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Introduction. It has been proved by H. Liebmann [3] that the only
ovaloid with constant mean curvature in FEuclidean space E*® is a sphere.
The analogous theorem for a convex m-dimensional hypersurface in E™*!
has been proved by W. Siiss [6]. Recently Y. Katsurada [1], [2] and K. Yano
[9] have generalized the above theorem to an m-dimensional hypersurface in
an Einstein space admitting one-parameter groups of conformal transformations
or of homothetic transformations.

Thus we may expect an analogous theorem for a submanifold of co-
dimension greater than 1 in a certain Riemannian manifold. On the other
hand the present author studied, in the previous paper [4], a certain
hypersurface in an odd dimensional sphere S*”*! and found that the natural
contact structure of S**! plays an important role in the study of the
hypersurface of S***.

This fact suggests that, using the natural contact structure of S?"*!, we
can solve the problem similar to the Liebmann-Siiss problem for a submanifold
of codimension 2 in an odd dimensional sphere.

The purpose of the paper is to prove the analogue of the Liebmann-
Siiss theorem for a submanifold of codimension 2 in §*"*!. For this purpose,
we give in §1, some properties of the contact structure of S***! and in §2
some formulas in the theory of submanifold of codimension 2. In §3, we
study a submanifold of codimension 2 in an odd dimensional sphere and
introduce some quantities for later use.

In §4 some integral formulas for a submanifold of codimension 2 in an
odd dimensional sphere are derived and under certain conditions the theorem
mentioned above is proved. However an umbilical submanifold of codimen-
sion 2 in (2n+1)-dimensional sphere does not necessarily satisfy the conditions

of our theorem. So in §5 we show an example of umbilical submanifold
which satisfies our conditions.

1. Contact Riemannian structure on an odd dimensional sphere.
A (2n+1)-dimensional differentiable manifold M is said to have a contact
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structure and to be a contact manifold if there exists on M a 1l-form
7 = mdx* such that

L.1) 7 A\ (dn)" # 0

everywhere on M, where A denotes the exterior multiplication and d7 the
exterior derivative of 5. 7 is called a contact form on M.

Since (1.1) means that the 2-form dz is of rank 2n everywhere on M,
we can find a unique vector field £ on M satisfying

(1- 2) "hgl =1, (dﬁ)#lgl =0.

Let S»*! be an odd dimensional sphere which is represented by the
equation

2n+2

1.3) (X =1,

4=1

in a (2n+2)-dimensional Euclidean space E’"** with rectangular coordinates
Xt (A=1,2,---,2n+2). We put

1. 4) =

N

n+1
Z (Xn+1+a an . Xaan+1+a) ,
a=1

then the 1-form 7 defines a contact form on S?"*! and consequently we can
find a vector field £* on S**! satisfying (1. 2).

The Riemannian metric tensor G, on S*"*! is naturally induced from
the Euclidean space E*"*? in such a way that

A Yk
1.5) Gy = Oy + {)%{")f_z)?, GM = M — XA Xr,

With respect to this Riemannian metric, the Riemannian curvature
tensor R,,* of S*"*! satisfies

(L 6) Ry = Gus — G,
We define a linear transformation Fy*: T(S*"*') — T(S*"*!) by

1
(1. 7) th = ‘é— Glm(dﬂ)lu = —Z—G‘“‘(GA N — auﬂ;\) .
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Then the set (Fy, & g, Gi.) satisfies?

(1’ 8) Glc?t fl = Tk >
1.9 GwF}Fr =G, —nm,,

and consequently we have

(1.10) nFr =0,
1.11) FMFE = — 8 + p. .

In general, the set (Fy, &, n, Gy.) satisfying (1.1), (1.2), (1.7), (1.8) and
(1.9) is called a contact Riemannian (or metric) structure.

It is known® that if the contact Riemannian structure on S***! is the
one which is defined by (1.4), (1.5) and (1.7), the structure satisfies further

(1. 12) % %u(d"»lx = "W\Gwc - ”xGM s
and
(1.13) Vi =Fy,

where ¥ denotes the covariant derivative with respect to the Riemannian
metric Gy..

2. Submanifolds of codimension 2 in a Riemannian manifold. Let
Mm™+? be a Riemannian manifold of dimension m+2 with local coordinates
{X*} and G,, be the Riemannian metric tensor of M+, We denote by M™
a differentiable submanifold of codimension 2 in M™* and by {z'] the local
coordinates of M™. Then the immersion ¢: M™ — M™*? is locally represented
by X*=X* (', 2%+, ™), £ =1,2,++ -, m+2.

Assuming that manifolds M™ and Mm*® are both orientable, we put
B =9,X* (0,=9/9x"). Then m vectors B;* span the tangent plane of M™ at
each point of M™ and the Riemannian metric tensor ¢,, of M™ is given by

(2. 1) 9 = Gluc le Bi" .

We assume that B)* (:=1,2,---,m) give the positive direction in M™
and choose the mutually orthogonal unit normal vectors C* and D* to M™

in such a way that By, C*, D* give the positive direction in Mm™+2,

1) S. Sasaki and Y. Hatakeyama [5].
2) S. Sasaki and Y. Hatakeyama [5].
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In the sequel we always consider a coordinate neighborhood of M™ in
which there exist such two fields of unit normal vectors to M™. We denote
by (B, C,, D) the dual basis of (B, C-, D).

The van der Wearden-Bortolotti covariant derivatives V,B;, V,C* and
V,;D¢ of B, C* and D* are respectively given by

A
2.2) vBr=o8: - P B K BrB,
(2.3) V,;C=09,C + {ﬂ"x} B#C,
and
@. 4) ,DF = 9,D" + {#"N}Bm.

Let H;;,, K;;, be the second fundamental tensors of M™ with respect to
the normals C¥, D* and L; the third fundamental tensor of M™. Then we
have the following Gauss and Weingarten equations :

2.5) V;B¥=H;C+ K;; D~,
(2.6) ijx= “‘HjiBi"‘FLij, VJD= —KjiBix—LjCK,

where H,* = ¢'* H;, and K;' = ¢g"* K;,.
The mean curvature vector field H* of M™ in Mm™*? is defind by

@.7) He = o (H!C + KAD).

We know that H* is independent of the choice of mutually orthogonal
unit normal vectors C* and D* and consequently that H* is a globally defined

vector field over M™+?.

LEMMA 2.1. Let M™ be a submanifold of a Riemannian manifold

Mm™*2, In order that the covariant derivative \J,H* of the mean curvature
vector field is tangent to M™, it is necessary and sufficient that

2.8) V;H™=K,"L;,
and

(2.9) VjKrT = —HTTLJ.



12 M. OKUMURA

PROOF. Differentiating (2.7) covariantly, we have
ZanHK = (VjHii _ KiiLj)Cx + (v} K,;i + HiiLj)D‘
- (HiiHjh + K,;t th) th .
This proves the assertion of Lemma 2. 1.

When the second fundamental tensors are at each point of the sub-
manifold M™ of the form

(2.10) Hj,;:ngi, Kji=Kg“,
we call the submanifold a totally umbilical submanifold. Moreover if the
both functions H and K vanish identically, we call it a totally geodesic

submanifold.

LEMMA 2.2. A necessary and sufficient condition for a submanifold of
codimension 2 to be umbilical is that the following equations are satisfied.

) 1 . . 1
(2- 11) HjiH” = W(Hizy ) K}'i Kt = W(Ktiy -

PrROOF. This follows from the identities

<Hji _-’%Hkk g“xH” - %Hkk g“) = H,; H"* — %{‘(Hziy »

<Kn - %—K,J‘g,,)(K” - ',%‘Kkk 9“) =K, K' - %(Kit)z )
and the positive definiteness of the Riemannian metric g,,.
We now write the equations of Gauss, Mainardi-Codazzi and Ricci-Kiihne:
2.12)  R,uBe¢B#B By = Ry — (HyH—HH,p) — (K Ko~ KK »

vaBkaj"Bilc" = V.H; — V;H,, — LiK;, + L;K;;,

(2.13) { _
R,\.B¢B#*B D =V, K;; — V,;Kyi + LyH;; — L;H,,,

and

(2. 14) Rvﬂlx kaj“oD = Vij —_— Vj Lk —_— KkiHji + K_”Hkt.
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If M+* has the curvature tensor of the form (I 6), equations (2. 12),
(2.13) and (2.14) can be rewritten respectively as

(2~ 15) Rkjih, =0;19n — Y Jin T+ Hjinh - HkiHjh + Kjichh - Kkinh ’

kaji - ijki = LkKJ'i - Lj Kki >
(2. 16)

kaji - Viji = _LkHji + Liji s
and
(2. 17) Vij — v]' Lk - K]“;I_Iji - K_”Hki.

LEMMA 2.3. Let M™ be a submanifold with non-vanishing mean
curvature vector field in a Riemannian manifold of constant curvature.
If the covariant derivative of the mean curvature vector field is tangent
to M™, we have

(2.18) K. H = K;;H/.

PROOF. As a consequence of Lemma 2.1 we have (2. 8) and (2.9). By
virtue of the assumption we can suppose that K,'#0 without loss of
generality. Differentiating (2. 8) covariantly, we get

Vi VjHii = —HiiLchj + Kii vij >
from which

K (ViL; — V; L) =0.
This, together with (2.17), implies (2. 18). This completes the proof.

3. Submanifolds of codimension 2 in an odd dimensional sphere. We
consider a submanifold of codimension 2 in an odd dimensional sphere S?"*.
In the following discussions we always regard S?"*! as a contact manifold
with the contact Riemannian structure (Fy, £, m, Gy.) defined by (1. 4), (1.5)
and (1. 7).

The transform F3*B;* of B* by Fy* can be expressed as a linear com-
bination of B;*, C* and D" So we can put

(3.1) FBr = fi"B + f.C* + ¢, D",
which implies that

(3.2) fi* = B'«F\B/*,
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(3' 3) fi = FAKBiACx,
and
(3. 4) g: = F¢ B D,

Since F, is skew symmetric with respect to its indices we can easily
see that f;; = ¢;,fi" is also skew symmetric with respect to its indices.

The transform Fy*C* of C* by Fy* is perpendicular to C and consequently
we can put

(3.5) FC* = — f*B,* + rD~

from which we have f* = ¢"f, and

(3.6) r=F*C*D, = F,,C*D~.

In exactly the same way we have

3.7 F¥D'= — "B, — rC*,

where ¢"=g¢" ¢g,. The function r seems to be dependent of the choice of
the mutually orthogonal unit normal vectors C* and D*. However we can
verify that » is independent of the choice of these vectors®. Consequently
we see that 7 is a globally defined function on M.

Since the vector field & is tangent to S?**! it is represented as a
linear combination of By*, C* and D* Consequently we put

3.8 & = u"B,* + aC* + bD*,
which implies that

3.9 u* = EB", = ¢* Bi*q.,
(3.10) a=C*y, b= D¢"y,.

Differentiating (3.3) and (3.4) covariantly and making use of (1.12),
(2.2), (2.3) and (2. 4), we get

(3.11) ijh: —ag]-n-—rth—fhiH]—i—i-ghL,-,
(3. 12) ngh = - bgj’b + T'H,-h _fhini _fh,Lj'

3) Y. Watanabe [7].
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We also have

(3. 13) v,rZK”fz —Hjigi,
(3.14) Vja=f,~-—uiH”+bLj,
(3-15) ij='(]j—uini—aL,-.

4. Integral formulas. In this paragraph we construct some integral
formulas which are valid in a submanifold of codimension 2 in an odd
dimensional sphere. For this purpose we first state the Green-Stokes’
theorem which plays an important role in our discussion.

GREEN-STOKES’ THEOREM.® Let M be a compact orientable Rie-
mannian manifold. Then for an arbitrary vector field v, we have

4.1) fviviszo,
M

where dM is the volume element of M.

In the following we always suppose that the submanifold M?"~! of
codimension 2 in S?"*! be compact and orientable.

Differentiating (3.13) covariantly and making use of (3.11) and (3.12),
we have

Vi v.ir = (vIcKji + Hji Lk)fi - (ka}t_KjiLk) g’ + ijk — aKjk
—r(HH,; + K,'K;) + fi7/(H;' K, — K;* Hy,) ,
from which, together with Lemma 2.3, we have
V,Vir= (VK +H L) f — (Vv H.,—K/L)g* + bH, — aK,"
- r(HjiHji + Kji Kﬂ) .

As we have mentioned in §3 r is a globally defined function on M?"-1,
and so V,;Vir is also a globally defined function over M?"~!. Hence we
have

(4.2) f (V" K, +HL) f* — (V' H,—~K/L) g + bH, — aK,'
M

— WH,H* + K, K" dM =0,

4) For example K. Yano and S. Bochner [10].
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because of Green-Stokes’ theorem.
Next we try to construct another integral formula for the later use.
We put

4. 3) w, = H,"g, — K, f;.

fi; and ¢, both depend on the choice of the mutually orthogonal unit
normal vectors C* and D*. However we have the

LEMMA 4.1. w,; is independent of the choice of the mutually orthogonal
unit normal vectors C¢ and D*. Consequently it defines a wvector field on
M2n—-l.

PROOF. Let 'C* and 'D* be mutually orthogonal unit normal vectors to
M1 at pe M?*'. Since M?"! and S?"*! are both orientable we can find
following relations between a pair of unit normal vectors (C*, D*) and ('C+,”D¥)
that
4.4 'Cc=Crcosf — Drsinf, ‘D= C(C*sinf + D*cosb,

for some function 6 defined on M?>*~'. Then the second fundamental tensors
'H;; and 'K, with respect to ‘C* and 'D* are defined by

(4.5) V;B*="H,;/C-+ 'K, 'Dr.
From these two equations we easily see that

'H;; = H;;cos 0 — K;;sin6, 'K;; = Hj;sinf + K, cos 6,
which imply that
(4. 6) ‘"H;' = H;’cos§ — K,;*sin 8, 'K = H;'sinf + K,* cos 6.

Substituting (4. 4) into f; = F3*B*’C< and ‘g, = Fy*B;*' D*, we also have
4.7 fi=ficosB — g,sinf, ‘g, =fisinf + g, cosf.
Consequently we have
‘w,="H,”’g, — 'K, f; =H g, — K, fi = w;.

This shows that w, is independent of the choice of the mutually
orthogonal unit normal vectors C* and D% This completes the proof.
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Differentiating w, covariantly and making use of (3.11) and (3.12), we
have

Viws = ViH g —K/f) = (V,H'—=K/,L;) g, — (V,K,”+ H/L;) f,
— (bH,—aK,") g;, + KH H;,+ K, 'K,
- fo(K,H,—H;K,"),
from which
Vaw' =(VH, =KL, ¢ — (V.K,”+H,’L,) f* — (2n—1)(bH,”—aK,")
+ r{(H,")* + (K,)*],

because of skew symmetric property of f;;. Consequently we have

(4.8) f (V.H —-K,”L) g — (V,K,/+H,/ L)) f* — 2n—1)(bH,”—aK,")
M
+ r{(Hrr)z + (Krr)z}] dM =0 ’
by means of Green-Stokes’ theorem.
Suppose that the covariant derivative of the mean curvature vector field

H* of M?®*-! in S$*! is tangent to M°"~!. Then (2.16) and Lemma 2.1 show
that

(4.9) V'H,,=K,/L,, V'K;,=—H/L,.

Consequently we have

(4.10) f ((H,,H" + K, K’") — (bH,” —aK,")|dM = 0,
M

because of (4.2).
On the other hand (4.8) and Lemma 2.1 show that

(4.11) f [ {(H,")? + (K,")*} — (2n—1)(bH," —.aKrT)] dM =0.

Eliminating [ (bH,”—aK,”) dM from the above two equations, we find

M

(4.12) fM , [(H,-iH” — B ¢ (KK~ g’f_—)lz ]dM _0.
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From this, together with Lemma 2.2, we have the

THEOREM 4.2. Let M be a compact orientable submanifold of
codimension 2 in an odd dimensional sphere. We suppose that the covariant
derivative of the mean curvature vector field H* is tangent to M and that
the inner product of FyC* and D* is an almost everywhere non-zero valued
function on M and does not change the sign. Then M is a totally
umbilical submanifold of codimension 2 and consequently a (2n—1)-
dimensional sphere.

5. An example. In Theorem 4.2 we have assumed that the function
r = F,,C* D" does not change the sign and is almost everywhere non-zero
valued. On the other hand, Y. Watanabe [7] has proved that, if, in a
contact manifold with the contact Riemannian structure (Fy*, £, g, GL)
satisfying (1.12) and (1.13), the submanifold of codimension 2 is totally
umbilical the function 7 is a solution of the partial differential equation

V;Vir = —'{(1+H2+K2)7' + C} gji N

where H= 1 H,”, K= 1 K,” and c is a constant. These facts show
2n—1 2n—1

that if the function r is a non-zero constant in the submanifold the
umbilical submanifold satisfies the condition of Theorem 4.2.

Now it is natural to ask whether we can find a totally umbilical sub-
manifold satisfying 7 = constant. In this paragraph we give an example of
such a submanifold.

The exterior derivative of the contact fcrm # given by (1.4) becomes

5.1) dy = =5 (dX* A dX7 — dX* \ dX™e).

n+1
a=1

Since S*"*! is defined by (1. 3), we have
2n+1

(5.2) Xon+e g Xom+e — Z X4dXA,
4=1

From these two relations we have



COMPACT ORIENTABLE SUBMANIFOLD OF CODIMENSION 2 19

Xl
0 — i 1 0
0 - X}5:+2 0 -1
Xl Xn Xn+2 X2n+1
6.3 @R =@ = | g5 =+ S O X x|
n+2
1 0 — Ry O
X;n+l
which implies that
54 C}L K_"'fXa @ yn+1 n+1Na
(6.4 2F.C'D —le(CD —Cm+1 D)
a=1
Xn+1+:x )

+ _X_MT (Cn+1+aDn+1 _Cn+1Dn+1+a) + CaDn+1+a - Cn+1+aDa},.
Now we consider a submanifold of S?"*! whose local representation is
given by

lXAzxA (A_:l’...,n,n+2,..-,2n)’ X’“’l:O,

a=1 a=n+2

(.5) ] (X2 = — 3 (29— 2 (29 0<2<1,
X2n+2 — /\/l———t .

Then the submanifold is compact and we have

(3
(5. 6) Bik — Bix (le’ cee,m, n_|_2, s, 271), Bin+1=0’ Bgnﬂ - %
We put

n n

5.7 (C)=(0,+++0,1,0,+--,0), (D)= (X", X0 X200 X)),

Then C¢ and D* are mutually orthogonal unit normal vectors to the sub-
manifold defined by (5.5).
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The submanifcld is, as is easily seen, totally umbilical submanifold ot
codimension 3 in E?"*2. Since S™*! is a totally umbilical submanifold of
E**2, we have, by Yano’s formula®, the submanifold defined by (5.5) is
totally umbilical in S?"*!'. Since, in a Riemannian manifold with the
curvature tensor of the form (1.6), any totally umbilical submanifold M
satisfies that Y ;H*e T(M), we have only to examine if r is constant.

Substituting (5.7) into (5.4), we find

2r = 2F,C*D* = — y%z {(X“)Z—I— (Xn+1+(x>2} ,

from which, we have

t

Vi =

because of (5.5). This shows that our example is a desired one.
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