Ug-\TUg defines an inner automorphism of M. Then there exists a unitary
operator U € M, and

g g for all T € M.

In particular we get
ZΓ'U^U = Ug-iUi0^Ug = C7(o,̂ ) € P for all tf € Δ.

Hence, by the singularity of P, C7 € P and (0, α) = (0, <X?) for all a £ Δ.

Thus α = α g for all Λ ^ Δ and £r = e. Therefore T-> Ug-ιTUg(T € M)
defines an outer automorphism of M for each g € G, g φ ^ , and the proof

is completed.
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