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Introduction. Let G be a Chevalley-Demazure group scheme associated
with a connected complex semi-simple Lie group Gc (as for definition,
see [1] 1.1), Δ be the root system associated with G and a maximal torus
T of G, and R be a commutative ring with a unit. We shall fix a
fundamental root system Π of Δ once for all. Denote by xa(t) the unipotent
element of G(R) associated with a root a of A and teR. Let V(R) be
the subgroup of G(R) generated by xa(t) for all negative roots a of Δ
and all teR. Then a subgroup P of G(R) containing V(R)T(R) is called
a parabolic subgroup of G(R) associated with Π. Following J. Tits, it
is well known that if R is a field, then the set of parabolic subgroups of
G(R) associated with Π is lattice isomorphic to the family of subsets
of Π.

N. S. Romanovskii [4] has given a discription of parabolic subgroups
of GLn(R) for a local ring R. In this note, for a simple Chevalley-
Demazure group scheme G and a local ring R, we shall give a general-
ization of the Tits' theorem in the same situation as Romanovskii's result.
The main theorem is stated in Section 1, and we shall prove our main
theorem in Sections 2 and 3. The author wishes to express his hearty
thanks to professor E. Abe for his many helpful comments and encour-
agement.

1. The statement of the main theorem.

1.1. Let G be a Chevalley-Demazure group scheme and R be a
commutative ring with a unit. A collection of ideals {2tα}αej which
corresponds bijectively to the set Δ of roots, is called a carpet of R
associated with A. Furthermore, a carpet {2Cα}αej is called a permissible
(resp. semi-permissible) carpet associated with (A, Π), if the following
conditions (1) and (2) (resp. (1) and (2')) are satisfied,

( 1 ) for any roots α and β of A such that α + β e A

( 2 ) for each negative root α of A, Slα — R,
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(2') if 2tα is a proper ideal of R, then 3Lα = R.

1.2. Assume G is simple. Let R be a local ring, Sft be the maximal
ideal of R, k be the residue class field Rj'SSl and ch(k) be the characteristic
of k. We shall set up the following assumptions,

( a ) ch(k) Φ 2 for any type of G,
(b) if G are of types A5, Bm(m ^ 2), Cn, Dn(n ^ 3) and F4, then

k ^ FZ where F3 is a field with three elements and if G is of type G2,
then c/z,(&) Φ 3. Then our main theorem is the following.

1.3. THEOREM. Lei G be a simple Chevalley-Demazure group scheme
and R be a local ring. Assume G and R satisfy (a) and (b) in 1.2.
Let P be a parabolic subgroup of G(R) associated with Π and denote
2Cα = {t e R xa(t) e P} for each root a of A. Then {2tα}αeΔ is a permissible
carpet, and further, the mapping Ψ: P—»{2Cα}αej is a bijection of the set
of parabolic subgroups of G(R) associated with Π onto the set of per-
missible carpets associated with (Δ, Π).

REMARK. If G is not simple, examining the proof of lemma in 2.5,
we can see that, if we assume ch(k) Φ 2 and ch(k) Φ 3 instead of (a) and
(b) in 1.2, our main theorem also holds.

Throughout the following section, let G be a Chevalley-Demazure
group scheme, and let R be a local ring and Sft be the maximal ideal of R.
Denote by A the root system associated with G and a maximal torus T
of G, by Π a system of fundamental roots of Δ, by A+ (resp. Δ~) the
set of positive (resp. negative) roots of Δ. Let S be a closed subset of
Δ+ and $ = {2tα}αej be a carpet of R associated with Δ. Then we denote
by Us(St) the subgroup of G(R) generated by xa(t) for all £e3Iα, αeS.
In particular, if Sttβ = 3! for all a e S, we denote Us(St) by US($L), and if
S = Δ+, denote Z7s(3ϊ) by t7(2t). In the above notation, replacing Δ+ by
Δ~, we can construct Vs($t\ Vs(%>) and F(2t) which are same as Us(&),
U5(2t) and ?7(2C) respectively.

2. Proof of injectivity.

2.1. LEMMA. Let R be a local ring in which 2 is invertible. Let
N be a subgroup of G(R) normalized by the maximal torus T(R). Then,
for each root a of Δ, 2tα = {t e R \ xa(t) e N} is an ideal of R.

PROOF. Assume xa(t) e N, then it is sufficient to prove xa(bt) e N for
any beR. Every element b of R can be written in the form
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Thus it is sufficient to show that xa(a2t)eN for any aeR. If a is
invertible, setting wa(a) = xa(a)x_a(-a-l)xa(a) and ha(a) = wa(a)wa(-l), we
have ha(a)xa(t)ha(aYl = xa(aH) eN. If a is not invertible, then a2 + 1,
a2 — 1 are invertible, and we have

Thus our assertion can be reduced to the former (cf. [4] Lemma 1).
q.e.d.

For roots a and β of Δ, write <α, β) = 2(a, £})/(&, β), and these are
called Cartan integers where (a, β) is the scalar product of a and β.
Then we have the following lemma.

2.2. LEMMA. Let A be of rank > 1. If a and β are any positive
roots of A and a Φ β, then there exists a root 7eJ such that

(a) <α, 7> = ±2, </9, 7> = 0

or

( b ) <α, 7> = 1 , </9, 7> = 0 (mod 2) .

PROOF. If (a, β) = 0, then taking 7 = a, we have <α, 7) = 2 and
<β, 7) = 0. Suppose (a, β) Φ 0, then we have a + β e Δ. Let A2 be a
subsystem of roots in Δ of rank 2 consisting of the roots ia + jβ, i, j e Z,
then our assurtion follows easily from the following tables of Cartan
integers with respect to the roots of A2.

A2. of type A2 Aί = (aί9 a2, a^ + a2]

a,

a2

aι + a2

a, + «2

2

-1

1

-1

2

1

1

1

2

z/2: of type = {aί9 a2, a, + a2, a, + 2a2]

«1

«2

a, + a2

a, + 2a2

a, α1 + «2 «t + 2«2

2

-1

1

0

-2

2

0

2

2

0

2

2

0

1

1

2
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of type G2, Δf = {a19 a2, a^ + a2, 2a^ + a2, 3^ + a2,

a,

α2

«! + «,

2a, + a,

3^ + α2

Sαj + 2α2

«!

2

-3

1

1

3

0

«2

-1

2

1

0

-1

1

al + a2

-1

3

2

1

0

3

2CΪ! + «2

1

0

1

2

3

0

Sat + α2 3

1

-1

0

1

2

1

* + 2«2

0

1

1

1

1

2

q.e.d.

2.3. COROLLARY. Let Δ be a simple root system of type Al I I> 2
ϊ ^ 3, j&e, E7 or E6. Then for any positive root a and β of Δ, there
exists a root 7 € Δ such that {a, 7> = 1, </3, 7> = 0 (mod 2).

PROOF. Assume (α, β) =£ 0, then the subsystem Δ2 of Δ generated by
a and β is of type A2. Thus our assertion can be checked by the table
of Cartan integers of type A2. Suppose (a, β) = 0. Since <α, /9> =
(wa, wβ} for any element w of the Weyl group W, we may assume
a = tfj where 77 = {α ,̂ , αj, ί ̂  4.*} Thus ^Ό(«0 = {7 e J | (α,, 7) = 0}
is a simple subsystem of type A^, Aδ, D6 or E7, if // is of type Al9 E6, E7

or £78 respectively (cf. M. R. Stein [5]). Therefore there exists an element
w of W such that w(ά) = α,, w(β) = at_2. Thus, there exists a subsystem
J' of type A4 in which we may assume a = a4, β — α2, where {α^ a2, a3, a4}
is a fundamental system of Δ9. Taking 7 = a^ + a2 + #3, we have

q.e.d.

2.4. LEMMA. Let & = {Stα}αej be a carpet of R associated with Δ
such that Sίjtt/j c 2tα+/J /or α, β and a + β e Δ, and S be a closed subset
of Δ+. Let βl9 •••,£* be any given ordering of S. Then each element

*} In the proof of above corollary, we shall set the fundamental root system as follows

αl a% al—l al

(Dϊ) o o o- oα

= 6, 7, 8.



SUBGROUPS OF CHEV ALLEY GROUPS 61

of Us(&) is expressed in the form

fyfa) ' W8*)

where 8te$Lβi ί = 1, , M.

PROOF. Let IT be the set of elements expressible in the form as
stated in the lemma. To prove our assertion, it is sufficient to show
that xa(t)U' c U' for any xa(t), t eSIα and aeS. By the same way as in
[1] 2.7, we can show this easily. q.e.d.

2.5. LEMMA. Assume that G is simple, and G and R satisfy (a)
and (b) in 1.2. Let N be a subgroup of U(R) normalized by T(R). If
we express an element x of N in the form

X = Xβfa) XβM(8M)

where & < < βM be any regular ordering of A+, then Xβt(st) e N for
i = 1, 2, •••, M.

PROOF. For a unit element u of R, we have

[hr(u), xβ(t)] = xβ((u<^

where [a, b] = aba~^b~l for α, b e G(R). If there exists 7 e Δ such that
<&, τ> = 1, </22, 7) = 0 (mod 2), then by 2.4, we obtain the following,

[hr(-l\ x] = [hr(-l\ α^feM^

. . .W'^ ^-^-^C-l), xβM(8M)]

= Xβl(-2s1)Xβ3(s'3) XβM(8'M) 6 N

where ay = aya~l. If u and u2 — 1 are units of R and there exists a
root 7 e Δ such that <&, Ύ> = ±2, </32, 7> = 0, then we have the following,

[hr(u), x] = [hτ(u), XβfaW^lhrtu,), xβ2(s2)]

= xβl((u±z - 1)̂ )̂ (83) Xβκ(8M) e N .

By Lemma 2.2, its Corollary 2.3 and the assumptions (a) and (b) in 1.2,
we can see easily that, repeating the above process, we obtain xβί(v8λ) e N
for some unit element v of R. Thus by 2.1, we have x^sJeN. By
induction on the indices i of roots βt, we have xβ.(sί) e N foτ i = l,2,
• • ,Λf. q.e.d.

2.6. PROPOSITION. Let P be a parabolic subgroup of G(R). Then
P is generated by the elements of B(R) and P Π U(R) where B(R) =

V(R)T(R).
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PROOF. Let φ be a group homomorphism G(R) —> G(k) induced by
the natural ring homomorphism φ\ R —» k = JB/SK, then φ(P) = P' is a
parabolic subgroup of G(R) and by Tits' theorem, we have that Pr is
generated by B(k) and #α(l) for all root a e I where I is a subset of Π.
On the other hand, since Ker^= F(2R)Γ(2«)Z7(SK) (cf. [1] 3.3), we can
choose generators of P among the elements of B(R) and U(K). q.e.d.

2.7. Proof of injectivity. Let P be a parabolic subgroup and set
up §tα = {£ e.K I a?β(ί) e P} for each root α of 4. By 2.1 and the definition
of P, it is clear that 2tα is an ideal of R for each α e Δ, and 2tα = R for
each negative roots a of J. On the other hand, let a and β be roots of
J such that a + β e A, and J2 be the subsystem of Δ of rank = 2 generated
by a and /9. If α > 0 and β < 0, then there is an element w of the
Weyl group W2 of A2 such that w(#) > 0 and w(β) > 0. Thus, by the
commutator relations for xa(t), ίe3tβ, αeJ + (cf. [1] 2.2) and by 2.5, we
see easily 3tα3I0c3ία+0 for any roots a and /3 of Δ. That is, {2ία}αej is a
permissible carpet. From 2.4, 2.5 and 2.6, it is clear that P is generated
by xa(t), t e 2tβ, α e J and Γ(JB). Namely, the mapping ?F: {P} — {{3Uββj}
is injective. q.e.d.

3. Proof of surjectivity. Now in order to prove that the mapping
W in 2.7 is surjective, we shall first prove the following lemmas.

3.1. Let $ = {2(α}αej be a permissible carpet of R with respect to
(Δ, Π). Setting Δ'Λ = {a e Δ \ 2tα = R} and Δ% = {a e J | SIα ^ Λ}, we have
that i) zf® Z) Δ~ and Ji' c J+, ii) A'% and 4, are closed, iii) Δ'i is an ideal
of J+, that is, if a e 4,, β e A+ and α + β e J, then a + βe Δ'ί. Thus we
can see easily the following lemma.

3.2. LEMMA. Using the same notation as in 3.1, we have the follow-
ing.

i) Let a be a positive root, then a e Δ'ί if and only if there exists
a root <Xi e Δ'ί Π Π such that nt Φ 0 for a = n^ + + n^i where
Π = {a19 , α,},

ii) we sβί Z+Δ'Λ = {ΊI& + + n8β8 n, e Z+, βi e A'%] and Z+A'£ =
{m î + + mtΎt I nij e Z+, ΎJ e A%} where Z+ is the set of positive rational
integers. Then we have Z+A'% f! Z+A'% = 0.

3.3. LEMMA. Let & = {2Cα}αej be a permissible carpet of R associated
with (A, 77) and Δ'Λ9 Af% be the same as in 3.1. Let Q be a subgroup of
G(R) generated by xa(t) for all t e R, a e Δ'% and elements of T(R). Then
we have Q Γ) UΔ^(R) = {!}.

PROOF. Let ®c be a simple Lie algebra over the complex field C,
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(dp, V) be a faithful representation of ®c with ©^-module V over C,
{Haι, , Haι, Xa, a e A] be a Che valley basis of % and Fz be an admissible
lattice of V9 then for any root a and t e .β, we can construct a unipotent
automorphism #α(£) = exp tdp(Xa) of F* (x) 72. Let {λ} be the set of
weights of dp and denote by Vλ a weight space associated with a weight
λ, then we have Vz — Σ J Θ ^ where F* = F2 Π V*. For any element
v e F*, ̂ (X> e Vλ

z

+a (cf . Steinberg [6]). Therefore, for each xa(t\

xa(t)v = v + tdρ(Xa)v + ί'— cZ/otX> +

^
= V + U

where u 6 Σ<=ι θ V}+ia (x) -K. On the other hand, for any h(χ) e T(R) and
v e Fz, M%)v = C i,^ for some cλ,χ e R. Thus for any x e Q n UΔ»(R) and

veV*, we have ajv ect; + Σ/^+^θ ^+Λ ®-β and α i; ev + Σ,e^+j- 0

F^+v (x) 72, thus by 3.2 ii), xv = v. Since λ can be chosen arbitrary, we
have x = 1. q.e.d.

3.4. PROPOSITION. Let & = {2yαej be a permissible carpet, and use
the same notation as in 3.3. Then UA^($t)Q is a subgroup of G(R).

PROOF. To prove the proposition, it is sufficient to show the follow-
ing,

( a )

for all t e 2tα, a e A. Assume a e A+. Since 4% is an ideal of A+, UΔ»

is a normal subgroup of U(R), thus (a) holds. For a negative root a
of Δ, (a) follows from the following two lemmas.

3.5. LEMMA. Let ® = {2tα}αej be a semi-permissible carpet. Set
Λ'+ = A+ Π ΔΊ and Δ'ί+ = Δ+ n Δ'ί. Then we have

( b ) x.a(t) U *,+(&) c U^(St) U^+(m)x_a(R) T(R)

for any aeΠ and t e 2ί_α.

PROOF. By 2.4, any element x of C7j-+(5£) is expressed by the form

X = Xβfa) XβM(8M)

where {&, , βM] = Δ%+ and s< e Sϊ^, ί = 1, , M. Set up ^ = ^(s*)
• (̂ŝ ). Then we shall prove (b) by induction on ί. If &_,_ ̂  a, we
have
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^

where -ja + kβ^ > 0 and c '̂sLi e a.̂ .̂̂  n ̂  If &-ι = α then

where v e 3tα and 2; e T(.R). Therefore by 2.4 and the assumption of the
induction, we have

q.e.d.

3.6. LEMMA. We use the same notation as in 3.5. For a given
negative root —a, we assume that

for all semi-permissible carpet & = {2tα}αej Then, for any element w
of the Weyl group associated with Δ such that w(ά) > 0, we have

,

where &' = {2tά}αe/f is any semi-permissible carpet.

PROOF. Denote by wσ the reflection with respect to hyperplane
orthogonal to a root σ, then for any element w of the Weyl group W
such that w(a) > 0, we can choose an element w' of W as follows i)
w(a) — w'(a) ii) w' = waιwaz waL where ateΠ, i = 1, 2, , L, and
WajWaj+l WaL(a} > 0 for 1 ̂  j <£ L. Therefore, without-loss of gener-
ality, we may assume w = wσ for some σeZΓ. Let SV = {2C'α}αeJ be any
semi-permissible carpet. For each element x of Uj»t+(SV) we write

x = Xβ&J XβN(sN) where {A, , βN} = Λ'^, s, e Wβ. (i = 1, , N) and
βi Φ σ, i = 1, , N — 1. Now, taking the conjugation of xw(a)(t)x with
w(l), we have

( * ) X_a(±t}w(l)xw(LYl = X-a(±t)xw(βί}(±81) ' Xw(βN}(±8N)

where w(βά) > 0 for i = 1, , AT - 1 and w(βN) < 0 (resp. > 0) if βN = σ
(resp. βN Φ σ). Setting 3tJ = Stw^,, we have semi-permissible carpet {2tr}r6j.
First assume /9^ = σ. Then, using the assumption of this lemma, (*) is
equal to

(**) XvXβjM Xw(βN^(Vy-l)Xrί(u1) XrM(uM)xΪM+l(uM+l)
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where Ύlf •• ,Ύm are positive, ΎM+1, , Ίτ are negative, vt e ^w(β.) ί - 1,
• , N - 1, uj e ary Π 2JΪ, y = 1, . - , Γ, s^ e 2K n Stw(^, and 2; e T(#). By
2.4, we may assume 7M = σ and 7^+i — — σ, and (**) is equal to

(***) XwwM ^(/^^(Vtf-i

where v e 2L, n 2R, y e Stσ n SK, < e 2try ^ = Λf + 2, , T, and «' e
Taking the conjugation of the above form with w(l) again, and using
2.4, we have

If βN φ σ, we can prove our assertion by the same way as above with-
out calculation (***). q.e.d.

3.7. LEMMA. Let {3Iα}αe/f be α permissible carpet of R with respect
to (A, Π), and let A'%, A'& and Q be same as in 3.1 and 3.3 respectively.
Then we have Q n U(R) = U

PROOF. To prove our lemma, it is sufficient to show Q n U(R) c
Z7ji+(β). If x e Q n U(R), then by 2.4, we have x = yz where y e U^(R)9

z e U^+(R). Since z e Q, we have y 6 Q n U^(R), and by 3.3, y = 1.

Therefore we have x e UΔ^(R). q.e.d.

3.8. PROOF OF SURJECTIVITY. Let iδ = {2t«}αeJ be any permissible
carpet of R associated with (A, 77), and P be a parabolic subgroup of
G(R) generated by xa(t) for all t e 2tα, α: e z/ and elements of T(R). Set
Slά — {t eR I a;α(ί)eP}. Then, to show our assertion, it is sufficient to
prove that 5tα = 2t; for all roots α 6 J. It is clear Stβ c SI«. If α < 0,
then Sία = 2I« = R. In order to prove 2tαZ)2C for α > 0, from 2.5, it is
sufficient to show Pn Ϊ7(jβ) = Z7j+(ffi). By 3.4, we have P= U^(^)Q9

thus, for any x e P n Z7(-B), a? = yz. where y 6 E/j^Λ), z e Q, and from 3.7,

* e [/(#) n Q c fV($), therefore α?eZ74 +(ft), that is P n Z7(Λ) c UA+(®)
On the other hand, it is clear that P n U(R) =) C7J+(^). Thus we have

PΠ U(R)= U,+(®) q.e.d.
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