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ON CONTACT METRIC MANIFOLDS
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1. Introduction. Blair has proven ([1]) that there are no contact
metric manifolds of vanishing curvature and of dimension > 5. Generalizing
this result we prove in the present paper that any contact metric manifold
of constant sectional curvature and of dimension = 5 has the sectional
curvature equal to 1 and is a Sasakian manifold. Moreover we give
some restrictions on the scalar curvature in contact metric manifolds
which are conformally flat or of constant g-sectional curvature.

2. Preliminaries. Throughout this paper we use the notations and

terminology of [1], [2].
Let M be a (2n-+1)-dimensional contact metric manifold and (g, &, 7, 9)
be its contact metric structure. Thus, we have

¢2:—I+77®57 ¢5:0r 7]°¢201 7](5):19
98X, 6Y) = 9(X, Y) —n(X)(Y), 9(X ¢ =nX),
(X, Y) =9(X,¢Y) =d(X, Y).

Define an operator 2 by h = (1/2)..4, where &~ denotes Lie differentiation.
The vector field ¢ is Killing if and only if 4 vanishes. Blair has shown
([1], [2]) that h and ¢h are symmetric operators, h anti-commutes with
¢ (i.e., ¢h + h¢ = 0), hé = 0 and poh = 0. Using a ¢-basis, i.e., an ortho-
normal frame {E, E,,, = ¢E, E,,,,= & (1=1, .-+, n), one can easily verify
that trh =0 and trg¢h = 0. In [1], [2] the following general formulas
for a contact metric manifold were obtained

2.1 Vg = —9X — ohX,
(2.2) (1/2)(Rexé — ¢Ryx$) = X + ¢°X,
(2.3) 9(Q¢, §) = 2n — trh’,

where Ry, = [Vy, Vy]l — Vix,y1 is the curvature transformation and @ is
the Ricei curvature operator. Finally, we note that d® = d*) = 0 implies

(2.9) 7Y, Z) + (7y2)(Z, X) + 7,9)(X, Y) =0 .

3. Auxiliary results. First of all, using (2.1) we can easily obtain
the following relations
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3.1) V@)oY, Z) — Vx0)(Y, 6Z) = —n(Y)9(X + hX, ¢Z)
—(Z)9(X + hX, ¢Y),
(3.2) VxD)8Y, ¢Z) + Vx0)Y, Z) = n(Y)9(X + hX, Z)
—N(Z)9y(X+hrX, Y).
LEMMA 8.1. Any contact metric manifold satisfies the conditions
(3.3)  (Fexp)pY + Vxp)Y = 29(X, V)& — (Y)(X + X + n(X)8) ,

2n+1
(3.4)(a) Z.l Ve9)E; = 20t ,
2n+1
(3.4)(b) % r9)9E, =0,
where {E,, +--, E,,..} 1s an orthonormal frame.

PrROOF. Making use of the identity (2.4) we can write
VxONY, Z) + (Vy0)(Z, X) + 7 ,9)(X, Y)
+ Vx®)@Y, Z) + Ve @)(Z, $X) + (7 ,P)(8X, ¢Y)
+ Vex@)Y, ¢2Z) + VyP)(9Z, $X) + 4,9)(¢X, Y)
— VxD)9Y, $Z) — V4rP)(9Z, X) — (V3,0)(X, 9Y) = 0.
Hence in virtue of (38.1) and (8.2) we obtain
VsxO)Z, ¢Y) + WxP)(Z, Y) = 29(Z)9(X, Y)
—N(Y)g(X + kX, Z) — n(X)(Y)(Z) ,
which is equivalent to (8.8). Choose a ¢-basis. As from (8.3) follows
Vep =0, we can find (3.4) (a), (b) by using (3.3).

LeMMA 3.2. The curvature temsor of a contact metric manifold
satisfies the relations

3.5) 9(RexY, Z) = —(x0)(Y, Z) — 9(X, Fyph)Z) + 9(X, V,6R)Y) ,

(3.6) I(RxY, Z) — 9(Rix9Y, 6Z) + 9g(Ryx Y, ¢Z) + I(Rex0Y, Z)
=20VxPNY, Z) — 2(Y)g(X + hX, Z) + 20n(Z)9g(X + hX, Y) .

Proor. Let X, Y, Z be tangent vectors at a point me M. By the
same letters we denote their extensions to local vector fields. From (2.1)
we have

Bzt = —Wyd)Z + V29)Y — Vyoh)Z + (Vo0h)Y .
This yields (8.5) in virtue of (2.4). Denote
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AX, Y, Z)= —(WxO)Y, Z) + Fx0)$Y, $Z) — (7sxPNY, ¢Z)
— Vex®)@Y, Z) ,
B(X, Y, Z) = —g(X, Vyph)Z) + 9(X, Psrph)9Z) — 99X, Vxoh)pZ)
— 98X, Veroh)Z) .
In view of (3.5) the left hand side of (3.6) equals A(X, Y, Z) +
B(X, Y, Z)—B(X, Z, Y). By (38.2) and (3.3) we obtain
AX, Y, Z) = 29X, Y))(Z) — 29(X, Zn(Y) .
Rewrite B in the following form
B(X, Y, Z) = —g(X, Fy@)hZ) + 9(X, h(Vy$)Z) + 9(X, ho(Vsv$) Z)
+ 9(X, ¢V sy)hZ) + N X)YV 5rh) Z)
We have
(3.7 ¢(Fsxd)Y =2n(Y)X — a(X + hX, Y)§ — n(X)M(Y)s + (Fx9) Y .
In fact
$(Vsx9)Y = (Vsx0")Y — (Vx9)9 Y
= PexM(Y)E + YWz — Vsx$)p Y
from which, by (2.1) and (8.3), we find (8.7). Moreover, remembering
(2.1), we get
NVerh)2) = —Vsy)hZ) = g(— Y + LY, hZ) .
Thus, we obtain in virtue of (3.7)
B(X, Y, Z)=29hX, Vy$)Z) + 20(Z)g(hX, Y) — 2n(X)9(Y, hZ) .
Therefore
AX, Y, Z)+BX,Y,Z)—BX, Z,Y)
= —2(Fy®)(Z,hX) — 200, 0)hX, Y) — 20(Y)g(X + hX, Z)
+2n(Z)9(X + hX,Y),
which in view of (2.4) equals the right hand side of (8.6). Thus the
proof is complete.

Denote by S the scalar curvature of M and define S* = 31" g(Ry, 2,0 E;,
¢F,), where {E,} is an orthonormal frame.

LEMMA 3.3. For any contact metric manifold M we have
(3.8) S* — S + 4w = trb* + (L/2){||Fg|I —4n} = 0.

Moreover M 1is Sasakian if and only if ||[Vé|> = 4n or equivalently
S* — S+ 4n* = 0.
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ProOOF. Let {E, -:-, E,,,,} be a frame in M,. By the same letters
we denote local extension vector fields of this frame which are orthonormal
and covariant constant at me M. Now (3.4) (a) and (2.1) become

2n+1
(3-9) i%lg(<VEjVE‘¢)Ei’ ¢EJ) = —4m?
because tr i = 0. On the other hand, by (3.4) (b), we obtain
2m+1 -
(3.10) = 20Ty By 6E)) = 3,0 9)E;, 7s9)E) .

But the right hand side of (3.10) can be transformed as follows
2n+1
k

9V DE;, ENg(Ve9)E;, Ey)

45 k=1

= /), 3] 0 DE;, BY = 123 || T 9Bl = W/ |71

in virtue of (2.4). Considering (3.9), (3.10) and the last relation we get

2n+1

S I(Bes P, 6E)) = 1/2)||75]* — dn? .

Hence S* — S + 9(Q¢, & = (1/2)||F¢|]* — 4n*, which with the help of (2.3)
proves the equality part of (8.8).

Recall that M is Sasakian if and only if (Fy¢)Y = 9(X, Y)é — 9(Y)X.
Consequently, we always have, for a contact metric manifold M,

3105 HE; — 9B, B + BB 2 0,

where equality holds if and only if M is Sasakian. By using (3.4) (a)
it can be easily shown that the last condition is equivalent to ||[Fg|* —
4n = 0, where equality holds only in the Sasakian case. Note that from
the symmetry of the operator & it follows that trh*=0 and trh*=20
if and only if 2 = 0. Recall also that on a Sasakian manifold the vector
field ¢ is Killing. Therefore, if M is Sasakian, then h vanishes. The
above remarks complete the proof of our lemma.

4. Main results.

THEOREM 4.1. If a contact metric manifold M is of comstant sec-
tional curvature and dim M = 5, then the sectional curvature of M 1is
equal to 1 and M is Sasakian.

Proor. Let ¢ be the constant sectional curvature of M, i.e., Ry Z =
clg(Y, 2)X — g(X, Z)Y}. Under this assumption, from (2.2) we obtain
X = (¢ — 1)¢*X, hence tr h* = 2n(1 — ¢). Moreover, (3.6) yields
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(4.1) @)Y, Z) = 1 — o){n(Y)9(X, Z) — n(Z)9(X, Y)}
+ n(Y)ghX, Z) —n(Z)g(hX, Y) .

Now let us suppose that ¢ = 1. Taking in (4.1) hX instead of X, we
have

Fz9)Y = 9(X + hX, Y)§ —(Y)(X + hX),

as V¢ = 0. From this we find |[Fg¢||* = 4n(2 — ¢). The last relation and
equalities S = 2n(2n + 1)¢, S* = 2nc applied to (8.8) give n = 1, a contra-
diction. Therefore ¢ = 1. But in this case, by Lemma 3.3, the manifold
M is Sasakian.

THEOREM 4.2. Let M be a conformally flat contact metric manifold
with dim M=5. Then the scalar curvature S of M satisfies S<2n(2n+1).
Moreover, M is Sasakian if and only if S = 2n(2n + 1).

Proor. Conformal flatness yields

4.2) Ry Z = (1/@n — 1)){g(Q Y — 2_*2 Y, Z)X — g(QX— %X Z) Y

+9(Y, 2)QX — 9(X, Z)Q Y} .

Using the relations (2.8) and (4.2) we compute S* = (1/(2n — 1)){S —
2(2n — tr h®)}. Then, from (3.8) one can obtain

4.3) @n — L{||Fg|]> — 4n} + 22n — 8) tr k* = 2(2n — 2){2n(2n + 1) — S},
which completes the proof.

REMARK 4.1. Any 3-dimensional contact metric manifold M satisfies
the condition (4.2) and therefore (4.8), i.e., ||[Fg|* — 4n = 2tr h®. This
shows that M is Sasakian if and only if the vector field & is Killing (ef.
[6], [3].

REMARK 4.2. As is known, any conformally flat contact metric
manifold with Killing structure vector field £ is of constant curvature
(cf. [5], [4]). Then by Theorem 4.2 any conformally flat contact metric
manifold M with dim M = 5 and the scalar curvature S = 2n(2%n + 1) is
of constant sectional curvature.

In the next theorem we consider a contact metric manifold of constant
¢-sectional curvature, that is, a manifold M such that at any point m ¢ M
the sectional curvature K(X, ¢X) (denote it by H,) is independent of the
choice of the tangent vector XeM,, 0= X L £&. By H we denote the
¢-sectional curvature of M, i.e., H: M — R, H'm) = H,.



252 Z. OLSZAK

THEOREM 4.3. Let M be a contact metric manifold of constant ¢-
sectional curvature. Then the scalar curvature S and the ¢-sectional
curvature H satisfy the imequality n(n + 1)H + 3n* + n = S. FEquality
holds if and only if M is Sasakian.

PrROOF. By our assumption we have g(RyxX, 6X) + H,|| X||* = 0 at
any point m € M and for any Xe M, X 1 & It is clear that this condition

implies
4.4) I(Rsxp2x9 X, ¢°'X) + H,|[¢X]|' =0
at any point m € M and for any Xe M,. Set
P(Xy Y; Z’ W) = g(R¢X¢2Y¢Z’ ¢2W) + ng(¢Xy ¢Z)g(¢Y’ ¢W) .
The tensor P satisfies P(X, Y, Z, W) = P(Z, W, X, Y). Therefore (4.4)
is equivalent to
4.5) PX Y, Z, W)+ PX, Y, W,Z)+ PY,X,Z, W)+ PY, X, W, Z)
+PX,W,Y,Z)+ PX,W,Z YY)+ PW,X,Y,Z)+ PW,X, Z,7)
+PX,Z, Y W+PX,Z,W,Y)+ PZ, X, Y, W
+PZ, X, W,Y)=0.
Choosing a ¢-basis, taking X =W = E,, Y = Z = E; into (4.5) and summing

over 7 and j we obtain

S \P(E, E,, E;, E) + P(E, E;, E, E;) + P(E, E, E;, E)} =0,

2,5=1

which by the definition of P, the first Bianchi identity and (2.3) gives
dn(n + 1)H — 38* — S+ 2@2n —trh*) =0.
Comparing the last identity with (3.8) we obtain
nn + DH + 3n* +n — S = (5/4) tr h* + 3/8){||Fs||* — 4n},

which completes the proof.
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