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ON THE DIVERGENCE OF REARRANGED
TRIGONOMETRIC SERIES
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K. Tandori studied the rearrangement of trigonometric series in [6],
and that of Walsh series in [7]. The result of [6] was sharpened by F.
Méricz ([1], [2]), then further by the author [3]. That is

THEOREM A. If {po(n)} is a sequence of positive numbers with
o(n) = o( ¥log ), then there exists a sequence of real numbers {a,,
bly ey Qy,y bm . '} fO’r Wh'l:Ch

S (@2 + b)oi(n) < o
n=1
and such that the trigonometric series
(1) i (a, cos nx + b, sin nx)
n=1

can be rearranged into an everywhere divergent series.

The result of [7] was also sharpened in [4] and [5]. Writing L,(n) =
log n and L,(n) = L,(L,_,(n)) (s =2,3, ---), [5] reads as follows.

THEOREM B. For any natural number s, there exists a sequence of
real numbers {a, -, @y, -} for which

Z:J“ a:'l/Ll(n)Lz(n)Ls(n) «ee Ly(n) < oo?
n=N+1
and such that the Walsh series

i a@,w,(x)

can be rearranged into an almost everywhere divergent series.

In the present paper, we are going to prove the following theorem
by using the methods of [3] and [5].

THEOREM. For any natural mumber s, there exists a sequence of
real numbers {a,, b,, -+, a,, b,, ---} for which

D N is a natural number depending s such that Ly(N) > 0.
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5 @+ B)VIWLMLM) -+ Lyn) < e

and such that the trigonometric series (1) can be rearranged into an
almost everywhere divergent series.

COROLLARY. For any natural number s, there exists a sequence of
real numbers {a,, b, -+, a,, b,, -+-}€l, such that the trigonometric series
(1) can be rearranged to satisfy

S (@ais cOSN(G)T + byisy sin n(5))

i S = O L) - L

almost everywhere.

1. Lemmas. Let us modify the original lemmas in [3] or [1].

LEMMA 1. Let E=U,J;C[—7r/8, /8] be a generalized simple set,
0 <e<max;|J;]/2 and 0 < =1 real numbers, and n a natural number
such that n = (5/4)x/en — 1. Then for any natural number N(= 4n + 3)
with N = 3 (mod 4), there exist trigonometric polynomials Q(x) (I =1,
2, 8) with the following properties:

(i) denote by v, the frequencies occurring in Q,(x) (I =1, 2, 3), then

y, = 3 (mod 4), N—4n =y, =N+ 4n,
y, =1 (mod 4) , N—4n—-2=5y,<N+4n + 2,
y, = 2 (mod 4) , 2N — 4n S v, < 2N + 4n ;

(ii) }gQ,(x)| <Cpif wel-n/8,x/8| - B (C,=4+6VE);
(i) S_[ ; Q,(x)’zdx <G|E| (C =925+ 12 )1 ;
(iv) there exists a decomposition E° = E, + K, + E; such that
kzi;le(x) >1/2 if zeB (=123).
PrOOF. Setting
E© = }J:[ai +e¢ B8, — €],

o = w/4(n + 1) and b, = 2ak (k =0, £1, &2, ...), we determine the inte-
gers o, and o, (¢ =1, ..., m) such that
by, —a=a,+e<b,, or b,=a,+e<b,+a

and
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b,—a<pB —¢e=b, or b, <B—ec=b, +a
respectively. Then the trigonometric polynomial
P@) = 270 3, % K4 — b))
= é (a,, cos 4vx + b,, sin 4vx)
has the following properties:

P)y=1 if zeE“;
Plx)<n if xze[—n/8,7/8] — E ;

S;Pz(x)dx < (9/2)7 |E| .

Now set
Q1(x) = (COS Nx)P(x) ’
Q.(x) = —21/2 (cos 2x)(cos Nx)P(z) ,
Qs(x) = —(3 + 4172)(cos 2Nz) P(x)
and
—gon L 1 1 1
E =F ﬂkz_m L—v—<2k75 3 71'), N<2k7r + 3 71)] ,
_ e [ 1 2 1 4
E,=FK m,,ym [Z—v—<2kn + §ﬂ>' Tv—<2k7r + ?ﬂﬂ R

1 1 1 2
<N<k7r + 37:), ﬁ<k7r + —3—7r>> .
Then we can see that (i)-(iv) hold (cf. [3; Lemma 2]).

LEMMA 2. For every mnatural number m, there exist generalized
simple sets E(m, t, k)C[—n/8, ©/8] and mutually disjoint trigonometric
polynomials R(m, i, k; ) (k=1, .-.,8 ¢=0,1, ...) with the following

E3 — E(é)n G

k=—oc0

properties:
(i) Em,t, k)N Em, 1, k)=@ A=k <k <3);

(iii) set

g(m,i,k i
Em, i) ="U J; and v(m) = 3 g0m, i, b) ,

(%

then

_ 1 sin (n + 1)x/2\?
? Ku(w) = 2(n + 1)< sin /2 ) '
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v(m) =1 and wv(m)=5"f(m) (=1)

where
flm) = miE@V By (Co=4);
(iv) set
F(m, i) = [—E, _”_] — O Em, 4, k)
8 8 k=1
and
F, = lﬂf} F(m, 1),
then

(v) denote by v the frequencies occurring in R(m, 1, k; x), then
v 0(mod4) and v = fi(m);
. z (3% .. ]2 . 7 \.
(vi) S_z{kzz‘,lR(m, 1, k; x)f dx < C; ((15 - CZ_4_>,
(vi) 3 R(m, i, j; 2) % if we B(m, i, k) .

Proor. We set

/16m (i =0,
) = et G2 1)
! G =0),
= {1/013‘“ @=1),
(5/4)x 20m (=0,
e = ndm) = [T} - {[4clm32i+‘f,~<m)] G=1)

and
Nm, i, k) =8(n;, + Dk — 1 k=1,...,3;¢=0,1, ...).

Set E(m,0,1) =[—x/8,7/8] and R(m,0,1; ) = cosz. Supposing
E(m, <, k) and R(m, i, k;x) (k =1, ..., 3" defined, we apply Lemma 1 to
(B(m, ¢, k), e(m), 7, n(m) and N(m, i, k)) and get the trigonometric
polynomials Qx) (! =1,2,3) and the decomposition E(m, i, k)" =
E, + E,+ E,. Then set R(m,7+1,3(k—1)+1; 2) = Q(x) and E(m,7 + 1,
3k—1)+0)=FE (1=1,2,3; k=1,...,3). And we can see that (i)-
(vii) hold (cf. [3; Lemma 3]).
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2. Proof of the theorem. Setting D, = {nL,(n)Ly(n) .-+ L(n)}™, we
define a sequence of integers {p(»)} such that

$Dz1 W=N+LN+2..),

and {t,} such that
L, — 1) =m? m=12...).
Arrange the system of trigonometric polynomials
{D,R(m, 1, k; x)} k=1,.-,3; 0t =ty -+, D)
into

(Um0} (7 =1, -, hm); hm) = 37 %)

so that
Ujuim(m; ) = D,R(m, %, k; x) ,
7, k) <jt+ 1,3k —2)<j@i+ 1,3k —1) < j@+1,3k) < i@, k+ 1)
hold. Then we see by Lemma 2 that

Em(®)
(2) S Umazt, 15 me)shm
=1
for xe[—n/8, /8] — F,. Since |F,|— 0 (m— ), (2) holds almost every-
where in [—x/8, /8] for infinitely many m.
Now let us define the rearranged trigonometric series

,Z:"x (@5 cos n(g)x + b, sin n(5)x)

by considering the series
oo h(m)

>, >, Ui(m; 8" 'x) .

m=1 j=1

It is obvious that these series diverge almost everywhere in [ —7, 7] from
the second Borel-Cantelli lemma.
Setting M(n) = V' L,(n)Lyn) - -+ L,(n), we get

,, ; (a + BM)

Pp(tm)

5 Do siom)|” (S Bim, i, 15 870)}da

k)

2 > DiMe)

II/\
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6L - Lo@PLOT (6= 40)

8 ﬁMs

< G35 Lt — D) < Ceglm‘2<oo.

m=1

This completes the proof of the theorem.
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