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Introduction. Sum of deficiencies of a meromorphic function is treated by

Edrei, Fuchs, Ozawa, Pfluger and others. Throughout this paper, a meromorphic

function means a function meromorphic in the complex plane | 2 | < + oo.

Let f(z) be a meromorphic function. It is assumed that the reader is familiar

with the following symbols of frequent use in Nevanlinna's theory :

m(r,f), n(r,f), N(r,f), T(r,f), h(a,f), etc..

As a relation between the sum of deficiencies and the order of an entire
function, the following theorem is well known.

PFLUGER'S THEOREM ([3]). If f(z) is a transcendental entire function
of finite order μ voith ^δ(α,/*) = 2, then μ is a positive integer and, for

a

every deficient value a of f(z), S(ayf) is an integral multiple of 1/μ. In

particular, there cannot be more than μ finite deficient values.

Now we generalize the concept of the deficiency of f{z).

Let f(z) be a transcendental meromorphic function and ψ(z) a meromorphic

function which may be constant. Then we define as follows :

and

where nh(t,f) denotes the number of poles of f(z) in \z\<t, poles of order k

being counted k times if k^h and h times if k>h, for a positive integer h.

In this paper, we shall prove a similar result to the first part of Pfluger's
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theorem by replacing δ(α,/) by

1. We use symbols μg and Xg as the order and lower order of a meromorphic
function g, respectively.

First we shall state two lemmas which will be used in the later discussion.
The following is known.

CHUANG'S THEOREM ([1]). Suppose that f{z) is a non-constant meromorphic
function and ^k{z){k = 1, ,p) are p (2t==ipt=L +°°) distinct meromorphic
functions such that

T(r,^)=o(T(r,f)), ( r - » « > ) , (* = l , . . . , / > )

and

yjrk(z) ΐ oo .

Then the inequality

[p-1- o(l)]T(r,f) < £ΰp[r,j±^ + j>M(r,/) + S(r,f)

holds, where S(r,f) = O[logT(r,/) + logr], 05 r->oo through all values if
f(z) is of finite order and as r—> oo outside a set of finite linear measure
otherwise.

Using this theorem we can prove the following lemma. The proof is obtained
in the standard way, so it may be omitted here.

LEMMA 1. Suppose that f(z) is a non-constant meromorphic function
satisfying h{°°,f) = 1 and that ψ[z) is a meromorphic function satisfying the
condition of the above Chuang's theorem. Then the set of functions ψ[z) for
which δ(ψ,f)>0 is countable and by summing over all such functions ψ, it
holds that

The following is due to Edrei-Fuchs [2].

LEMMA 2. Let f(z) be a meromorphic function of finite order μ and
lower order λ. Let s be the integer defined by
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then 5 ^ 1 ,

and

2. Now we can prove the following.

THEOREM 1. Suppose that f(z) is a transcendental meromorphic function
and that ψι(z) (i = 1, 2) are distinct meromorphic functions such that

T(r,ψι)=o(T(r,f)), ( r-oo)

and

Then the lower order of f(z) is positive.

PROOF. We consider the following function

Then we have

8(0, g)=h[ < V S r ) = 1 - lim sup-

and
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4
Since for ψ

\T(r,g)-T(r,f)\=o(T(r,f)),

we obtain

( 1 ) [1 - o(l)]T(r,f) ^ T(r, g)^[l + o(l)]T(r,f)

Thus we have

Similarly we see

SO

Thus by a result of Edrei and Fuchs (see [2, Theorem 4]), the lower order λ? is
positive. By (1) we have also Xf = Xg. Hence f(z) has a positive lower order.
This proves Theorem 1.

Next we prove the following lemma which will be used in the proof of
Theorem 2.

LEMMA 3. Suppose that f(z) is a transcendental meromorphic function
of finite order μf satisfying δ(oo,/) = 1 and that ψic{z) (k = l, ,p) are
P (2^/>^+oo) distinct meromorphic functions of finite order μφk satisfying

T{r,γk)=o(T(r,f)),(r->°o).

If p— +oo, then, for any £ > 0 , there exists a positive integer q such that

If P<+°°, then
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Here

rkiiy * * * yψkin) _ /vw) . Aι rcn-lϊ , , An

where ψkil, , ψkin are linearly independent meromorphic functions in
{γ*.}ϊ-iC{ψ *}g.i (g< + oo,2^p^+oo), Δ(/,ψ W ι, ,ψ w J is the Wronskian
determinant off ψkit (I = 1, , n) and Ao = Δ(ψ W l, , ψkiu) that of ψkίι (I = 1,

PROOF. First we consider the case p= + oo. Let

F{z) = S/w-ViW
Then Chuang ([1]) proved

( 2 ) m(r, F) ̂ Σ,

for any positive integer q< + °o. We now reform { ψ *f,}in=ι in the following way:

ilΓ-i Then

(3) JSΓίr.ΛJ^Σ^^Ψi^^ίΛ+DΣ^.^) =o(Γ(r,/))

and

( 4 ) m(r, At) =mlr9Jl ψ.o) = Σm(r, ψt) + m(r, A) + O(l)

(i=0,1, , ri), where
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1 , 1 , , 1

ψή

* , '

(A - l)

CA +1) ψ (A + l)

(n)

We have

and

έ

Hence we have

so by ( 2 )

Thus we obtain

= o(T(r,f))
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<liminf ^φ
— T

On the other hand, we have

T(r,La(f))
-N(r, L9(f))

T{r,Lq(f)) l u^~u p T(r,f)

^ ^ Ψ ^ 1 = liminf

since it holds

form ( 3 ) and ( 4 ) . Further, for any £ > 0 , there exist a positive integer

<7o ( 0 < g 0 < + ° ° ) and {ψfcl}fciC {ψ *}Γ=i such that

Thus we have

Σ «(**»/) - « < Σ δ(f*„/) ^ i -

SO

for a positive integer go-

lf p is finite, then in the above discussion we may take q = qQ=p- This proves

Lemma 3.

THEOREM 2. Suppose that f(z) is a transcendental meromorphίc function
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of finite order μf satisfying δ(°°,jf) = 1 and that ψic(z)(k = 1, ,/>) are
P (2^P^L + O°) distinct meromorphic functions of finite order μφ such that

T(r,γO=o(T(r,/)), (r-oo),

and

further such that

/*e order of f(z) is a positive integer and f(z) is of regular growth.

PROOF. First we show that μL = μf for any positive integer q, where

Lq = LQ(f) is defined as in Lemma 3. Clearly the inequality μLq^μ>f holds. We

reform ψkiι(l = l, , ή)9 which are linearly independent functions in ̂ ki{i = l, •••,#),

as follows :

We put again

As mentioned already, L g(/) is a meromorphic function. We put

LQ(f)(z) = P( Z ) .

Then this is a normal and linear n-th order differential equation of f(z) and 'ψt(^)
(i = 1, , n) are clearly linearly independent solutions of LQ(f)=0> that is, the
fundamental solutions of Lq(f)=0. Let φ(z) be a solution of Lq(f)=0 through
a point (zo,f(zo)) where z0 is not a pole of/(z). Then φ(z) is a linear combination
of Yt(z)(i = 1, n). A solution of LQ(f) = P is given by

where
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ψn) =

ψί >

2 , * * , 0,

t , , 0,

2> , , 0,

If there exists a pole of order one in the integrand of the right-hand side, then

Σ c*.w*(*) = o,
λ : = l

since f(z) and ^(2:) are single-valued functions, where CkΛ are coefficients of poles
Zι of order one in the integrand. On the other hand, functions ψι(z)(t = l, , n)
are linearly independent. Thus we have

Ckti = 0, (* = 1, , n) ,

and so there are no poles of order one there. Hence

is a single-valued merornorphic function.
In general it is well known that a meromorphic function h(z) and its derivative

h'(z) are of the same order. Thus, for some k,

is of order /*/, so P(^) is of order μf since μφk<μ/> Hence f(z) and LQ(f)(z)
are of the same order.

We next show that f(z) is of positive integral order. Let s be the integer
denned by
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Then, for any £ > 0, there exists a positive integer q such that

by Lemma 3 and by our hypothesis. Here μLq is independent of q(0<q< -foo)
Therefore, by Lemma 2, we have 5 ^ 1 and

since

K(L«(f)) < 5φ*.+ (i/2) + l)

On the other hand

Thus, for any £ > 0 , we have

so μ>f is a positive integer.
Finally we prove that /^z) is of regular growth. As mentioned above, we

have

for any positive integer q. We see also

T(r, L9(f)) = m(r, Lβ(/)) + N(r, LQ(f))

+ m(r,f) + o(T(r,f))

SO
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— r-c logr '

Let 5 be the integer defined by (5). Then, for any £ > 0 , there exists a positive
integer q such that

Thus, by Lemma 2, we have

s ~ B ̂  λ£, ̂  λ/ ^ A*/ = ^ < ^ + - ^ ,

so f(z) is of regular growth. This proves Theorem 2.

We note that there exist meromorphic functions f(z) of integral order and
ψ(z) of order μψ(<μ f) satisfying T(r,ψ) = o(T(r,f)) as r->oo and further these
functions satisfy relations

and

for any finite constant a.
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