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LACUNARY TRIGONOMETRIC SUM AND PROBABILITY
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1. Introduction. In the present note let {A,} denote a lacumary sequence
of positive numbers, that is,

(1.1) Nes1 Z QM B =1,2,+++, where ¢ >1.

Then the limiting distributions of lacunary trigonometric sums

Tu(x) = Ba' Y arcos(\ex + i), whereB, = (2“ Zakz)” 2
k=1

k=1

were considered by Salem and Zygmund [2] who proved that, over any fixed set
of positive Lebesgue measure, T,(x) converges in law to the normal distribution
with mean zero and variance 1, provided if B,—+ o and a,=o0(B,), as n—+oco.

In this note we discuss the problem whether the Salem-Zygmund result is
valid or not, if we replace the Lebesgue measure by a probability measure on
(—o0, 00). If the probability measure is absolutely continuous with respect to
the Lebesgue measure, then the Salem-Zygmund result implies that 7T,(x) is
asymptotically normal with respect to this probability measure. But nothing like

the Salem-Zygmund result is necessarily valid, even if the probability measure is
continuous.

However, if we treat the series in (x, )
> agcos(\ixt + ),

we can obtain a similar result, under fairly general conditions. This problem was
considered by Kaufman when a,=1, k=1,2,---[1].

In the following P is a probability measure on (— oo, o) satisfying

1.2 P{lz, x + h]} = MAh®, for all xe (—o0, o) and h>0,
where 8, 0<<B<1, and M are positive constants.

THEOREM. Let us put
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Sz, t) = ;lak cos(\ezt + @) = ;Ak(x, t).

Then under the assumptions

1.3 n 1/2
(1.3) {an(z-,zakz) 4 oo,
k=1
a, = o(B,/log log B,), as n— + oo,

one has, for a.e.t in (—oo, ), with respect to the Lebesgue measure,

lim P{x; S,(x, t) =yB,} = (27:)“’2_[’/ exp (—u?/2) du, —oo<y<+oo.

—c0

2. Some Lemmas. Let f’(?\,) denote the Fourier-Stieltjes transform of the

probability measure P, that is, ?(7»)= f exp (inx)P(dx). The next lemma is

due to Kaufman.

LEMMA 1. If A#0, then we have

+1
f I?)(Nt)ldt§C|7\,|-B/2’

v

where v is any real number and C a constant independent of v.

PROOF. We may assume that |A|>1. We have

f M]?’(M)lzdt = f ) f ) f vﬂexp{i?\,t(x,—xg)}dt P(dx,) P(dx,)

v —00 =00 U

=[] min @, 2107 sl ) Plda) Pldzs).

—00 —o00

Let »>0 be the integer defined 27" <<|A| '=2'""; we sum the integrand over
the sets:

{l, —z,| =1}, 1>z, —2| =27, » 0o, 2V > |2y — 2| = 277}

and finally over the set {277> |x, — x,|}. In each case the product measure can
be estimated by (1.2) and the theorem of Fubini, summing up we obtain
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fﬁ Po)|? det=C ]

and this completes the proof of the lemma.
Next, let us put p(m)= max{n; B,=exp(m/logm)}. Then by (1.3), we have
Aomy+1 = 0(Byimy+1/(log m)?), as m— 4 oo,

Further, since B,~B, ., as #— + oo, we have

2(m+1) | 2(m+1) | ( 2m 2m
XP) fog(m+ 1)} bom) = eXp{log(m+ 1)} P |log m = 2log(m+1) exp{ log m}
> 1 B >al , for m=m,.-
= 310g m p(m)+1 p(m)+ 1 = 0

Therefore, we can find an integer m, such that if = >m,, then

m—1 m 1
(2‘ 1) €xp {log(m - 1)} < B]J(m) é €Xp ilog m) .
In the following, we put
2.2) q(m) = [% log m], where B'=Blogq.

LEMMA 2. For amy real number v, there exists a set S, in [v,v+1)
of Lebesgue measure zero such that if t&S,, then

p(m)
lim Bytny > A, ) = 1, in probability.
M—rc0 k=1

PROOF. It is sufficient to show that for a.e. in [v, v+1)V,

p(m)

lim By, > ai’cos 2(nxt + a) = 0, in probability.

M—>00 k=1
Since B, 1 +oo with n, (1.3) implies that

(2.3) 1I<Ifisxla"l = o(B,/log log B,), as n— oo .

1) The term a.e. ¢ means that a.e. ¢ with respect to the Lebesgue meaeure,
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Since p(m)>m—m, for m > my,we have, by (2.2) and (2. 3),

q(m)-1

p(m)
Btw2> a=0(1) and Bptyd> ait = o(l), as m— oo.
k=1 k=1

00

f cos (Mz+a)P(dx)| < | P(\f)|, we have

Further, by the fact that

@. 4) fw S

(m)
> ay’cos 20zt +ay) |*P(dx)
k=1

—o0

p(m) k-1

= o(Bbm) + > @ Y. [l P2t0e—)} |+ | P2+ A} 1]

k=q(m) +1 n=qg(m)

uniformly in #, as m— + 0. On the other hand from (1.1) and (2. 2), we obtain
that if £>#n=qg(m), then

Ne A Cq ™, for some ¢, >0.

Therefore, we have, by Lemma 1 and (2. 2),

o0 v+l p(m) k-1 A ~
> B[ > a3 el PRl |+ PRt n) (1
m=m, » =q(m) + n=q(m,

= 3 O +mmy = 01).

m=m,

By (2.4) and the above relation we can prove the lemma.

3. Proof of the Theorem. For the proof of the theorem it is sufficient
to show that for any fixed v, we have, for a.e.t in [v, v+1),

Y

lim P{x; S,(z, t) = yB,} = (27:)“/2] exp (—u%/2) du.

To this end, we first prove that for a.e.t in [v, v+1),

Y

G1) I Ples Sn(® ) 3By} = @) [ exp(—ut/2)du,

which is equivalent to the following relation
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(3' 1») llmf exp{l)\:Sp(m)(x’ t)

p(m)

P(dx) = exp(—A?/2), for all real .

i. Let N be any fixed real number and ¢& S,, where S, is the null set in
Lemma 2. Since

= (1+2) exp(%2+0(lz|3)), as |z|—0,

we have, by (2. 3),

i)\.Sp(m)(x, t)
XP {_Bp(m)
L iNAE t)} [ —ar % }
= 1+ ’ Al(x, t)+o(l
;;[=11 { B> exp 1 2By ; «*(z, £)+o(1)

uniformly in (z, ¢), as m— + co. Putting

J’Il-"I(x’ t’ N) = ﬁ {l_‘_w}’ n = 1’ 2) b "P(m)’

k=1 Bp(m)

then we have

n 2 9\1/2
(3.2) PANCEE || (1 + %) < exp(AY).
k=1 p(m)

p(m)

Further, since Byiy 2 Az, £)=2 and ¢&S,, we have, by Lemma 2,
k=1

[ e {zLng)(x, t)} Pdz)

—oco (m)

= exp(—)\,z/Z)f Jp(m),m(x, z, N)P(dx) + 0(1)» a m— +4oo,

From (2.2), (2.3) and (3. 2) it is seen that

p(m) .

Jp(m).m(x’ t’ 7\') = 1 + Z mgk#‘]k—l,m(x’ t’ 7\‘)

k=1 p(m

p(m)

=1+o1)+ >

k=q(m) pCm)

%(—a:’—t)*]k—l m(x’ t, 7")
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=1+4+0() + Tu(x, £, \), uniformly in (x,£), as m— + oo,

p(m)
where Th(z,t,0)= 3. ’7"_Ak(x_t){1+ b Az, t)} Jeersm(Z £, )

k=q(m) pCmd j=k—1 Bp(m)

and 7 is an integer satisfying

1 1 1 1
3.3 1— -+ — > (1-2) =6 >0.
8.3) g (g-Dg’ ( q) €=

Therefore, for the proof of (3.1’) it is sufficient to show that for a.e.? in [v,v+1),
we have

3.4 limf T.(x, t, \)P(dx) =0, for all A.

Since

f ) cos(axt + a) P(dx)l = IPA(M) |, we have

U : Tl ts MP(dx)l Ut 2),

where
p(m) k-1
Unt:n) = 3 ‘%[:ki[ll’(hkt)H P 'M’l PO+ M)+ POt~ Mt)l}]
k=q(m) p(m) Jj=k-r
p(m)
+ 3 el Jaes el M Bl - 0
k=q(m) ptm)

p(m) k-1
Il = Inayl > lag, - -ag| N > T+ et
N z Bp(m) j=k—r 2Bzo(m) ! (ZB ) ? 'P{O\‘k 7"} hkl—- _kk‘)t} I

k=q(m)

where >, denotes the summation over all complexes (&, «-+, %) such that
1=k <-+<k=k—r—land 1=s=k—7r—1,> ,and > ; over all combinations
of + and —. Since for each #, |U,(t,\)| is an increasing function of |A|, the
convergence of the series.

zf Ut ) |de

for any fixed A, implies the validity of (3.4) for all A. On the other hand from
‘1.1) and (3. 3), we have, for >,
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k-r-1
Me TNt o E N =N — D 7»,>>\,,c<1— > q )

J=1 J=r+1

EW (1 - (q—_lﬁqr> > cohe > €'qF, for some ¢ >0,

and for > s
k-r-1
MeEN EN G E N e — Mer — D Ay
J=1
Exk(l—i — *1—, > oM > ¢'q*%, for some ¢’ >0
g (¢—1)g

Therefore, we have, by Lemma 1 and (2. 2),

[ 10w

v

p(m) I.: -r-1
[ nay | Inayl [nay |
=0 1
(k=z Bp(m)qkﬂ/2{1+ z Bp(m) * Byow

q(m) j=k—-1 j 1
plm) 1/2
A N 5
-0 £ g men| g2 (Tar) v
k=q(m) p(m)q p(m)

Il

p(m)
O & 52 mennlinIv2H)) = 0o, a5 m— v,
k=q(m) BP(Tﬂ) q

Thus, by (2.2), we have

zf \Unt, ) |dt = z Oe-410my = O(1),

and this proves (3. 1).

ii. If p(m)=n<p(@m+1), then we have

(3.5)

Sp(m)(x’ t) _ Sn(x’ t)'
Bp(m)

1
é B ‘ |Sﬁ(m)(x’ t)l + ‘Sn(x, t) Sp(m)(x’ t) l .
p(m) mm
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On the other hand from (2.1), we obtain

1 1

Bp(ﬂt) B p(m+1)

3
Bp(m)

p(m)

Hence, we have, for a.e. ¢ in [v,v + 1),

1

B _1_.1 | Spmy(x, £)| =0, in probability.
p(m) m+1)

(3.6) lim

M—s00

f i cos(nzt + a)P(dx))é | P(A£)|, we have

Since

[ it 14201~ Sym(a 01 P(2)
p(m)sn<p(m+l)

p(m+1)

é ZB‘;;(mH) ZBﬂ(m) +
B

B?J(m) k=p(m)+1 = P(M) j=p(m) P(m

p(m+1) k-1 1/2
=0(1)+[ > X (1Pt -, t)l+|P(Mt+7~t)\}] ,

k=p(m)+1 j=p(m)

2 i
— O( Bp(m+]) B?)(m))__:O(Bl )’ as m— +4oo,

509

la] Z: Ia" (1 POut —Mit) | + [ POvt +0,0)11

uniformly in ¢, as m— +co. On the other hand from (1.1), it is seen that if

k> j, then

(Mt N5 Z (Wi = /AW N+ V/A) > N (l - %}) (Nehy) >0 ¥,

for some constant ¢, > 0.

Further, since (2.1) implies that if m =m,, then p(m)>m—m, we have, by

the same argument as in the proof of Lemma 2,
v+1 p(m+1) k-1

Z S {1 POt — nt) |+ POt + N0} dt

m=my*'v k=p(m)+1 j=p(m)

p(m+1) k-1
= 0( 2 X 24 ‘“J’“) =0Q),

m=my k=p(m)+1 j=p(m)

and this proves that for a.e. ¢ in [v, v+ 1),

3.7 lim max f L | Spm(x, £) — Sp(x, 8)|2P(dx) = 0.
Bg»(m

m—eo p(M)ysn<p(m+1)J_
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From (3.5), (3.6) and (3.7), we obtain that for a.e. # in [v, v+1),

(3.8) lim | Semm(@: ) _ S, )| _ 0

Londed p(m,n) Bn

, in probability,

where p(m, n) in (3.8) is a p(m) satisfying p(m)=n < p(m+1).
By (3.1) and (3.8) we can complete the proof of the theorem.
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