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1. Introduction. This paper is concerned with the generation of
semi-groups of classes (0, A) and (1, A).

Let X be a Banach space and let B{X) be the set of all bounded linear
operators from Xinto itself. A one-parameter family {T(t); £ ̂  0} is called
a semi-group (of operators), if it satisfies the following conditions:

(1.1) T(t) e B{X) for t ^ 0 .

(1.2) Γ(0) = I (the identity), T(t + s) = T(t)T(s) for ί, s ^ 0 .

(1.3) lim T(t + h)x = T(t)x for t > 0 and x e X .
Λ-»0

Let {T(t);t^O} be a semi-group. By the infinitesimal generator Ao of
{T(t);t ^ 0} we mean

(1.4) Aox = lim (Γ(Λ)» - α?)/Λ
h-+0+

whenever the limit exists. If Ao is closable, then A — Ao (the closure of
AQ) is called the complete infinitesimal generator of {T(t); t ^ 0}.

The following basic classes of semi-groups are well known (see [2]).
If a semi-group {T(t); t ^ 0} satisfies the condition (Co) limt^0+ T(t)x = x
for xe X, then {Γ(ί); ί ^ 0} is said to be of class (Co). In this case Ao is
closed and hence the complete infinitesimal generator coincides with the
infinitesimal generator. If a semi-group {T(t); t ^ 0} satisfies the condition

(1, A) [\\ T(t) \\dt< oo and lim λ(V"T(t)x dt = xtorxeX,
J 0 λ-+<*> J 0

then {T(t); t^0} is said to be of class (1, A). If, instead of the condition
(1, A), T(t) satisfies the weaker condition

(0, A) Γ | | T(t)x\\dt < oo a n d l i m x [ ~ e ~ λ t T ( t ) x d t = x f o r x e X ,
J 0 λ-00 J 0

then a semi-group {T(t); t ^ 0} is said to be of class (0, A). Clearly
(Co) c (1, A) c (0, A) in the set theoretical sense. It is known that in gen-
eral the infinitesimal generator of a semi-group of class (1, A) need not
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be closed, and that every semi-group of class (0, A) has the complete
infinitesimal generator (see [2, 5]).

Our main results are as follows.

THEOREM 1. An operator A is the complete infinitesimal generator
of a semi-group {T(t)\ t ^ 0} of class (0, A) if and only if

( i ) A is densely defined, closed linear operator with domain and
range in X,

(ii) there is a real ω such that {λ; λ > ω} c ρ(A) (the resolvent set
of A), ̂

(iii) || R(X; A) || = O(l/λ) as λ—*oo, where R(X; A) is the resolvent
of A,
and R(X] A) satisfies either of the following conditions (iVi), (iv2);

(ivi) for each x e X there exists a non-negative measurable function
f(t, x) on (0, oo) satisfying

(a) for each x e X, f(t, x) is bounded on every compact subset of the
open interval (0, oo),.

(b) ί V ω ί / ( £ , x)dt < oo for xeX,

(c) ||°JB(λ; A)nx\\ ^ l/(n - l)l( V ^ ί " " 1 / ^ , x)dt for xeX, λ > ω and
Jo

ft ^ 1,
(iv2) (a') for every ε > 0 there exist Mε > 0 and λ0 = λo(ε) such that

\\XnR(X; A)n\\ ^ Mε for λ > λ0 and n with n/\e [ε, 1/ε],
(b') ίAere eα ΐsίs an M > 0 suΛ £&α£ ||i?(λ; A)%α;|| ^ Af(λ - ω^Wx^

for xe D{A), λ > ω and n ^ 1, where \\x\\ι = \\x\\ + ||Aa?||,
(c') ί e"ω ίliminf || T(t;n)x\\dt < oo for xeX, where

Jo n-*«>

(1.5) T7 ;̂ n) = (l- — AV" = Γ—#(— A ) ] ' /or ί > 0 αmZ n > ωt
\ n I It \t /J

= I for t = 0 α^d w ^ 1 .

THEOREM 2. Aw operator A is the complete infinitesimal generator
of a semi-group {T(t); t^0} of class (1, A) if and only if (i)—(iii) in
Theorem 1 are satisfied, and R(X; A) satisfies either of the following con-
ditions (vj, (v2);

(Vi) there exists a non-negative measurable function f(t) on (0, oo) with
the properties

(a) J Vei/(t)di < oo ,

(b) ||°β(λ; A)*|| ^ l/(n - lJ l ίV^ί -yφdί for X > ω and n ^ 1 ,
Jo

(v2) (a') /or ever?/ ε > 0 ίAere eα isί ikfε > 0 α^d λ0 = λo(ε) such that
\\XnR(X; A)n\\ ^ Mε for X > λ0 ατiώ ^ wiίA n/λe [ε, 1/ε],
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(b') there exists an M > 0 such that \\R(X; A)nx\\ ^ M(X - a ) ) - * ! ^ ^
for x e D(A), X > ω and n ^ 1,

(c') (V ω ί l iminf || Γ(t; n)||dt < oo.
JO n-κχ>

Theorem 1 is new. To generate semi-groups of class (0, A) the author
assumed in [3] that, instead of (iv^-ia), for each xeX,f(t,x) is con-
tinuous in t > 0. The condition (v^ in Theorem 2 was first given by-
Phillips [2, 5], and the conditions (iv2) and (v2) in the above theorems are
quite new.

Our proof of Theorem 1 is based on the generation theorem for semi-
groups of class (C(k)) due to Oharu [4], and Theorem 2 is proved by using
Theorem 1. In §2 we shall deal with semi-groups of class (C(k)). Proofs
of Theorems 1 and 2 are given in §3.

2. Semi-groups of class (C(fc)). In this section we present the classes
(C(fc)), k = 0, 1, 2, •••, of semi-groups introduced by Oharu [4].

Let {T(t); t ^ 0} be a semi-group. It is well known that ωQ = l i m ^
r 1 log 11 Γ(ί)|| is finite or - o o . And ωQ is called the type of {T(t); t^O}.
According to Feller [1] we define the continuity set Σ of {T(t); t ^ 0} by

Σ = \xe X) lim T(t)x = x\ .
I ί^0+ '

We see that Xo = \Jt>0T(t)[X] c Σ and if λ > ω0 then the Laplace integral

[°°e~λt T(t)xdt exists for each xeΣ.
Jo

LEMMA 2.1. If XQ is dense in X and if there exists an (O > ω0 such
that for each λ > ω there is an operator R(k) e B(X) with the properties

e-xt T^xfc for χ£ χo and (b) R(X) is invertible, then A = AQ

0

exists and R(X) — R(X; A) for X > ω.

S oo

e~λtT(t)xdt for xeΣ. Hence
0

AQR(X)x = lim^_0+ AhR(X)x = 1™,,̂ + R(X)Ahx = XR(X)x — x for xe Σ, where
Ah = (T(h) - I)/h. Since D(A0) c Σ, we have R(X)Aox = XR(X)x - x for
xe D(AQ). To show the closability of Ao let xne D{AQ), xn~+0 and A0^w-^?/
as n —* co. Since i?(λ)Aoα;TO = XR(X)xn — xnf we obtain R(X)y = 0 and hence
y = 0 by (b). Therefore A = Ao exists and R(X)Ax = λi?(λ)α; — a?, i.e.,
i?(λ)(λ — A)a? = x for α e D(A). Let x e l . Since Xo is dense in X, there
is a sequence {#„} in Xo such that xn —•• x as w —• °o. Hence ^(λ)^^ —> i2(λ)α;
and AojRίλ)̂ ,, = XR(X)xn — xn —• λi2(λ)cc — a? as w —* <χ>. This means that

and AR(X)x = XR(X)x - x, i.e., (λ - A)R(X)x = x ίoτ xeX.
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Thus {λ; λ > ω) c ρ{A) and R(X) = R(X; A) for λ > ω. Q.E.D.

DEFINITION 2.1. A semi-group {Γ(ί); ί ^ 0} is said to be of class (C(fc)),
where A; is a nonnegative integer, if it satisfies the following conditions:

(aj Xo is dense in X.
(a2) There exists an ω > α>0 such that for each X > ω there is an

operator J?(λ) e B{X) with the properties

(a) R{X)x = [°°e-λtT{t)xdt for xeX0,
Jo

(b) i2(λ) is invertible.
(a3) D(Ak) c Σ, where A is the complete infinitesimal generator of

{T(t);t ^ 0} and A0 = I.
It follows from the definition that (C{k)) c (C{k+1)) and (C(o)) is nothing

else but the class (Co) If {T(t);t ^ 0} is a semi-group of class (0, A),
then (a^ and (a2) are satisfied, and moreover lim^0+ T(t)x = x for xe D(A),
namely, D{A) c Σ (see [2]). This means (0, A) c (C(1)). And an example
in [2] shows that (0, A) Φ (C(1)) (see [2; p. 371, example 1]).

We now mention the generation theorem for semi-groups of class (C{k))
due to Oharu [4].

THEOREM A. An operator A is the complete infinitesimal generator
of a semi-group {T(t); t ^ 0} of class (C(k)) if and only if

(tfj) A is densely defined, closed linear operator with domain and
range in X,

(a2) there is a real co such that {X; X > ω) c p(A),
(a3) there exists an M > 0 such that

\\R(X; A)nx\\ ^ M(X - ω)~n\\x\\k for xeD(Ak), X > ω and n ^ 1 ,

where \\x\\k = | | s | | + | |As | | + " + \\Akx\\,
(at) for every ε > 0 and x e D(Ak) there are Mε > 0 and λ0 = λo(s, x)

such that \\XnR{X) A)nx\\ ^ Afβ||aj|| for X > λ0 and n with n/Xe [ε, 1/ε].
Then the semi-group {T(t) t ^ 0} generated by A has the following

property, for each x e D{Ak)

T(t)x = lim Γ(ί; n)x = lim (i - —A)~*x

uniformly on every compact interval of [0, oo).

3. Proofs of Theorems 1 and 2. We start from the following

LEMMA 3.1. Let A be a closed linear operator with domain and range
in X.

Suppose that
(i) there is a real ω such that {λ; λ > co} c p(A),
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(ii) for each xe X there exists a non-negative measurable fuction f{t, x)

on (0, oo) satisfying the following properties

(iiO j~e~ωtf(t, x)dt < oo for x e X ,

(ii2) ||°β(λ; A)nx\\ ^ l/(n - ϊ)l[° e~λttn-f(t, x)dt for xeX,X>ω
Jo

and n ^ 1.
Then we have
(i') there exists a constant M > 0 such that

\\R(\; A)nx\\ ^ M(X - ^ - " p H i /or a Gΰ(A), λ > ω and n ^ 1 ,

(ii') ί°Vω ί lim inf || T(t; n)x\\dt < oo for xeX, where T(t; n) are
JO W-»oo

operators defined by (1.5).
PROOF, (i') Let λ > α> and a efl(A). Since iί(λ; A)k(A - ω)x =

(λ — α))22(λ; A)fex — J2(λ; A)k~ιx, we obtain from (ii2) that

||(λ - ω)kR(X; Afx - (λ - ω

= ||(λ - ω ) * - 1 ^ ; A)k(A - ω)x\\ ̂  ( λ ~ ^ f t~<rιttk~γf(t, (A - ω)x)dt
(k — 1)1 Jo

for k ^ 1. Hence

||(λ - ω) Λ(λ; A)*x - x\\ ̂  ( V * Σ ( λ ~
*=i (/b — 1 ) !

^ (V**/(ί, (A - ω)a;)dί for n ^ 1 .
Jo

Since R(X; A)n, X > ω, n ^tl, are bounded linear operators from the Banach
space D(A) with the norm \\x\\i — \\x\\ + || Ax\\ into X, the above inequality
implies that there is an M > 0 such that

\\(X - ωrR(X; AYx\\ ̂
for α e D(A), X > ω and ^ ^ 1 (the uniform boundedness principle).

(ii;) Let T> 0 be arbitrary but fixed, and let xe X. Then for each
integer n with n > T\w\, T(t; n) is well defined on [0, Γ] and by (ii2)

[ V β / f a a;)ds for 0-< ί ^ Γ .
( — 1)! Jo

For each integer n ^ 1 let us define a function En by

(0 forw/|α»|<ί

and En(t) = 1 if ω = 0. Then
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\TEn(t)\\ T(t; n)x\\dt ^ [°En(t)\ (n/t)" ίV^s^/Cs, x)ds~\
Jo Jo L(n — 1)1 Jo J

1—-
1)! Jo

/ίβ, a;)Γ—-1—
L(n — 1)!

where n > Γ | α> |. Now,

(n — 1)!
1 Γnf\ω\ Mβ~ωs C°° +n

= (n/t - ω)ne~nsltdt = — ^ \ 5 e~stdt
(n — 1)! Jo (n- 1)1 Jι»ι-» (ί + α>)2

and a simple calculus shows that / ^ (n/(n — l))e~ωss1~w if ω ^ 0 , and
J ^ 4 (n/(w - l^β-^s1"71 if ω < 0. Therefore

( V / ( s , α;)ds for n > T\ω\ .
— 1 Jo

Passing to the limit as n —> oo, we see from the Fatou lemma that

\ V ω ί lim inf || T(t; n)x\\dt ^
\ (
J 0 %-»oo J 0

Since T is arbitrary, we obtain the desired conclusion. Q.E.D.

LEMMA 3.2. Let A be a closed linear operator with domain and range
in X. If we assume (i), (ii) in Lemma 3.1 and (ii3) for each xe X,f(t, x)
is bounded on every compact subset of (0, oo), then for each e > 0 there
exist Me > 0 and λ0 = λo(ε) such that

(3.1) \\XnR(λ; A)n\\ ^ Mε for λ > λ0 and n with n/λe[e, 1/ε] .

PROOF. Let xe X and λ > 21ω|. Clearly

A)*αj|| ^ —

(w — 1)!

Note that the function e~u~ω)ttn~1(n ^ 1) is increasing on [0, a] and decre-
asing on [a, oo), where a — (n — l)/(λ — ω). Let δ and 97 be arbitrary
numbers with 0 < δ < 1 < η, and divide the integral domain as follows:

1)!

Then

— 1)! LJo Jία Jyal

(n — 1)1 (n — 1)!
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o~{n-l)η foo

I 3 ^ — X{Xa)n-ιηn-ιK{x), where K(x) = \ e~ωtf(t, x)dt .
(n — 1)! Jo

Since aX = (n - 1)(1 + ω/(λ - ω)) ^ 2(w - 1) , we have

(rc - 1)!

By virtue of the Stirling formula, we obtain

(3.2)
V 2π V n

Similarly as in the above, we have

(3.3) J
3 ^ 4- ^

V 2π v n
Let 0 < ε < 1 and let n/xe [ε, 1/ε]. Since λ ^ n/e, it follows from

(3.2) and (3.3) that

I, ^ —JL-Vnφδe'-ψ-'Kix), I3 ^ ^ τ/"^(2τyβ1-^)"-1g(α;) .
V2π ε v2π ε

Choose δe (0, 1) and 17 e (1, 00) such that 2δeι~δ < 1 and 2iye1"' < 1. Since
Vn(2δeι~δ)n~1 and V~n'(2ψ1~ψ-ί are bounded with respect to n, there is
a Kt > 0 such that

(3.4) /! + ! . = , X\J\ia + Π
(n — 1)1 LJO J^αJ

Finally we estimate

(ft _ l)t Jδα '

It is easy to see that δε/4 g <?α ̂  rja ^ 2 /̂ε for ^ Ξ> 2. Set λ0 = λo(ε) =
max (2/e, 2|ω|). Then for λ > λ0 and n with n/xe [ε, 1/ε],

( n — 1)! J5ε/4 (^ — 1)! Jθ

= K(ε, x), where K(ε, x) = sup {f(t, x); δε/4 ^ t ^ 2)7/ε} .

Combining this with (3.4), for every xe X we have

for λ > λ0 and n with n/xe [ε, 1/ε]. By the uniform boundedness principle,
there exists an Mε > 0 such that \\XnR(X; A)n\\ ^ Mε for λ > λ0 and π with
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n/xe[ε, 1/eJ. Q.E.D.
We now prove Theorem 1.

PROOF OF THEOREM 1. Suppose first that {T(t); t ^ 0} is of class (0, A).
Then the complete infinitesimal generator A satisfies the condition (i).

S i n c e R(X; A ) x = \ e ~ u T ( t ) x d t f o r xeX a n d λ > ω0 ( = t h e t y p e o f {T(t);
Jo

t ^ 0}), (iii) follows from the condition (0, A) together with the uniform
boundedness theorem. Choose an ω > ω0 and set f(t, x) — || T(t)x\\ for
xeX and t > 0. Then (ii) and (ivx) are valid. (Note that R(X; A)nx =
l/(w - l J l ίV^- 'ΓφίccZί for αe X and λ > ω.)

Jo

Suppose next that ( i )-(iii) and (ivj are satisfied. It follows from
Lemmas 3.1 and 3.2 that the condition (iv2) holds true. Hence, by virtue
of Theorem A, A is the complete infinitesimal generator of a semi-group
{T(t); t ^ 0} of class (C(1)) and

(3.5) T(t)x = lim T(t; n)x for xeD(A) and t ^ 0 .

Let 0 < ε < 1. It follows from (iv2)-(a') that if n > λo/ε, then

(3.6) || T(t; n) \\ = | [ γ ^ ( y ; ^ ) J | | ^ ^ for ί e [ε,

Since D(A) is dense in X, (3.5) and (3.6) imply that

T(t)x = lim T(ί; w)a? for x e X and t > 0 .

Hence we see from (iv2)-(c') that

(3.7) [ V ω ί | | T(t)x\\dt < oo for xe X .
Jo

We next want to show

(3.8) lim x\°e-)ΛT(t)xdt = x for x e X .
λ^oo Jo

Since {T(t); t ^ 0} is of class (C(1)), i2(λ; A)[X]( = J9(A)) c J and i?(λ; A)x =
e~λtT{t)xdt for ί c 6 l o = U ί > o ^ ) [ ^ ] and sufficiently large λ (see Lemma

0

2.1). Therefore

T(h)R(\; A)x = \~e~uT(t + h)xdt = eλh[°°e~λtT{t)xdt
Jo }h

for Λ > 0 and « e l Letting /*,-+() + , it follows from R(X;A)[X]czΣ
that
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R(X;A)x = [°e-λtT(t)xdt
Jo

for xeX and sufficiently large λ. F u r t h e r , by (iii), \\XR(X; A)x - x\\ =
\\R(X; A) Ax \\^O(1/X)\\ Ax \\-+Of or xeD(A) and hence \\XR(X; A)x - x\\->0
for xeX as λ — oo. Thus we obtain (3.8), and hence {T(t); t^O) is of
class (0, A). Q.E.D.

To prove Theorem 2 we prepare the following

LEMMA 3.3. Let A be α closed linear operator with domain and range
in X.

Suppose that
( i ) there is a real ω such that {X; X > ώ) c p(A),
( i i ) ||R(x; A) \\ = O(l/λ) as X -> oo,

(iii) there exists a non-negative measurable function f(t) on (0, oo)

satisfying the following properties

(iiiO [°°e-ωtf(t)dt < oo ,

(iii2) ||°β(λ; A)n\\ ^ l/(n - l)\\°e-λttn~ιf{t)dt for λ > ω and n ^ l .

If we define Tλ(t) by Tλ(t) = {XR(X; A)}m for X > max (0, ω) and t ^ 0,
where [Xt] denotes the integral part of Xtf then

(V) there is a Xλ > 0 such that

(V"*| | Tλ{t)\\dt ̂  1 + \^e-^f{t)dt for X >
Jo Jo

(ii') there exist M > 0 and λ0 > 0 such that

Λί(l + Γe-ωs/(s)dsje^/f for t > 0 and X > λ0 ,

where μ = | ω | + 1.

PROOF. Let λ > max (0, ω). Since

— 1)! Jo (fc — 1)! Jo

for k/X <, t < (k + l)/λ, ft = 1, 2, , we obtain

β-"Ί| T,(ί) ||dί = e-"*dt + Σ

0 Jo k=ι JΣ
k=ι Jkβ

1)!

^ i/λ + ^ - ^ ' ' ^ " ' i
*=i (A; — 1 ) !

λ e-l'tfi-y(s)d8 \dt
L (A; — 1)! Jo J
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exp — μs— \f(s)ds .

o L μ/X J

Choose a λ ^ max (1, ω) such t h a t (1 - e~μlλ)/(μ/X) > \ω\/μ for X >
Then we have

rμt\\Tx(t)\\dt^ H
0

for λ > λlβ

We next prove (ii'). By the assumption (ii) there exist M ^ 1 and
λ2 > max (0, ω) such that ||λi2(λ; A) \\ ^ M for λ ^ λ2. Since [X(t + s)] -

+ [xs]) = 0 or 1 for every £, s ^ 0 and λ > 0, we obtain

||Γ,(ί + β)||
^ M11 {λ^(λ; A)Y^{XR(X; A)}^ \\£M\\ Tλ{t) \ \ \ \ Tλ{s)

for λ ^ λ2 and t, s ^ 0.
Let λ > λ0 = max (λx, λ2) and set g(t) = e"μt\\ Tλ{t)\\. Then (3.9) implies

that 2g(t) ^ 2Mg(t - s)g(s) ^ M([g(t - s)]2 + [^(s)]2) and hence

2g(ty12 ^ Mιl2{g(t - s) + flr(β)} for 0 ^ s ^ ί .

Now

S ί/2 ft/2

ff(ί)"2ds ^ iW1/2 {&(ί - s) + ff(s)}ds
o Jo

= Mll2[g(s)ds S Mlf2(l + ί Vω s/(s)ds)

by (i') Therefore we have the conclusion. Q.E.D.

PROOF OF THEOREM 2. If A is the complete infinitesimal generator
of a semi-group {T(t); t ^ 0} of class (1, A), then (i )-(iii) and (vj are valid
with /(ί) = || Γ(ί)|| and ω > ω0.

Suppose next that (i )-(iii) and (vj are satisfied. Then (v2) holds true.
In fact, similarly as in the proof of Lemma 3.1, (v2)-(b'), (c') follow from
(i), (ii) and (vj. By virtue of Lemma 3.3,

||{λJ?(λ; A)yw\\ ^ Ke^/f for t > 0 and X > Xo ,

where K = Mil + I e~ωsf(s)ds) and M, λ0, μ are constants in Lemma 3.3

(ii') If we set Mε = Keμlε/e2 for ε > 0, then

||{λJ2(λ; A ) p ] | | ^ ikΓ£ for ε ^ t ^ 1/ε and λ > λ0

and hence (v2)-(a') is obtained. Consequently it follows from Theorem 1
that A is the complete infinitesimal generator of a semi-group {T(t); t ^ 0}
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of class (0, A). Since T(t)x = l i m ^ T(t; n)x for xeX and t > 0 (see the

proof of Theorem 1), (v2)-(c') implies that (°Vω ί | | T(t)\\dt < oo. Thus {Γ(ί);

ί ^ 0} is of class (1, A). ° Q.E.D.

REMARK. The class (A) of semi-groups was introduced by Phillips,
and he showed that if {T(t); t ^ 0} is of class (A) then lim^0 + T(t)x = x
for xeD(A2), where A is the complete infinitesimal generator of {T(t);
t ^ 0} (see [2, 6]). This implies that (A) c (C(2)). And a generation theorem
for semi-groups of class (A) is also obtained from Theorem A (see [4]).
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