Tdhoku Math. Journ.
30 (1978), 59-68.

CLOSED GEODESICS IN A LOCALLY SYMMETRIC SPACE

TOSHIKAZU SUNADA

(Received September 25, 1976)

1. Introduction. The purpose of this paper is to investigate the
differential geometric structure of the set of closed geodesics in a compact
locally Riemannian symmetric space with non-positive sectional curvature.
In our argument we shall use largely Morse theory for closed curves
developed by R. S. Palais [7] and the others, which gives a connection
between the set of closed geodesics and the topological structure of the
space of all closed curves.

Let Geo (M) be the set of all closed geodesics in a Riemannian manifold
(M, ¢), which is the critical point set of the energy function defined on
a Hilbert manifold of closed curves (see H. 1. Eliasson [2], W. Klingenberg
[4]). Though Geo (M) is of finite dimension, it has, in general, complicated
aspect. But, in our case, we obtain the following result which will be
proved in §4.

THEOREM A. Let (M, g) be a compact locally Riemannian symmetric
space with mon-postive sectional curvature. Then, Geo (M) s, in the
sense of R. Bott [1], W. Meyer [5], @ disjoint union of finite dimensional
non-degenerate critical manifolds of index 0.

In §5, we shall discuss the existence and uniqueness of maximal
family of closed geodesics. Then Theorem A and the argument in §3
allow us to describe more precisely the differential geometric aspect of
Geo (M).

2. The energy function. Let us begin with a review of Morse theory
for closed curves; the basic reference here is H. I. Eliasson [2].

Let (M, g) be a compact connected, n-dimensional Riemannian manifold
of class C=, without boundary. As is usual, 7: TM — M will denote its
tangent bundle, and D: I'(TM)— I'(T*M & TM) the covariant differentia-
tion associated with the metric g. We shall use W* to denote the class
of mappings which have square integrable derivatives. Then W(S!, M),
the set of mappings ¢: S'— M of class W', is a C>-Hilbert manifold and
the tangent space at ¢ can be identified with the Hilbert space of W'-
vector fields X: S'— TM along ¢, which is denoted by W'(c'TM). The
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Riemannian metric g of M induces a Riemannian metrie {, >, on W'(S!, M)
which is given by

& = | oxw, Yenar + | o(-Bxw), Dy)at,

where D/dt is the covariant derivative along ¢. With this metric, W*
is a complete Riemannian manifold of class C~.
On WS, M) we consider the energy function:

1 de dc
m0) = L o2, %,
© 2 Slg( di dt>
which is a C~-function on W*(S!, M) and its derivative is
~{ o(%, Dx) (o TM
4, E(X) = L;;(dt, DX)it, XeW(cTM).
This means that the critical points of E are exactly the closed geodesics
in M. Furthermore, E satisfies the condition (C) of Palais and Smale, cf.
R. S. Palais [7]: Given any sequence ¢, in WXS', M) such that E(c,) is
bounded and ||d, E|| converges to zero, then (c,) possesses a convergent

subsequence.
We denote by R: TM QR TMQ TM — TM the curvature tensor on

(M, g) which is given by
R(X, Y)Z = —DyD,Z + DyD+Z + Dy nZ .
We define an operator R,:Wic'TM)— W4 cTM) by

n de de oof Q1
R(X) = R(%, X>W for ¢eC=(SY, M).

Then the Hessian of E at a critial point ¢ of E is given by

_ D x D _
HENWX V) = | o( 22X Ly)ar - | gr(X), Vyat.
A C~field X along a geodesic ¢ is called a Jacobi field, iff it satisfies
the differential equation:

DZ

—X+ R(X)=0.

wx T (X)
The space of Jacobi fields along ¢ will be denoted by J,. Then we put

. . . D
Nullity (¢) = dim J, = dim Ker <ZzF + R,,) (< o).
D2+Rc+)\:> (< o).

de

Index (¢) = dim XZ Ker <
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Finally, we denote by Geo (M) the set of closed geodesics in M.

3. Locally Riemannian symmetric space. In this section we assume
the basic facts on symmetric spaces (see S. Helgason [3]). In what follows
(M, g) is a compact locally Riemannian symmetric space with non-positive
sectional curvature, that is to say, each point x# € M has an open neigh-
borhood on which the geodesic symmetry is an isometry, and

gRX, V)X, Y)<0 for X,YeTM.

@: M — M will denote its universal covering and Exp: TM — M (resp.
Exp: THM — M) the exponential mapping of M (resp. of M). Then the
following diagram is commutative:

i1 =%, 51

dé‘)l la |

T™M 5

Since M is a globally Riemannian symmetric space with non-positive
sectional curvature, the largest connected group G of isomﬁt,ries of M
operates transitively on M and for each x € M the restriction Exp,: T,M —
M is a diffeomorphism. Moreover

Exp dg(X) = g Exp (X) for geG, Xe TH .

Now let ¢: S'— M be a geodesic, and &: R — M a lifting of ¢. We
set @0) = 0. Then the Cartan involution Ad (s) of G where s is the
symmetry of M at 0 yields the decomposition of Lie algebra g of G:

g=k+p

satisfying [k, p]C p and [p, p] C k, where k is the Lie algebra correspond-
ing to the isotropy subgroup K = {g€G; g0 = 0}. p can be naturally
identified with T, and for Xep we have

ﬁ;f)oX = exp-0

where exp: g — G is the exponential mapping of Lie group G. Further,
for X, Yep, dlexpY)X is the parallel translate of X along the geodesic
ExptY(0 =t < 1).

LEMMA 1. Let X be a Jacobi field along c. Then X is parallel (i.e.,
(Dfdt)X = 0) and g(R(¢, X)é, X) = 0 (¢ = de/dt).

PrROOF. By the definition of Jacobi field, we have
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§ o(2x, DX )ar - | gRe, X6, X)dt = 0.

Since M has non-positive sectional curvature, the second integrand is
a non-positive function, so

L g(% , Et—X)dt ~0, Sslg(R(é, X)é, X)dt = 0 .

This implies that (D/dt)X = 0 and g(R(¢, X)é, X) = 0.

LEMMA 2. Let X be a Jacobi field along ¢, and X, be a (unique)
tangent vector in T,M(=p) satisfying d@&(X,) = X(0). Then

[60), X1 =0.

PROOF. We denote by § (resp. B) the Riemannian metric of M (resp.

curvature tensor). The standard symmetric space theory says
R(X, Y)Z =[|X, Y], Z] for X,Y,Zep,

so that

0 = guo(R(¢, X)é X) = Gl(R(E(0), X)&(0), X,) = §[18(0), X,J&0)], X\ .
Thus it is enough to show that §(R(X, Y)X, Y)=0 if and only if
[X, Y] =0. Let b denote the endomorphism of p given by

gubX, Y)=B(X,Y), X, Yep,

B denoting the Killing form of g. Since §,(bX,Y) = g,.(X, bY), the
eigenvalues 8, ---, B, of b are non-negative. Let p, ---, p, be the corre-
sponding eigenspaces of b. Then it is easy to see that if ¢ # j, the spaces
p; and p; are orthogonal with respect to B as well as §,, [k, p.] ©p; and
[p:y p;1 = 0. Further if 8, =0, then B(p, p,) and [p, p] =0. Let X,
Y.(1 <1 < k) be the components of X and Y, respectively, in the eigen-
spaces p,. Then

[X, Y] = 31X, Y, X, Y], X] = (X, Y], X]

S0
k

J(R(X, V)X, Y) = 2 0ol Xy Yil, Xi], Yo

=3 L B(ix, Y., X, V)
b0 B,

=3 % (X, Yil, [ X, Y3)) .

870
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Since B is strictly negative definite on k, we have
F(R(X, X, Y)=0 iff [X, Y,]=0 for any 4.
This proves our assertion.

LEMMA 8. Let X be a Jacobi field along ¢. Then the mapping cy:
St— M given by cx(t) = Exp,,, X(t) is a geodesic in M.

ProOOF. Let X: R— TM be a lifting of X which is a filed along &.
Then the mapping &,: R — I defined by &x(t) = Exp;, X(¢) is a lifting of
¢yx. We shall show that ¢, is a geodesic in M. For this porpose, we set

¢(t)=ExptY =exptY-0, Yep.
Since X is parallel along &,
X(t) = d(exp tY)X(0) .
Thus

&(t) = Exps , X(t) = Exps ., dlexp tY)X(0)

= exp tYEXp;'(O)(X(O))

= exp tY exp X(0)-0

= exp X(0)exp tY-0 = exp X(0)é(t) ,
where we have used the fact [X(0), Y] = 0. This implies that &, is a
geodesic.

4. The space of closed geodesics. Again, let (M, g) be a compact
locally Riemannian symmetric space with non-positive sectional curvature.
The notations of the preceding section will be preserved.

We consider the mapping

s J, — WS, M)
defined by p(X) = ¢y, which is of class C~ as is easily checked. Moreover,
by Lemma 3, p.(J,) C Geo (M).

LEMMA 4. The differential of J, at 0 (zero section of ['(c™*TM))
coincides with the imjection: J,C W' e *TM). Here J, is regarded as
a manifold in the usual way and whose tangent space at 0 s identified
with J, itself.

Proor. For Xe T, J(=J,), the differential is given by

X6 = 2| ptX)s) = 2| Exp tX(6) = X),
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where we have used that the differential of Exp,: T,M— M at 0 is the
identity mapping. Thus d,, is the injection: J, c Wi(¢'TM).

PROPOSITION. Geo (M) is a finite dimensional, closed C>-submanifold
in WYS', M) (with many components). Moreover, .. J,— Geo (M) yields
a local diffeomorphism in a meighborhood of 0.

This follows from the implicit function theorem, in view of Lemma
4. For the sake of completeness we shall prove this in appendix.

Proor oF THEOREM A. By assumption of sectional curvature

HE),(X, X) = Sslg«% + R0>X, X>dt <o,

so Index (¢) = 0 for each geodesic ¢. Further
dim T, Geo (M) = dim J, = Nullity (¢)
which implies that each component of Geo (M) is a non-degenerate. gq.e.d.

5. Family of closed geodesic. In this section, we shall investigate
the differential geometric structure of Geo (M), by using the result of §4.

Generally, by a C~-family of closed geodesics in a Riemannian manifold
(M, g) we mean a connected C~-manifold F' with a C~-mapping ¢: F' X S'—
M such that for each point p of F' the mapping ¢,: S'— M given by
@,(t) = p(p, t) is a geodesic in M. For instance, a geodesic, ¢: S'— M
always yields a one-parameter family ¢: S* x S'— M given by o(s, t) =
c(s + t).

In the following we fix a geodesic ¢: S'— M. We are interested in
how we can so to speak deform ¢. To be more precise, by “deforming
¢’ we mean a connected C~-manifold F' together with a reference point

p, and a C~-family of closed geodesic in M: F X St 4 M with Py, = C.
Furthermore, a C=~-family (F, p,) of deformations of ¢ will be called
maximal if for any C>-family (F”, p;) of deformations of ¢ there exists
a unique C~-mapping p: (F’, p;) — (F, p) such that ¢-(¢ X id) = ¢'. By
the definition of maximal family, if it exists, it is uniquely determined
up to diffeomorphism. In general, there does not always exist a maximal
family of deformations of a given one.
In our case, we have the following results.

THEOREM B. Let (M, g) be a compact locally Riemannian symmetric
space with non-positive sectional curvature. Then, for any closed geodesic
¢, in M there exists a C™-maximal family o:(F, p,) X S'— M of defor-
mations of ¢ with the following properties:
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(i) For any teS', the mapping ¢':F — M defined by o'(p) =
@(p, t) 18 an tmmersion.

(ii) The induced metric (p')*g of F does mot depend on teS', and
with respect to this metric, F is a compact locally Riemannian symmetric
space with mon-positive sectional curvature. Further, @' is a totally
geodesic mapping.

(iii) If a closed geodesic ¢’ in M is homotopic to c,, then there exists
a unique point p of F with ¢, =¢'.

(iv) Let|c,) e m,(M, c,(0)) be the homotopy class determined by ¢,. Then
the fundamental group of F is isomorphic to the centralizer of [c,).
More precisely, the induced homomorphism @} w,(F, ,) — w,(M, c,(0)) s
injective and the image of @p is equal to {pem (M, c,(0)); el = [eolrs).

PrROOF. Let F be the connected component of Geo (M) containing ¢
which is compact in view of the condition (C). Let @: F x §*— M be
the mapping defined by the evaluation: (¢, £) — ¢(t). Since

P(t, 1(X)) = Expo X(t) for Xel,,
F gives a C~-family of deformations of ¢,, Maximality of F' follows at
once from the definition.

We identify J, with the tangent space T,F via dzt,. Then the differen-
tial of @' FF— M at ¢ is given by

d.p'(X) = X(t)
which is injective, so that ¢’ is an immersion ((i) of Theorem). Further,
(@)*9.X, YV) = gn(dp'(X), dp'(Y)) = g.(X(P), Y(¢)) for X, Yeld..

Since X, Y are parallel, the function g,,,(X(t), Y(¢)) on S*' is constant, so
the metric (p*)*¢g does not depend on te S'.

To prove that ¢’ is totally geodesic, let N, be a normal neighborhood
of ¢ in F such that the restriction @’: N,— M is an embedding. Let v
be a vector of T,,M which is tangent to @'(N,). Then there exists a
vector X e T.F such that v = ("), X and

EXP sV = Ech(t) 8(¢t)*X = Ech(t) SX(t) = @(t: ‘uc<3X)) ’

which is contained in @*(,) if |s| is taken small enough. This implies
that the curve given by s— g, (sX) is a geodesic in F' and ¢* is totally
geodesic. From these arguments, it follows immediately that F'is locally
symmetric and has non-positive sectional curvature.

The proof of (iii), (iv) is broken up into a few lemmas.

LEMMA 5. The injection: Geo(M)c WXS:, M) is a homotopy eqiva-
lence.
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In view of Theorem A, we can apply the results of W. Meyer [5] to
the energy function. Our assertion follows from that each component
of Geo (M) is of index 0.

In particular, each component of W'(S', M) contains a unique com-
ponent of Geo(M). On the other hand, we know, from a general
theorem of Palais [8], that the inclusion W(S*, M) c C°(S', M) (the space
of all continuous mappings of S!' into M) is a homotopy equivalence.
This proves (iii).

LEMMA 6. @} w,(F, p,) — (M, ¢, (0)) is injective.

It is not hard to see that a lifting of ¢° to the universal covering:
F — I is injective, from which follows lemma.

Now, let C(F') be the component of C°(S!, M) containing F, and let
@: C(F)— M be the mapping given by @(¢) = ¢(0). Then the diagram

F— = S CWF)

AN /
N2
M
is commutative. For (iv), it is enough to prove the following lemma,
because the inclusion FFCC(F') is a homotopy equivalence as we remarked
above,

LEMMA 7. The image of the induced homomorphism @,: w,(C(F'), ¢,)—
T,(M, ¢(0)) 1s the centralizer of [c,].

Proor. It is known (J. C. Moore [6]) that the evaluation mapping
@:C(SY, M)— M is a Serre fibration (namely, it has a structure to insure
the covering homotopy theorem for cells). Thus we have an exact
sequence associated with the fibering:

o 4 _
e = m(CASY, M), ¢) = (M, ¢(0)) = To(@7Heo(0)), €0) — -+ -
Note =,(C*(SY, M), ¢,) = 7, (C(F), ¢,) and we can identify 7!0(?_1(00(0)), ¢,) with
7 (M, ¢(0)) using the fact that the universal covering M is contractible.
Then 4 is given by 4(¢) = pc,Jpt*, hence we obtain
Im @, = 47'([e.]) = {pt e m (M, ¢(0)); e = [eol} - q.e.d.
6. Appendix. The appendix will give a proof of Proposition in §4.
First we prove the following lemma.

LEMMA. Let X ane Y be C~-Hilbert manifold, X, (resp.Y, a C~-
closed submanifold of X (resp.Y), and f: X—Y a C>-mapping with
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f(X) Y. Suppose that for x,€ X, Trip Y=o (T2, X,), (A, /) (Triz Y1) =
T,,X, and Imd, f is a closed subspace of Ty.,Y. Then, X, 18 a neigh-
borhood of x, in f(Y,), or equivalently (X, x,) = (f(Y,), x,) as germs
of subset at x,.

Proor. We put Z =Imd, f/T,,Y,. Without loss of generality we
can assume that there exists a C~-mapping p: Y — Z such that p(Y;) =0
and the differential d;,,»: Im d, f— Z coincides with the natural projection,
because the statement of lemma is local in its nature. Then, the com-
position: X LY-?» Z is of maximal rank, namely d, (pof): T, X— Z is
surjective. Hence the inverse image (po f)"'(0) gives a germ of closed
submanifold at x, with the tangent space T, (p°f)'(0) = Kerd, (p°f).
On the other hand

(dzof)_l(Ker df(a:o)p) = (dxof)*l(lm dzof n Ker df(a:o)p)
= (dzof)-l(Tf(zo)Yl)
=T,X .
According to the inverse function theorem, X, is a neighborhood of z,
in (pof)~1(0). Since X,Cf X Y,)C(pof)X0), it follows that (f(Y), x,) =
(Xu .’1?0). q.e.d.
We now return to the proof of proposition. Let U, be an open
neighborhood of 0 in J, such that the restriction p.:U, —-W'(S, M) is
injective. We shall show that p(U,) contains an open neighborhood of ¢
in Geo (M). For this, we apply the above lemma as
X = an open subset of WS, M) in which ¢(U,) is closed ,
X =wmU),Y=TX,Y, = XCT*X (as zero section)
f=dE: X—>T*X,z,=c.
Notice that for x € X(< T*X) there exists a canonical identification:
T.T*X = T*Xp T,X.

In order to check that the assumption of Lemma A is satisfied in our
situation, it suffices to prove:

LEMMA B. The differential of f = dE at x, is given by
df(0) = (Hw), v eT; XD T, X (veT,X),

where H: T, X — T3 X 18 a homomorphism corresponding to the Hessian
H(E),, via the identification Hom (T, X, Tx X)=TiXQ T*X. Further-
more, Im H is a closed subspace in T3 X.



68 T. SUNADA

The first statement follows by direct computation. For the second,
we identify 73X with T, X using the Riemann metric {, ). Then
H:T,X—T,X is given by

—1-(1-DY\"
H=1-(1-75) R+,
which is the self-adjoint Fredholm operator. In particular, Im H is
closed. qg.e.d.
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