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Introduction. The notion of an almost contact structure (φ, ξ, η) was
given by S. Sasaki [7]. The main purpose of this paper is to study certain
almost contact manifolds which are similar to Kahlerian manifolds.

Let M be an almost contact manifold with structure tensors (φ, ξ, η).
We shall prove that there exists a linear connection such that φ, ξ and η
are parallel with respect to it, and whose torsion tensor field T is given by:

T(X, Y) = 2dη(X, Y) ξ + η(Y) φX - η(X) φY

- -ί-{Φ(X, Y) - 2dv(φX,φY) ξ + η(X)φ{Lξφ)Y - η(Y)φ(Lξφ)X}

for all vector fields X and Y on M, where Φ is the Nijenhuis' tensor field
of φ (Th. 1).

Let us consider the tensor field y of type (0, 2) on M given by:

<J(X,Y)= -2dη(X,φY) + η{X)η{Y)

for all vector fields X and Y on M. We shall say that the structure (φ, f,
η) is non-degenerate if the tensor y is a (pseudo) Riemannian metric on M.
Then, we shall prove that if the almost contact structure is non-degenerate,
there exists a unique linear connection such that φ, ξ, η and y are parallel
with respect to it, and whose torsion tensor field is the same tensor field as
given in Th. 1 (Th. 2).

By Th. 2, it follows that if the non-degenerate almost contact structure

on M is normal, then there exists a unique connection V such that φ, ξ, η

and y are parallel with respect to it, and whose torsion tensor field T is

given by:

f (X, Y) = 2dη(X, Y) ξ + η{Y)φX - η(X)φY
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for all vector fields X and Y on M (Th. 3, [6], [8]). This linear connection

is closely related to the almost contact structure and will play an important

role in the subsequent paper [4]. Non-degenerate normal almost contact

manifolds are similar to Kahlerian manifolds. We shall study the geometric

properties on non-degenerate normal almost contact manifolds with respect

to the linear connection V obtained in Th. 3.

The author wishes to express his sincere thanks to Prof. N. Tanaka for

his kind guidance and many valuable suggestions and to Prof. S. Sasaki for

his precious advice.

1. On almost contact manifolds. In this paper the differentiability of

manifolds and tensor fields means always the differentiability of class C°°.

Let M be a differentiate manifold of dimension 2 n + l (n ^ 1). We

denote by DC(M) the Lie algebra of all vector fields on M. An almost

contact structure on M is, by definition [7], a triple Σ=(φ, ξ, η), where φ is

a tensor field of type (1,1) on M, ξ is a vector field on M and η is a 1-form

on M, which satisfies the following conditions:

(1.1) φ\X) = - X + η(X) ξ for all X c= 3£(M)

(1.2) ^ ) = 1

We have the following equalities from equalities (1.1) and (1.2):

(1.3) Φ(ξ) = O;

(1.4) v(Φ(X)) = 0 for all Xζ 3£(M).

On any almost complex manifold, we have known that there exists a

linear connection such that the almost complex structure is parallel with

respect to it. We shall find such a connection on a manifold with (φ, ξ, η)-

structure (cf. [8]).

THEOREM 1. Let M be an almost contact manifold with structure

tensors (φ, ξ,η). Then, there exists a linear connection such that the funda-

mental tensor fields φ, ξ and η are parallel with respect to it, and whose

torsion tensor field T is given by:

(1. 5) f(X, Y) = 2dη(X, Y) ξ + η(Y)φX - η(X)φY

- -i- {Φ(X, Y)-2dη(φX, φY) ξ+v(X)φ(Lξφ)Y-η(y)φ(Lξφ)X}
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for all X, Y € 3£(M), where Lξ means the Lie derivation with respect to ξ
and Φ is the Nijenhuis' tensor field of the tensor field φ of type (1,1), i.e.,

Φ(X, Y) = -φ 2[X, Y] + φ[φX, Y] + φ[X, φY] - [φX φY]

for all X, Y € 3£{M).

LEMMA 1.1. Let M be the same manifold as in Theorem 1. There
exists a linear connection such that the two tensor fields ξ and η are
parallel with respect to it, and whose torsion tensor field T is given by:

(1.6) T{X,Y) = 2dη(X,Y).ξ

for all X,Y e= 3C(M).

PROOF. We have known that there exists a torsion-free linear connection

V such that the vector field ξ is parallel with respect to it [3]. Let A be
the tensor field of type (1, 2) given by:

Ά(X)Y = (V^XY) ξ for all X, Y z 3ί(M).

Making use of the above tensor field A, we define a new linear connection

V by:

VjY = V J Y + Ά(X)Y for all X, Y € 3?(M).

By condition (1. 2) and the properties of the connection V, we have

( V Λ ) 0 0 - (Vπj)(X) = 2dη{X, Y) for all X, Y € T(M).

Therefore, we have

V.yξ = V.v£ + Ά(X) ξ = (VΛ)(£) = 0 ,

(Vχη)(Y) = (V^XY) - >?(A(X)Y) = 0,

and

T\X, Y) = 3(X)Y - Ά(Y)X = {(VΛ)(Y) - (VΓIJXX)} ? - 2^(X, Y).ξ.

Thus Lemma 1.1 is proved.
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PROOF OF THEOREM 1. Let A be the tensor field of type (1,2) given
by:

for all X, Y <= 3£(M), where V is the linear connection in Lemma 1.1. Then,
we have the following four equalities.

(1.7)

(1.8)

(1. 9) A(X) φY - φ{A{X) Y) = 4(VΛ>) Y

(1.10) Ά(X)Y - A(Y)X = Φ(X,Y) - 2driφX,φY) ξ + η(X)φ(Ljφ)Y

4η(Y)φX - 4η(X)φY

for all X,Ye D£(M). In fact, by equalities (1.1) ~ (1. 4) and the properties
of the connection V, we obtain

(l ll)

(1.12)

(1.13) φ(VA) Y + (VJΦ) ΦY = 0

for all X,Ye X{M). Therefore, (1. 7), (1. 8) follow from equalities (1. 3), (1. 4)
and equalities (1.11), (1.12). Using equality (1.1) we have

A(X)φY-φ(A(X)Y)

φ(VΦyφ)X - H.X) φΎ}

Φ\VYΦ)X - η(Y)

-4η(X)φΎ}

^ ) Y (

By equalities (1.11) ~ (1.13), we obtain



ALMOST CONTACT MANIFOLDS 77

A(X) φY - φ(Ά(X)Y) = 2{VA) Y - 2φ\Vxφ) Y

= 4(V, φ) Y.

A(X)Y - A(Y)X = {(VΨrφ) X - (VsΦ)φ

- η(Y)φ{V(φ)X- Aη(X)φY] - {(VΦA)Y - (Vrφ)φX + Φ(Vyφ)X

- Aη(Y)φX}

φ(VΦΛY -

- 4η(X) φY + 4η(Y) φX

= - φ\X,Y] + φ[φX,Y] + φ[X,φY] - [φX,φY]

- φ>'T(X,Y) + φ'T(φX,Y) + φ T{X,φY) - T(φX,φY)

+ η(X)φ(yξφ) Y - η(Y) φ(Vfφ) X - 4η(X)φY + 4η(Y)φX

= Φ(X, Y) - 2dη{φX, φY)-ξ

+ 4η(Y)φX-4η(X)φY.

On the other hand, we have

= φ(lξ,φX]) - φ\[ξ,X]) + φ T(ξ,φX) - φ>-T(ξ,X)

= φ[ξ,φX]-φ'[ξ,X] =

Hence, (1.10) follows.
Now, making use of the tensor field A given above, we obtain the linear

connection V defined by:

V^F = VxY - -ί- A(X) Y for all X,Y € 3?(M).

Then, since equalities (1.7) ~ (1.10) hold, we can show that the linear
connection V satisfies the conditions in Theorem 1. Q.E.D.
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2. On non-degenerate almost contact manifolds. Let M be an almost
contact manifold with structure tensors (φ, ξ, η). We consider the tensor field
g of type (0, 2) on M defined by:

g(X, Y)=- 2dη(X, φY) + η{X) η(Y)

for all X,Y*3£(M).

DEFINITION 1. An almost contact structure (φ, ξ> η) on M is called
non-degenerate if the tensor field g is a (pseudo) Riemannian metric on M,
i.e., for each p £ M, gp is a non-degenerate symmetric bilinear form on
Tp(M)xTp(M), where TP(M) is the tangent space at p.

REMARK. If an almost contact structure (φ, ξ, η) is non-degenerate, the
following two conditions hold:

(2.1) dv(φX, φY) = dη(X, Y) for all X, Y € 3C(M)

(2.2) η is a contact form, i.e., at each p € M,
Vv/\(dη)p Λ Λ (dη)p *F 0 , where dim M = 2n +1.

w-times

In fact, (2.1) follows from the symmetry of //, and (2.2) follows from
the fact that g is non-degenerate, and equalities (1. 3) and (1. 4). Conversely,
if an almost contact structure (φ, ξ, η) satisfies conditions (2. 1) and (2. 2),
the structure (φ, ξ, η) is non-degenerate.

On the other hand, we see that condition (2.1) is satisfied if the
structure (φ, ξ, η) is normal, i.e.,

(2. 3) Φ(X, Y) - 2dτ?(X, Y) ξ = 0

for all X,Y z 3C(M), where Φ is the Nijenhuis' tensor field of the tensor
field φ of type (1,1) [8].

Now, for the sake of simplicity, we denote by / t h e tensor field of type
(1,1) given by :

IX = X+(Lξφ)X for all Xs 3£(M).

THEOREM 2. Let M be a non-degenerate almost contact manifold with
structure tensors (φ, ξ, η). Then, there exists a unique linear connection V
such that the fundamental tensor fields φ, ξ, η and g are parallel with
respect to it, whose torsion tensor field T is given by:
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) = 2dη(x9 Y) . ξ + *?(Y)ΦX - ?cx)*r

- -|-{Φ(X, Y) - 2dη(φX,φY)-ξ + η{X)φ{Lφ)Y-η{Y)φ{Lξφ)X)

for all X, Y € 3?(M).
Let Λί be a non-degenerate almost contact manifold with structure

tensors (φ, f, η). We have the Riemannian connection V on M. With
respect to the Riemannian connection V, we have

(2. 4) 2</(VχY, Z) = X.yOΓ, Z) + Y g(Z, X) - Z g(X, Y)

+ g([X, Y], Z) + </([Z, X]), Y) - g([Y, Z], X)

for all X , y , Z

LEMMA 2.1. Lgί Λf be a non-degenerate almost contact manifold "with
structure tensors (φ, ξ, η). We have:

(2.5)

(2. 6) (L(gXX, Y) - 2dη((Lsφ) X, Y)

(2.7)

(2.8)

for all I J s 3£(M).

PROOF. By condition (2.1), we have

dη(φX, Y) + dη(X, φY) = 0 for all X, Y e 3C(M).

This equation implies that

dη(X, ξ) = 0 for all X e X{M).

Hence (2. 5) follows. Since the Lie derivation L( commutes with the exterior
differential d, (2.6) follows from (2.5) and the definition of g. Using
equation (2. 4), we obtain

,Z) = X g(ξ,Z) + ξ.g{Z,X) - Z g(X,ξ)

+ g([X, ξ], Z) + g([Z, X], ξ) - g([ξ, Z], X)
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= X η(Z) - Z V(X) - η{[X, Z}) + (Lξy)(X, Z)

= g(-φX, Z) + g(-φ(L,φ) X, Z).

Hence, since g is non-degenerate, (2. 7) follows. Since S/g = 0 and (/(£, Y)
for all Y € 3?(M), we have

, Y) = (V^)(Y) for all X, Y

Therefore, (2. 8) follows from (2. 7) and the definition of g. Q.E.D.

LEMMA 2.2. Let M be a non-degenerate almost contact manifold with
structure tensors (φ, ξ, η). Then, there exists a linear connection V such
that the three tensor fields ξ, η and g are parallel with respect to it, whose
torsion tensor field T is given by:

T(X, Y) = 2dη(X, Y) ξ+-λ-{v(Y)φ IX- η(X) φ IY]

for all X, Y e 3£(M).

PROOF. Let A be the tensor field of type (1, 2) given by:

Ά(X) Y = ~ [ηOOφ IX + 2dη(IX, Y) ξ}

for all X,Y € 3C(M). Making use of the Riemannian connection V, we have
the linear connection V given by:

V^Y = V^Y + Ά(X) Y for all X, Y s 3£(M).

By Lemma 2.1, we have

+ Ά{X)ξ - V ^ + -|-ψ IX = 0 ,

- η{Ά{X)Y) = (V^)(Y) - ^(/X, Y) = 0.

For all X,Y,Z€3?(M), we have
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, Y) = (V^XX, Y) - g(A(Z)X,Y) - g(X,Ά(Z)Y)

= - {g(Ά(Z)X,Y) + g{X, A(Z)Y)} .

On the other hand, we obtain

g(Ά(Z) X,Y) = \ niX) g(φ IZ, Y) + g(dη{IZ, X) ξ, Y)

= -η(X)dη(IZ,Y) + η{Y)dη(IZ,X).

Hence, we obtain

g(Ά(Z) X, Y) + g(X, Ά(Z) Y) = 0 .

Therefore, it follows that g is parallel with respect to the connection V.
Since the Riemannian connection V is torsion-free, we have

T(X,Y) = Ά{X)Y - Ά{Y)X = -ί- {η(X)φ IX- η(X)φΊY}

+ dη(IX, Y) ξ- dη(ΓY, X) ξ

= \{η{Y)φ'IX-η(X)φ IY} +2dη(X,Y).ξ.

Thus Lemma 2.2 is proved.

PROOF OF THEOREM 2. We shall prove Theorem 2 in the same way

that we proved Theorem 1. Let A be the tensor field given by:

A(X)Y = (v

for all X, Y £ 3C(M), where V is the linear connection in Lemma 2.2.

Making use of the tensor field A given above, we define a linear connection

V by:

VXY = V*Y - — A{X) Y for all X, Y e 3C(M).
4

Since ξ and η are parallel with respect to the linear connection V, it follows
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from the proof of Theorem 1 that the three tensor fields φ, ξ and η are

parallel with respect to the linear connection V.

Next, we shall show that Vg = 0. Since Vg = 0, it is sufficient to
prove the following equality:

(2. 9) g(A(Z) X, Y) + </(X, Ά(Z) Y) = 0

for all X,Y,Zz3C(M). Since ξ, η and g are parallel with respect to the

linear connection V, we obtain

, Y) = -2(S/zdη){X, Y) for all X,Y,Zz 3C(M).

Therefore, we have

g(A(Z)X,Y) + g{X,A{Z)Y)

Φxφ) Z- (v*φ) φX+ Φ(Vzφ) X+φ{Vxφ) Z- η(X) φ(veφ)Z+2η(Z) φX, Y)

- g{(Sίγφ)Z,φX)} + {g((VΦrφ)Z,X) - g({^

g(φY,(Vzφ)Y)} + 2η(Z){g(φX,Y) + g(φY,X)}

Y) - η(Y)g{{\jφ)Z,φX)

Vr(dη)(Z,φX)} - 2{VΦv(dη)(Z,X) + {Vχdη)(φY,Z)}

- 2η(X) Vi{dη)(Z, φY) + 2η(Y) Vξ(dη)(Z, φX) .

On the other hand, we have the following equality:

(2.10) VA,dη)(Y, Z) + Vr(dη)(Z, X) + Vz{dη){X, Y) = Q

for all X,Y,Z&DC(M). In fact, we obtain

VΛdη)(Y,Z) + Vr(dη)(Z,X) + Vz(dη)(X,Y)

= 3d(dv)(X, Y,Z)- dv(T(X, Y), Z) - dη(T(Y, Z), X) - dη(T(Z, X), Y)

= ~ \ idv(v(Y) φΊX-η(X)φΊ Y, Z) + dv(v(Z) φΊY-η{Y)φ.lZ,X)

+ dη(η(X) φ IZ- η(Z) φ - IX, Y)}
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= η(X){dη(φ IY,Z) + dη(X,φ IZ)} + η(Y){dη(Z,φ IX) + dη(φ IZ,X)}

+ η(Z) {dη(X, φ IY) + dη{φ IX, Y)} = 0 ,

because it follows that

and dη{{Lff)X, Y) + dv(X, (L&)Y) = 0 for all X, Y e 3C(M). Hence, making
use of equality (2.10), we obtain

g(A(Z)X.Y) + g(X,A(Z)Y)

= -2Vz(dη){φX,Y) + 2Vz(dη)(X,φY)

= g{{Vzφ) φX, Y) - g((Vzφ) X, φY)

= g((Vzφ) φX + φ{Vzφ) X, Y) = 0 ,

which implies (2. 9).

Now, we shall prove the following equality:

(2.11) Ά(X) Y - A(Y) X = Φ(X, Y) - 2dη(X, Y) • ξ

- η{X)φ{L$)Y + η(Y)φ{Lϊφ)X + 2η(X)φY - 2η(Y)φX

for all X, Y & 3C(M). In fact, from the proof of Theorem 1, we have

A(X)Y - A(Y)X = Φ(X, Y) + η(X)φ(Lίφ)Y - η(Y)φ(Lξφ)X

- φ2 T(X, Y)+φ- T(φX, Y) +φ T(X, φY) - T(φX, φY).

On the other hand, we obtain

- φ 2 T(X,Y) + φ T(φX,Y) + φ-T{X,φY) - T(φX,φY)

= -φ*{η{Y)φ'IX- η(X)φ IY} + η(X)φ'Ί'φX- η(X)φ2 I φY

-2dη{φX,φY)-ξ

= 2η(Y)φ(Lξφ) X - 2η(X)φ(Lίφ)Y - 2dη(X, Y)'ξ,

which implies (2.11). Since the torsion tensor field T of the linear connec-

tion V is given by:

T(X, Y) = T(X, Y) - - L (A(X) Y - Ά(Y)X) for all X,Y e X(M),
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it follows from equality (2.11) that there exists the linear connection which
satisfies the conditions in Theorem 2. Uniqueness of the linear connecion
is proved in the same way that we prove uniqueness of the Riemannian
connection. Thus Theorem 2 is proved.

REMARK. We have been orally communicated from N. Tanaka that
every pseudo-convex hypersurface M in a complex manifold N admits an
almost contact structure (φ, ξ, η) which safisfies the following conditions :

(a) (φ, ξ, η) is non-degenerate and the pseudo-Riemannian metric g is
positive definite

(b) N*(X,Y) = Φ(X,Y)-2dη(φXfφY)^-η(X)φ(Lξφ)Y^η(Y)φ(L^)X = 0
for all XyYϊ3C(M) (cf. [9]).

It follows from Theorem 2 that the almost contact structure (φ, ξ, η)

admits a unique connection V such that SJφ^Vξ — S/η—Vg — 0, and whose

torsion tensor field T is given by:

T(X,Y) = 2dη(X,Y) ξ + η(Y)φX - V(X)φY

- - L [η(X)φ(Lξφ)Y - η(Y)φ(Lξφ)X]

for all X,Ye3C(M).

3. On non-degenerate normal almost contact manifolds. Let M be
a non-degenerate normal almost contact manifold with structure tensors
(φ, ξ, η), that is, a non-degenerate almost contact manifold such that the
structure (φ, ξ, η) satisfies the condition (2. 3) ([7]).

THEOREM 3. ([6], [8]). Let M be a non-degenerate normal almost
contact manifold with structure tensors (φ, ξ9 η). The?ι there exists a
unique linear connection V such that the fundamental tensor fields φ, ξ, η
and g are parallel with respect to it, whose torsion tensor field T is given
by.

T{X,Y) = 2dη(X,Y).ξ + η(Y)φX - η(X)φY

for all X, Y e 3C(M).

PROOF. Since the (φ, ξ, ^-structure is normal, equality (2.3) holds.
Hence it follows that Lζφ = 0. Therefore, Theorem 3 is proved from
Theorem 2.
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REMARK. Conversely, it follows that if there exists a linear connection

on a non-degenerate almost contact manifold with structure tensors (φ, ξ, η)

which satisfies the conditions in Theorem 3, then the (φ, ξ, ^-structure is

normal.

A non-degenerate normal almost contact structure is similar to a

Kahlerian structure. We have the following equality which holds on

Kahlerian manifolds.

PROPOSITION 1. Let M be a non-degenerate normal almost contact

manifold with structure tensors (φ, ξ, η). Let R denote the curvature tensor

field of the linear connection V obtained in Theorem 3. Then we have

R(φX,φY) =

for all X , 7 ^ ( M ) .

To prove Proposition 1, we shall show that the following equalities hold.

LEMMA 3.1.

(3.1) φ J

(3.2)

(3.3)

for all X,Yz3£(M).

PROOF. Since φ, ξ and η are parallel with respect to the linear connec-

tion V, we obtain the above three equalities.

L E M M A 3.2.

(3. 4) (£ [R(X, Y) Z] = 6 {- 2dη(X, Y) φZ}

for all XΎ,Ze 3£(M), where &{P(X, Y, Z)} denotes the sum of the expression

P(X, Y, Z) over the cyclic permutation (X, Y, Z), (Y, Z, X) and (Z, X, 7).

PROOF. By V T = 0 and the Bianchi's identity: for all X,Y,Zz 3£(M),

(£{£(X,Y)Z} =&{T(f(X,Y),Z)} +S{(VχT)(Y,Z)}, it is sufficient to show

the following equality:
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(3.5) e [f(f(x, Y), z)} = e {-

for all X, Y, Z e 3?(ΛQ. Since f (X, Y) = 2^(X, Y) ξ + η(Y)φX - η(X)φY,
we obtain

f(f(X,Y),Z) = 2dη(T(X,Y),Z)-ξ + v(Z)φ.T(X, Y) - ,(T(X,Y)) φZ

= 2 {η(Y) dη(φX, Z)-ξ- η(X) dη(φY, Z) ξ]

+ 2{η(Y) V(Z)φ*X - η(Z) η(X)φΎ} - 2dη(X, Y) φZ,

which implies (3. 5). Q.E.D.

LEMMA 3.3.

(3. 6) g(R(X, Y)U,V) = -g(U,R(X,Y)V)

(3.7) g{R{X, Y) U, V) - g(R(U, V) X, Y)

= - 2dη{X, Y) g(φU, V) + 2dη(U, V) g(φX, Y)

for all X, Y,U,V£ 3C(M), where g is the pseudo-Riemannίan metric given
in §2.

PROOF. By V# = 0, we have

Z g(X, Y) = g( VzX, Y) + g(X, V^Y)

for all X,Y,Z e 2C(M). Making use of this equality succesively, we obtain
(3. 6). By Lemma 3.2, we have

0((E{R(X, Y)U},V) = g(V{-2dη(X, Y) φU}, V),

g@ {R(Y, U)V},X) = g(®{- 2dη(Y, U) φV},X),

-g(&[R(U, V)X},Y)=-g@{-2dη(U, V) φX}, Y),

and

-9((ί{R(V,X)Y},U) = -g{(ί{-2dη(V,X)φY},U).

Summing up the four equalities and using equality (3. 6), we have
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2y(R(X, Y) U, V) - 2g(R(U9 V) X, Y)

= -4{dv{X, Y) g(φU9 V) - dη(U, V) y(φX, Y)} .

Hence (3. 7) follows. Q.E.D.

PROOF OF PROPOSITION 1. Making use of equality (3. 7) repeatedly, it
follows from Lemma 3.1 that

g(R(φX,φY)U,V)

= g(R(U, V) φX, φY) - 2 [dη(φX, φY) g{φU, V) - dη(U, V) g(φ>X, φY)}

= g(φR(U, V) X,φY) - 2{dη{X, Y) g(φU, V) - dη(U, V) g(φX, Y)}

= g(R(U, V)X,Y)- 2{dη{X, Y) g(φU, V) - dη(U, V) g(φX, Y)}

= g(R(X,Y)U,V).

Since g is a pseudo Riemannian metric, Proposition 1 is thereby proved.

A non-degenerate almost contact manifold with structure tensors (φ, ξ, η)
has the pseudo Riemannian metric g which is related with the almost
contact structure (φ, ξ, η). We have studied Riemannian geometric properties
on non-degenerate normal contact manifolds (cf. [6], [8], ).

Now we shall study relation between the linear connection V obtained
in Theorem 3 and the Riemannian connection V with respect to the pseudo
Riemmanian metric g. From the construction of the linear connection V,
we have

for all X, Y € 3C(M), where A is the tensor field of type (1, 1) given by:

A(X)Y = 2dη(X,Y) ξ + η(X)φY - η{Y)φX

for all X/Y € T(M) [6].
Let R (resp. R) denote the curvature tensor field of the linear connection

V (resp. V). We have

PROPOSITION 2.

R(X, Y) = R(X, Y) + 4 - B(X, Y)
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for all X, Y e 3£(M), where B is the tensor field of type (1, 3) given by:

B(X, Y)Z = 2{η{Y) dη(φX, Z) - η(X) dV(φY, Z)}.ξ- η{Z) η{Y)X

+ η{Z) η(X) Y - 2dη(Y, Z) φX + 2dη(X, Z)-φY - 4dη(X, Y) φZ .

PROOF. Since VA = 0, it follows that, for all X, Y e 3C(M),

R(X,Y) = VxVr- V F V X - Vtr.pi

= VxVr + Vx(~^-A(Y)) - VrVx - Vr(-^-A(X)) - V[x,

= VjVr + — A(X) Vr + — A(VxY) + -=

- VrVx - -|- A(Y) Vx- -|-A(VpX) - -—-

χ,y\

, Y) + -ί- {A(A(X) F) - A(A(Y) X) - A(X) A(Γ)+A(Y)A(X)}.
4

On the other hand, we have

A(A(X)Y)Z = 2{V(Y) dη{φX, Z) - η{X)dη{φY, Z)} -ξ

- η(Z) η{Y)X + η{Z)η(X)Y - 2dη(X,Y) φZ,

and

A(X)A(Y) Z = 2{η(Z) dη{X, φY) - η(Y) dη(X, φZ)\ ξ

+ η(X) η(Z) Y - η(X) η(Y) Z + 2dη(Y, Z) φX .

Hence we see that for all X, Y, Z € 3C(M),

B(X, Y)Z = A(A(X) Y)Z- A(A(Y) X) Z - A(X) A(Y) Z + A(Y) A(X) Z

= 2{η(Y)dη(φX,Z)-η(X)dη(φY,Z)}.ξ

- η(Z) η(Y) X + η(Z) η(X) Y - 2dη{Y, Z)-φX + 2dη(X, Z) φY

-4dη(X,Y) φZ.

This completes the proof of Proposition 2.



ALMOST CONTACT MANIFOLDS 89

Let S (resp. S) be the Ricci tensor field of the linear connection V

(resp. V). We have

PROPOSITION 3. For all X,Yς 3C(M)9

S(X, Y) = S(X, Y) + \ g(X9 Y) + ̂ ^ v(X) η(Y),

where dim M = 2n+l.

COROLLARY. 5 zs also symmetric, i.e.y

S(X,Y) = 5(y,X) /or α/Z X,Ye 3C(M).

PROPOSITION 4. For all X,Y}Zz3£(M),

(V*Λ)(X, Y) = (V*R)(X, y) + A(Z) R(X, Y) - Λ(X, Y) A(Z)

- R(A(Z) X, Y) - i?(X, Λ(Z) Y).

PROOF. Since V£ = 0, we have

= [ Vz, R(X, Y)] - Λ( V*X, Y) -

= (V*i?)(X, Y) + [A(Z), Λ(X, Y)] - i?(A(Z)X, Y) - i?(X,

Q.E.D.

COROLLARY. If yR = 0, ί&eπ we Aατ;̂

(V^)(X, Y) = [2?(X, Y), A(Z)] + R(A(Z)X, Y) + i?(X, A(Z)Y)

for all X9Y,Ze3£(M).
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