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1. Statement of results. Let R" be a Euclidean space of dimension 7.
M.Kobayashi [3] has shown that the properties of the vector cross product on R’
induce an almost contact structure on an orientable 5-dimensional submanifold of
R", and he proved that (1) if the submanifold is totally geodesic in R* (for the
induced metric), then the almost contact structure is normal and as a partial
converse (2) if the structure is normal and the immersion is totally umbilical,
then the submanifold is totally geodesic. In the present paper we show that

THEOREM 1. Let M be an orientable submanifold of codimension 2 in
R'. If the almost contact structure is normal, M is a minimal submanifold

of R.

THEOREM 2. Let M be an orientable submanifold of codimension 2 in
R'. M is quasi-Sasakian and have the trivial normal connection if and only
if M is totally geodesic.

The new device to prove the above mentioned theorems is that we can take
locally suitable normal vector fields relative to the almost contact structure on
M. By virtue of Theorem 1, we see that no closed submanifold can satisfy the
normality condition. Furthermore as the second application of the Theorem 1, we
see that the 5-dimensional sphere have at least two different almost contact
metric structures for the same induced metric, since it is well known that the
sphere has a Sasakian structure (i.e., normal contact metric structure). For the
later use, we list up the properties of the vector cross product of R [2]:

(1.1) AxB=-BxA,
(1.2) <AXB,C>=<A,BxC>,

(L.3) (AxB)xC+Ax(BxC) = 2<A,C>B—<B,C>A—<A, B>C,
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(1. 4) V4BxC)=VBxC+BxV.,

for any vector fields A, B and C on R’, where <, > and W are the canonical
Riemannian metric of R’ and the Riemannian connection for <, >, respectively.

2. Types of almost contact Riemannian manifolds. Let M = (M, g) be a
Riemannian manifold and V(M) the module of C-vector fields on M. An almost
contact Riemannian manifold M is a Riemannian manifold equipped with a (1,1)
tensor field ¢, a vector field £ and a 1-form 7 which satisfy ¢?*=—1+£Qmn, n(f) =1,
o) =0,7(X) =9(X, € and 9(¢X, ¢Y) = g(X,Y)—n(X)n(Y). Such a manifold is
orientable and odd dimensional. To describe the geometry of an almost contact
Riemannian manifold M, we consider two special tensors. The first is a 2-form,
w, and it is defined for A, Be V(M) by

(2.1) w(A, B) = g(A, ¢B).
The second, called the torsion tensor of M, is a (1,2) tensor field S* defined by

(2.2) S'(A, B) = [A, Bl + ¢[¢A, Bl + ¢lA, $B] — [$pA, $B]
+ {Bn(A) — An(B)}§ .

The following Proposition is used to prove the Proposition 5. 1.
PROPOSITION 2.1. Let A, B,Ce V(M). Then

(2.3) dw(A, B, C) — dw(A, $B, ¢C) + g(A, S'(B, ¢C))
= 2(V.aw)(B, C) — n(B){9(A, Vyc€) — 9(¢C, V )}
+n(C)g(A, S*(B)) — n(C){9(A, Vst) + 9($B, V)3,

where S*(B) is, by definition,

(2. 4) S*B) = VB — V€ + VsE .
PROOF. The proof of (2.3) follows from the facts that

(2.5) dw(A, B,C) = €(V,w) (B, (),

(2. 6) S (B, C) = VopB — Vsp¢C — V5-C + VB
+0(C) Vs = 1(B) Vot ,
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where & is a cyclic sum for A, B,C and V is a Riemannian connection for

g. Q.E.D.

(¢, &, m, g)-structure is called normal if S*=0. S' =0 implies S?=0 [4]. It
is known [ 6] that S' =0 if and only if

(2.7) $VppC — VnpC — (V) (C)-£ = 0.

(¢, €, m, g)-structure is called a quasi-Sasakian structure if it is normal and w is
closed. In a quasi-Sasakian manifold £ is a Killing vector field [ 1]. (S.Tanno has
pointed out [5] that there are some gaps in the paper [1], but the above
statement is true.)

3. Five dimensional submanifold of R’. Let N, ((=1,2) be mutually
orthogonal unit normal vector fields on a neighborhood of xe M. An almost
contact metric structure on M is defined by [3];

(3.1) £€=N,xN,,
(3.2) A =AXxE,
(3.3) 7(X) = 9(X,§),

where ¢ is an induced metric. The second fundamental forms A, and the third
fundamental form s is defined as follows :

(3.4) TaNy = —hA + s(A)N,,

(3.5) ValN, = — h,A — s(A)N; .

Then we have

(3.6) VB = VB + g(hA, B)N, + g(h,A, B)N,,
where we define a symmetric tensor H(A, B) by

(3.7) H(A, B) = g(h,A, B)N, + g(h,A, B)N, .

Let R be a curvature tensor of R’. Calculating the normal part of R(A, B)C,
A, B,Ce V(M), we see that the Codazzi-Mainardi’s equation is

(3.8) Vhi-B — Vshi-A — s(A)hB + s(B)h,A = 0,
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(3.9) V aha'B — Vshy A + s(A)h,B — s(BJluA =0 .

Let I/Q\ be the curvature tensor of the normal connection @, that is, %AV
= (V4V)¥(=the normal component of V/4V) for a vector field V normal to M:

pay

(3.10) R(A, B)V = /V\A‘?BV - /V\B/V\AV - /V\IA,mV .

It is easily verified that for unit vector fields N; normal to M,

(3.11) R(A, B)N, = 2ds(A, B)N,,
(3.12) R(A, B)N, = — 2ds(A, B)N, .

Let (E;,¢E;, &) (=1, 2) be an adapted frame on a neighborhood of < M. On
account of (1.1)~(1.4), we see that E, XE, and E, X¢E, are mutually orthogonal
unit (local) vector fields normal to M. Throughout this paper we assume

(3. 13) N1 = E1 X E2 and N2 = E1 X ¢E2.

4. Proof of Theorem 1. As the preparation we give a necessary and sufficient
condition for the normality of (¢, &, n, g)-structure on M.

PROPOSITION 4. 1. The (¢,&,7, g)-structure on M is normal if and only if
(4.1) dVexf + VxE =0,
(4.2) H(¢X, §) = £ x H(X, §).

PROOF. (Necessity) : By virtue of (1.4), (3.2) and (3.6), we obtain
(4.3) 9(A, VogpB) = g(A X B, Vcf) -
From (2.7) and (4.3) we see that S' = 0 if and only if, for any A, B,Ce V(M),
(4.4) 9(PA X B,V cE) + g(A X B, 4o€) + n(A) (Von) (B) = 0.

On account of pAXB=EX(AXB)—2p(B)A+5(A)B+g(A, B)E, (4.4) is rewritten
as follows :
(4.5) 9(A X B, 9\ o€ + Vot + H(¢C, E) — £ x H(C, §))

—21(B)9(A, V) +29(A)g(B, V) = 0.
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Setting B = £, we obtain
(4. 6) Ve + ¢V¢c§ =0.

If A and B are orthogonal to &, by (3.13), AXB have the form
2
(4.7) AXB =af+ > b'N,,
where a and b' are scalars.
From (4.5) and (4.7) we also have

(4-8) H(¢C,§) = §x H(C, §) .

The sufficiency follows from (4.5), (4.6), (4.7) and (4.8) by a direct calculation.
Q.E.D.

By virtue of (1.4), (3.1), (3.4) and (3.5) we have (c.f.[3])
(4.9) VaE + dVgsE = —hA X Ny + hyA X Ny + hipA X N,
+hopA X N, — H(A, £) — & x H($A, §) .

Then we obtain

PROPOSITION 4.2. Let H be a mean curvature vector of M. Then
(4.10) 9HN) = 9(Vi + ¢Vnk, OEs) — 9(VeE + dVent, HE)
+ g(H(gy f)’ Nl) ’

(4.11) g(H, Ny) = — 9(Vz€ + dVsié, Es) + 9(ViE + dVerf, E)

PROOF. From the properties of the vector cross-product on R’, we have

Nl X¢E2 —_—¢E1, N2X¢E2 =_E1,
N1 X¢E1 = —¢Eg, N2X¢E1 =E2.

(4.12)

The mean curvature vector H is, by definition,
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2

(4.13) H=3} {H(E, E,) + H(¢E,, oE;)} + H(E, £)

1=1

2 2

= 2 {9(h,E,, E)) + g(hs9E:, E)IN; + ’Z g, EN; .

%=1

Since the g(h,A, B) is symmetric, Proposition 4.2 follows from (4.9), (4.12) and
(4. 13). Q.E.D.

The proof of Theorem 1 follows from the Proposition 4.1 and 4. 2.

COROLLARY 4.3. Let M be an orientable 5-dimensional submanifold of
R'. Then if the almost contact structure induced from the vector cross product
is normal, M cannot be compact.

PROOF. M must be a minimal submanifold, but it is well known that there
are no compact minimal submanifold of R'.

5. Proof of Theorem 2.

PROPOSITION 5.1. Let M be an orientable 5-dimensional submanifold of
R" with the almost contact structure (¢, &, 1, g9). The following conditions are
equivalent :

(1) (¢, €, m, g)-structure is a quasi-Sasakian structure,
( 2 ) vAE =0 5
( 3 ) h] = ¢h2 .

PROOF. {(1) —(2)): From (2.3) and the last of §2, we have

(5.1) (Vaw)(B,C) —n(B)g(A, Veck) =0.

Putting C=£ in this equation and using (4. 3), we get V.£=0.

(2)—=(1): By (4.3) we have Vew=0 and so dw=0. From the Proposition
4.1 §S'=0 is clear.

(2) € (3): On account of V£=—hAXN,+h,AXN, (c.£.[31), V.£=0 is
equivalent to h,/AXN, =h,AXN,. By N,=N,x§, this equation is equivalent to
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hy = ¢h,. Q.E.D.

PROPOSITION 5.2. Under the same assumption as Proposition 5.1, we
have

R(A, B)N; = 2g(h,A, $hsB)N; ,
(A, B)N2 - Zg(th, ¢h2B)N1 .

PROOF. Since the curvature tensor of R’ is zero, we obtain

0 = VaVaN, — VsVilN;, — Vi s Ny
= — V4hi*B + Vahy-A — H(A, h,B) + H(B, h,A)
+ {A(s(B)) — B(s(A)) — s([A, B])}N; + s(B)¥V 4N,
— s(A) V5N, (by (3.4))
— R(A, B)N, — 2g(h,A, $h,B)N,  (by (3.8) and (3.11)).

The latter half of the Proposition 5.2 can be shown by a similar fashion. Q.E.D.

Since g(h.A, B) is symmetric, A, = ¢h, implies h,¢ = — ¢ph,;. Thus the proof
of Theorem 2 follows directly from the Proposition 5.1 and 5. 2.
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