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1. Introduction. In the present paper, we shall classify conformally
flat Riemannian manifolds admitting a transitive group of isometries.
This class of manifolds contains the homogeneous Riemannian manifolds
of constant curvature classified by J. A. Wolf ([4], [5]).

Theorem A in Section 2 imposes a restriction on the local Riemannian
structure of the manifold in consideration. Using Theorem A, we get
Theorem B in Section 3 and Theorem C in Section 4. They give the
classification together with Theorem D in Section 4.

The author wishes to express his sincere thanks to Prof. S. Tanno
and Prof. T. Sakai who gave him many valuable suggestions and guid-
ances.

2. Local structure. Let M be a C°° Riemannian manifold of dimension
n. On a neighborhood of a point of M, we take a field of orthonormal
co-frame {ωu •••, ωn}. Then we have the Cartan structural equations:

(2.1) dωt =• - Σ α>,, Λ ω5 , ωiS + ωH = 0
j

and

(2.2) dωtJ = - Σ Mi* Λ ωhi + Ωtj ,

where ωiά and Ωtί are the connection form and the curvature form
respectively.

Now, we assume that M is conformally flat, that is, each point of
M has a neighborhood where there exists a conformal diffeomorphism
onto an open subset in a Euclidean space. Then each point of M has a
coordinate neighborhood {U; xlf , xn} where we can choose as a
{ωl9 •••, con} one satisfying ωt = (l/ρ)dXi for each i, with certain positive
C°° function p of xl9 •••, xn. Then, by (2.1), we have

(2.3) ωi3. = ρiωj - pfi)t , pt = dp/dx, .

Then, by (2.2), we have
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(2.4) Ωtl = φtΛ ωs + ωt A Φ,,

where

(2.5) φt = Σ Ait®,, Ai} = pptj - (l/2)ίw(Σ (Λ), Pa = Pp/dxjx, .
3 k

And moreover, by (2.1), (2.3) and (2.5), we have

(2.6) dφ< = - 5 > , , Λ & .
3

Here we express A = (Ai3 ) in terms of the Ricci tensor R = {Ri3) and
the scalar curvature S. That is, we have

(2.7) Ai3. = [l/(n - 2)](Bti - [l/2(n - l)]SδtJ) .

This is easily seen by the following definitions of the curvature tensors
(Riikl), (Ri3) and S:

On = (1/2) Σ Ri3kiθ)k A ωι , Rίm = -Riάlk ,

Rίj — Σ Rίkjk t S = Σ Ru
k i

Conversely, it is well known that every Riemannian manifold with 1-form
Φt = Σ AjMj satisfying (2.4), (2.6) and (2.7) is conformally flat.

3

THEOREM A. Let M be a connected conformally flat Riemannian
manifold. If M is homogeneous, that is, M admits a transitive group
of isometries, then Mis isometric to certain one of the following mani-
folds:

(1) A space of constant curvature.
(2) A Riemannian manifold which is locally a product of a space

of constant curvature K{Φ 0) and a space of constant curvature —K.
(3) A Riemannian manifold which is locally a product of a space

of constant curvature K{Φ 0) and a 1-dimensional space.

PROOF. Assume that M is homogeneous. Then, by (2.7), the charac-
teristic roots λi, , Xn of the tensor field A are constant on M. Then,
on some neighborhood of each point of M we can take a field of ortho-
normal co-frame {ωu •••, ωn} satisfying φt — \iωi for each i. Then, by
(2.4), we have

(2.8) Ωίά = (λ, + Xi)ωt A ωd .

Here we put

(2.9) (λ, - λy)ω<y = Σ Siik ωk .

Then Sijk is symmetric for all indices and hence, if i = j, j = k or k = i,
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then Sijk = 0, where i = j means λ, = Xj. In fact, by (2.1) and (2.6),

we have Σ (λ* — χj)ωij Λ ω, = 0, from which we have Sijk = Sikj. By

(2.2), (2.8) and (2.9), we have

(λ, + X^ω, A (ϋj = [l/(λ, - Xj)] Σ (dSijk) A ωk
kΣ
k

, - λ,)J Σ Sijkdωk
k

, Λ

Σ [l/(λ» - \)]Skjιωik A
k ( Ξ Ξ i ) , l

+ Σ [V(\-K)]SίklωιAωkj for ΐ =έ i.
fc(sj),I

Comparing the coefficients of ωt A o)j and taking account of the properties
of Sijk, we have

(λ, + λ^/ίλ, - λy) = 2 Σ (SiikY/(\ - Xj)(Xk - Xj)(Xk - X,) for i & j ,

from which we have

Σ (λ, + λyj/ίλ, - λ, ) = 0 for each i .
i

From the last identity, we see that possible cases are only the following
(a) and (b):

( a ) XL = = Xn.
( b ) λx = = λ r = — λ r + 1 =•••==— λΛ Φ 0, 1 :g r rίg w — 1, where

we assume that X1 ̂  ^ λn.

In fact, let us assume that the case (a) does not occur. Then λ, Φ 0 for
each i. Let λ 2(>0) be the minimum of λj, •••, λ2. Then we have

(λ + Xj)/(X - Xj) = (λ2 - λ? )/(λ - λ, )2 ^ 0 ,

which shows that Xj = ± λ for each j .
The above fact shows that SiiA; = 0 for each i, j , k, which implies

that, if % & j , then ωi5 = 0 by (2.9) and that, if i = j , then Ωi3 = ± 2XωiAo)j

by (2.8). This completes the proof (cf. [2], [3]).

3. Some lemmas and Theorem B. Let M be a conformally flat
homogeneous Riemannian manifold and M be the universal covering
manifold of M with the metric induced from the projection p:M—+M.
Since M is complete, so is M. Then, by Theorem A and the decomposition
theorem of de Rham, M is isometric to one of the following manifolds:

( 1 ) Mn(K),
( 2 ) Mr(K) x Mn-r(-K), KΦO, 2^r^n-2,
( 3 ) Mn~\K) x E\ KΦ 0,
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where Mm{K) denotes an ordinary sphere Sm of radius K~ίμ, a Euclidean
space Em or a hyperbolic space Hm with sectional curvature K according
as K is positive, zero or negative. And M is isometric to a quotient
fit/Γ, where Γ is a certain group of isometries of M acting freely and
properly discontinuously (cf. Wolf [6]). Thus the classification is reduced
to analyze the structure of Γ. So, we prepare some lemmas.

LEMMA 1. Let Mt (i = 1, 2) be a connected Einstein Riemannian
manifold with the metric tensor gif that is, the Ricci tensor Rt is written
as Ri = c^i over Mt with constant c*. // ct Φ c2, then I{MX x M2) =
/(ikfO x I(M2), where /(Mi x M2), I{M^ and I(M2) denote the groups of all
isometries of Mγ x M2, M1 and M2 respectively.

PROOF. If we put M = Λfi x Mt, then the tangent space TZ(M) at
a point z = (x, y)eM is identified with direct sum T9(Mt) + Ty(M2). Let
R1 be a field of symmetric endomorphism which corresponds to the Ricci
tensor R of fit, that is, R(X9 Y) = g{RιX, Y) for any tangent vectors X
and Y, where g is the metric tensor of the direct product fit. Then,
Xe TZ(M) is contained in TX{MX) (resp. Ty(M2)) if and only if R'X = c,X
(resp. RιX = c2X).

Now, let fel(M). Then we have

df, o R\ = Rγ

fω o df, for each zefiί,

which shows that dfz maps Γ.ίΛfO (resp. Ty(M2)) into Tfί{x>y){M^ (resp.
Γ/2(β>lί,(Λί2))> where we put f(z) = /(a?, y) = (Λfe y), /2(a?, y)). Making use
of this fact, we shall show that f(x, y) (resp. f2(x, y)) does not depend
on y (resp. x) which completes the proof. Let {xl9 , xTf ylt , y8) be a
coordinate system on a neighborhood Uax Vv of fit sA z = (x, y) such that
{xlf " ,xr} and {ylf •••, ?/s} are coordinate systems on U9 and F y respec-
tively. Let {ul9 , ur, vί9 , v8} be a coordinate system on a neighbor-
hood Z7/l(βfl0 x Vf2{x>y) of iίί at f(z) ^KMx, y\ fΛ(x, y)) such that {ul9 , ur)
and K, •••, v8} are coordinate systems on UfliXίy) and Vf2{x>y) respectively.
Let / be represented locally by the functions,

t = flt(Xι, , xr, Vι, , V.) (i = 1, , r)
i = /„(&!, , α?r, yl9 , y.) (ί = 1, , s) .

Since df{djdxt) e 2XM0 and df{djdy%) e T(M2), we have

3/κ/δl/i = 0 for i = 1, . . , r; i = 1, , β

and

3/2</3ί»y = 0 for i = 1, . , s; i = 1, - , r ,
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t h a t is,

(ut = fίi(xί, •••, Xr) for i = 1, . . . , r

\Vi = fn(Vi, , V.) for i = 1, - , β .

This means that /^a?, y) = /^a?, #') (resp. /2(#, y) = /2(a?', #)), if y is suf-
ficiently near to yf (resp. x is sufficiently near to x'). Since M2 (resp.
Mx) is connected, f(x, y) = /Ίfo 2/') (resp. /2(a?, y) = /a(a?', #)) for any pair
2/ and /̂' of Af2 (resp. for any pair x and xf of Jlίi). q.e.d.

Let 7 be an isometry of a metric space N with distance function d.
We say that 7 is a Clifford translation if d(x, y(x)) = d(y, 7(y)) for each
pair of points x and y of N.

LEMMA 2. Let Mλ and M2 be complete Riemannian manifolds. Let
a and β be isometries of M1 and M2 respectively. Then 7 = (a, β) is a
Clifford translation on Mλ x M2 if and only if a and β are Clifford
translations on Mt and M2 respectively.

PROOF. Let (x, y) and (u, v) be points of Mx x M2. Then, as easily
seen, the following identity of Pythagoras is valid:

fp, V), {u, v))Y = [d(x, u)Y + [d(y, v)Y ,

where d denotes the distance functions of Ml9 M2 and M1 x M2. Now the
lemma is evident.

LEMMA 3. (cf. Wolf [6]) Let M and M be Riemannian manifolds
and let M — M/Γ, where Γ is a group of isometries of M acting freely
and properly discontinuously. Let G be the centralizer of Γ in the
group I{M) of all isometries of M. Then M is homogeneous if and only
if G is transitive on M. And if M is homogeneous, then every element
of Γ is a Clifford translation of M.

THEOREM B. Let M be a connected conformally flat homogeneous
Riemannian manifold. Then M is isometric to one of the following
manifolds:

( I ) A homogeneous space of constant curvature.
(II) A direct product of a homogeneous space of constant curvature

K(>0) and a homogeneous space of constant curvature —K.
(III) A direct product of a homogeneous space of constant curvature

— ίΓ(<0) and a 1-dimensional homogeneous space.
(IV) A homogeneous Riemannian manifold which is locally a prod-

uct of a space of constant curvature K(> 0) and a 1-dimensional
space.

PROOF. Since the only Clifford translation of Hm is the identity
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transformation 1 (cf. Wolf [6]), every Clifford translation of Hn~r x Sr or
-EΓ*-"1 x E1 must be of the form (1, β), by Lemma 1 and Lemma 2. Now
this proves the theorem by Lemma 3. q.e.d.

Thus the only problem left to us is to check up the space of the
form (S*-1 x Eι)IΓ.

4. (S71'1 x Eι)IΓ. Sn~x is considered as the set of vectors of norm
iΓ~1/2 in a Euclidean vector space Rn. Then I(Sn~ι) is the orthogonal
group O(n). The group of all Clifford translations of Eι is identified with
the additive group R. The natural projections I{Sn~ι) x HE1) -> /(S71"1)
and /(S*-1) x I{Eι) —> /(I?1) are denoted by p and Q respectively.

LEMMA 4. Lβί (S""1 x Eγ)\Γ be homogeneous. Then p(Γ) is contained
in one of the following closed subgroups (1), (2) and (3) of O(n), according
as n — 2m + 1, n = 2m (m: odd) or n = Am:

(1) {±E},
(2) {aE + bl; a2 + b2 = 1, α, 6 6 #},
(3) {aE + bl + cJ + ώίΓ; α2 + b2 + c2 + d2 = 1, α, b,c,de R}9

where E is the identity transformation of Rn and I, J, K are elements
of O(n) satisfying the conditions, I2 = J2 = K2 = —E, IJ = —JI=K,
JK= -KJ= I, KI= -IK = J.

PROOF. Let (S71'1 x E^/Γ be homogeneous. Then by Lemma 3, the
centralizer G of Γ in /(S*"1 x E1) = /(S71"1) x I{Eι) is transitive on
S71'1 x Eι. Then the group p(G) is the centralizer of p(Γ) in O(n) and
it is transitive on Sn~\ In particular, Rn has no p(G)-invariant linear
subspace. Then, every element A of the centralizer F of p(G) in the
algebra of all linear transformations of Rn is written as A = aE or
A = aE + bl, where bφQ and /is a linear transformations of Rn satisfying
I2 = -E (cf. p. 277 [1]). It should be noted that, if an element of the
form aE + bl (b Φ 0) is contained in 0{ri), then a2 + b2 = 1 and Ie O(n).
In fact, let aE + ble O(n). Then we have aE - bl = (α2 + 62)(α£r + 6*/)
and α# - δ'J = (a2 + δ2)(α# + bl), which implies that α2 + b2 = 1 and
'1= -I.

By definition of F, p(Γ) c F. Thus, if n is odd, then F = {α#; α e iί}
and hence p(Γ) c {±E}.

Now, let w be even. If p(Γ) contains an element of the form
aE + bl {bφ 0), then Ie O(n) and FZDC, where C = {aE + bl; a, be R}.
C is written as follows; C = {Ae F; AI = IA}. In fact, let A be an
element of F satisfying AI = I A. Since A e F, A is of the form aE Λ-bL,
where L2 = —i?. Hence, if 6 =£ 0, then /L = LI. It is sufficient to show
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that L = I or L = — /. So we show that Rn = Wλ + W2 (direct sum),
where Wx = {v e Rn; Iv = Lv) and W2 = {v e Rn; Iv = — Lt;}. Clearly, WΊ Π
W2 = {0}. Every v e Rn is of the form wγ + w2 with ^ e TFΊ and w2 e W2

by setting wγ = (l/2)(i; - /Lv) and w2 = (l/2)(v + ILv). Since I, LeF, W,
and W2 are invariant by p(Γ), which implies that L = / or —/.

Next we assume that p^Γ) ς£ C. And we take an element A of
j?(Γ) such that i g C . If we put 5 = 4 + 14/, then £ g C and 5 2 e C,
because BI = -IB, B2I = IB2 and AI Φ I A. On the other hand, B may
be written as B = cE + ώJ, where J2 = —2?, because BeF. Since i?<2 C
and S 2 eC, then c = 0 and <Z ^ 0. We show that JeO(n). Since Ae
FpiO(n),A is of the form aE + bL, where L2 = - # and ιL = - L .
Then J5 = 6(L + /L/), which implies that *.B = -B and hence * J = -J.
Here, we put D = {(aE + bI)J; a, beR}. Then D = {AeF AI = -IA}.
For, if A eF satisfies AI = —IA, then AJe C, that is, AJ is written as
AJ=-aE -bland hence A = (aE + δ/)J. Now we show that F=C + D
(direct sum). Clearly, C(lfl = {0}. Every AeF is of the form C + /)
with C e C and Z) e D by setting C = (1/2)(A - IAI) and D - (l/2)(4 + IAI).

If we put K = IJ, then K e O(n) and the /, J and iΓ satisfy the
conditions stated in this lemma. And p(Γ) c (C + D) Π O(w). Of course,
if p(,Γ) £ C, then w = 4m. q.e.d.

The groups (1), (2) and (3) in Lemma 4 are isomorphic to {±1}, S1

and Spin(S) respectively. Hereafter, we mean these groups as closed
subgroups of O(n) acting S""1 by the above fashion.

THEOREM C. (S71'1 X Eι)IΓ is homogeneous if and only if Γ is a
discrete subgroup of {±1} X R, S1 x R or Spin (3) x R according as
n = 2m + 1, n — 2m (m: odd) or n = 4m.

PROOF. Let (S%-1 x Eι)jΓ be homogeneous. Then p(Γ) is contained
in {±1}, S1 or Spin (3) by Lemma 4 and q(Γ)dR by Lemma 2 and
Lemma 3. And moreover Γ is discrete in O(n) x IiE1), since the action
of Γ is free and discontinuous (cf. [1]). Conversely, let Γ be a discrete
subgroup of {±1} x /ί, S1 x R or Spin(S) x /ϊ. Then the centralizer G
of Γ in O(w) x /(i?1) actually contains O(n) x Λ, U(m) x R or Sp(m) x iί.
In particular G is transitive on S71"1 x JK1. By the way of action, Γ acts
freely. Since Sn~x x E1 is a homogeneous space and the isotropy group
is compact, the discrete subgroup Γ of /(S""1 x Eι) acts on Sn~ι x i?1

properly discontinuously (cf. [1]). q.e.d.

THEOREM D. Let H be one of the groups {±1}, S1 and Spin(S).
Then a discrete subgroup Γ of H x R is one of the following forms:
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(1) Λx{0},
(2) A group which is semi-direct product of the infinite cyclic group

<(α, β)) generated by (a, β) and Γλ x {0},
where Γ1 is a finite subgroup of H, a an element of the normalizer of
Λ in H and β(Φ 0) e R.

PROOF. First, the projection q(Γ) is a discrete subgroup of R and
hence it is the infinite cyclic group </3> generated by an element β{Φ 0) e R
or {0}. If q(Γ) = {0}, then Γ is a discrete subgroup of compact group
Hx {0} and hence Γ is of the form (1). If q(Γ) = </3>, then q~\kβ) Π
Γ (k e Z) is a finite set and the number of elements of the set does not
depend on k. In fact, we have a one to one correspondence between the
finite group ^"'(0) Π Γ and the set q"\kβ) Π Γ, that is, (7, kβ) maps (aif 0) 6
q'^O) Π Γ to (yait kβ) e q~\kβ) Π Γ, where (7, kβ) is an arbitrary fixed
element of q~\kβ) Π Γ. Thus, taking an element {a, β) e q~ι(β) Π Γ, Γ
may be written a s Γ = U*ez(tffc, kβ){Γ1 x {0}). For Γ1 to be closed with
respect to the compositions of H x R, a must be contained in the nor-
malizer of /\ in H. q.e.d.

REMARK 1. The finite subgroups of H are completely classified by
Wolf ([4], [5]).

REMARK 2. The classification for the case that the dimension of M
is equal to 1 or 2 is well known.
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