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1. Introduction and statement of certain asymptotic problems. Our
purpose in this paper is to compare the solutions of the retarded linear
differential equation:

(L) ¥ = L(y,)
with the solutions of the perturbed equation:
(P) & = L(z,) + f(t, x,)

Roughly speaking, we will try to answer the following question: #f
the perturbation f(t, x,) is small, are the solutions of (P) “close” to the

solutions of (L), for large values of t?

It is clear that we can compare the solutions of the above systems
in many ways, depending on what we mean by “close”.

Many works have been done in the case where it is required that
the difference between the solutions of (L) and the solutions of (P) tends
to zero, as ¢ goes to infinity. This can be found, for example in Cooke
[2], Evans [5], Kato [8].

In this paper we are interested in the case where the relative error,
between the solutions of (L) and the solutions of (P), goes to zero, as t
goes to infinity. For ordinary differential equations, results in this
direction can be found in Szmidt [11], Onuchic [9], Coppel [3], Brauer and
Wong [1], Rodrigues [10], etc. Szmidt uses the topological method of
Wazewski and Onuchic [9] uses admissibility theory introduced by Massera
and Schaffer. More precisely, we will be concerned with the following
problems:

1. THE DIRECT PROBLEM. Given a solution y(t) of (L), y.# 0, for
all large t, does there exist a family of solutions x(t) of (P), such that:

Yo — @ = o(l|%:1)?
2. THE CONVERSE PROBLEM. Given a solution x(t) of (P), x, # 0, for
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all large t, does there exist a family of solutions y(t) of (L), such that:
Y — @ = o(||x,]])? |

For ordinary differential equations, both questions have affirmative
answers. _

Surprisingly, for retarded equations the direct problem has an
affirmative answer, but the coverse one has, in general a negative answer.
Hale gave the following counterexample. Let L =0 and let & =
—2te'*u(t — 1) be the perturbed equation. Then z(t) = ¢ * is a solution
of (P) and there is no solution of the linear equation (L) close to it, in
the above sense. However, Hale and Onuchic conjectured that if the
Liapunov number of ||z,||, that is lim sup,.. ¢ *log ||x,||, is finite, then
the answer to the converse is affirmative.

Chapter 2 contains some basic lemmas which will be important in
the analysis of the above problems. Chapter 3 gives a solution of the
direct problem. Our approach is related to Hale [6-a]. Chapter 4 gives
a solution of the converse problem. As a matter of fact Theorem 4.3
gives this information, Theorem 4.2 is important by itself and in fact
it contains the harder part of the chapter. The method used here, for
the analysis of the converse problem, when restricted to the case where
the delay is zero, is very different from the one used in Coppel [3, Th.
7, p. 104]. The approach used in that reference depends strongly on the
fact that the considered ordinary differential equation is defined on a
finite dimensional space and it is not clear how to extend it to the case
of retarded funectional differential equations.

2. Basic lemmas. The notation we use is that of Hale [6-c]. Let
=0 and C = C([—7, 0], R*) with the usual sup norm which will be
denoted by ||-||. We use |-] to denote a norm on R". Let L be a
continuous linear functional defined on C and suppose that f(¢, ¢) is
continuous in [0, <) X C. Consider the systems:

L) ¥ = L(y.)
®) & = L(x,) + f(t, @) .

The following lemma gives a characterization of the asymptotic
behavior of nonzero solutions of the linear equation.

LemmaA 2.1. If y(t) is a solution of (L) such that y,# 0 for all
large t, then there exist a nonnegative integer | and a real number «,
_both uniquely determined, such that

(2.1) 0 < lim inf ||y, ||/t'e** < lim sup ||y, ||/t'e** < <o
t—o0 t—oo



PERTURBED RETARDED LINEAR EQUATIONS 595

ProOOF. From Henry [7, Th. 1], it follows that there is a number g
such that y(t)/e® does not go to zero. Let 4 = {»ead(A):Rexr = 8},
where A denotes the infinitesimal generator of T(t), o(A) is the set of
point spectra of A and T(t)¢ indicates the solution of (L) with initial
condition ¢, for ¢t = 0. From Hale [6-¢, Th. 4.1] it follows that C = P @,
dim P < o, P and @ depending on 4, and there exist positive constants
K and v, such that:

I T@)s" || = Ke® 7 ||g"], t=0
| T()¢%]] = Ke®t||g%||,, t=0
where ¢” and ¢¢ denote the projection onto P and Q.

We can suppose ¥, = T(t)¥. The second inequality implies
| T(@)pT||/e?* - 0, t — . The reference mentioned above also tells that
T(t)y* = @e®a, where @ is a basis of P and the eigenvalues of B have
real part greater than or equal S. Then there exist a nonnegative
integer I and a real number « = 3, such that (2.1) is satisfied, since
|| T(t)ype||/tle — 0, as t — co.

REMARK 2.2. The condition (2.1) will be denoted by ||v.|| = t'e*.

Let y(t) be a solution of (L) satisfying ||y.|| = t'e**. For each )\ cd(4)
let &, = min {m: (A — \NI)™* = 4" (A — NI)"} and

def

(2.2) N = max {k;: n€0(4) and Re\ = a},
where I is the identity operator.

Let 4 = {A€0(A): Rerx = a}. Following Hale [6-¢], this set 4 induces
a decomposition C = PP Q, where P=P, Q@ =@, and P is a finite

dimensional subspace of C.

Let P, = {¢ € P: lim,_., || T(t)¢||/t'e** = 0}.

LEMMA 2.2. There exists a subspace P, bof P and projections X'i:
PP, 1=1,2, such that, P= P, P P,, X"+ + X" = I. Furthermore,
there are positive constants M and o, such that,

ITOX"T(—8)g" || = Mt sVl ||g7||, o <s=t
ITOXT(—8)¢"|| = Mt's"''ex2||g"||, o <t=s.
ProOF. Let us define C* = C([0, »], R**), where R™ is the =n-

dimensional vector space of row vectors, and for any a in C*, ¢ in C,
define

(2.3)

(@ 9 = a©s0) — || at - Olan@lseas

where 7 denotes the function of bounded variation which defines the
linear function L. Following Hale [6-¢c, Chap. 7], let A* be the formal
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adjoint of A, relative to the bilinear form defined above, and P = P,,
Py = P* be the generalized eigenspaces of equation (L) and of the
adjoint equation, %(z) = ——So y(z — 6)dn(6), respectively, associated with
A. Let @ and ¥ be bases for P and P*, respectively, such that
(@, ¥) = I, the identity. From the above reference we get T(t)¢” =
0e?'(¥, ¢7). Furthermore the eigenvalues of the matrix B are the ele-
ments of 4 and B can be supposed to be in the Jordan canonical form.
We claim that we can find projections Z,, Z, in R, where ¢ = order of
B and positive constants M and o, such that

IeBtZIe——Bx‘ < Mtl—lsN——lea(t—s) , cg<s=<t
[ Ze 7| < Mit's"—'lex =2 | o<t<s.

The result given in (2.4) is partially stated in Coddington-Levinson [4,
p. 106]. We present now an outline of the proof. The idea is to de-
compose B into Jordan’s blocks and to obtain (2.4) for each block.

Let B = diag (B,, B,), where the eigenvalues of B, have real part
greater than a and the eigenvalues of B, have real part a.

For the part corresponding to B, it is easier to get the projections
and in fact we can get estimates better than (2.4).

Let us now suppose that J is a Jordan’s block of B, of order s.
We construct the projection Z! such that |e’*Z]| = o(t'e**), that is,

1 0oro 0

(2.4)

7 = M (1 — 1)1 B 1 0

s — 1)1 - YL — 1)1 .- 1.0 0 1
l columns
If we take Z7 =1 — Z/, a straightforward calculation gives estimates
like (2.4) for Z/ and Z;. Using those projections we get Z, and Z,.
The next step is to define X and X"2. Let @ = (¢,, - -+, 4,) be the
considered basis of P. We define,

(X"igy, -+, XPig) = 0Z,, i=1,2.
The above definition implies that
T X" T(—s)p” = TA) X Qe (T, ¢*) = T(t)PZ,e "V, ¢*) = Qe®' Z e (¥, ¢7)
for ¢ =1, 2 and the proof is complete.
LEMMA 2.3. Let p(t) a'ndw,B(t) be mommegative continuous functions

defined for t = 0, such that \ p(s)ds < « and AB(t). is a decreasing func-
0
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tion. If w(t) =0 is a bounded continuous function for t =0 and satisfies,

ut) < p0) + | pueds,  if tztz0,
then,

u(t) < A(t) exp D (s)ds] for t=t,.

The proof of the above lemma is straightforward and it is similar
to the proof of Gronwall’s inequality.

The following integral inequality plays an important role on the
analysis of the converse problem.

LEmMMA 2.4. Let p, g € Ly([0, ), R) be nonnegative continuous func-
tions. Let v(t) > 0 be a decreasing continuous function, for t = o and
o sufficiently large, in such a way that, 8 ~§ g(s)ds +S o(8)ds < 1.

Suppose that u(t) is a nonnegative continuous function such that v(t)u(t)
is bounded and

ult) = K + S u(s)p(s)ds + '%ES Y(s)u(s)g(s)ds
for t = o, where K is a constant. Then,
K 1
1-3 1-3
Proor. Let »(t) = max,.,., %(s). Then »(¢) is an increasing continuous

function, such that, w(t) < »(t) and v(¢)v(t) is bounded for ¢ = 0. For a
given t = o, there exists ¢, €[o, t] satisfying »(t) = w(¢,). This implies,

u(t) < exp (

S:o g(s)ds) .

W(t) < K + S” w(s)p(s)ds +

1
| aiageds
But

|, rewisots)s = | vepisats)ds + | v(awslate)ds

=2t | oe)ds + | vep@aeas .

Combining the above inequalities we get

v(it) £ K + v(t)l:su o(s)ds + Sa g(s)ds} + WS v(s)v(8)g(s)ds .
Then,

- 3 [K“/ ) + Sm v(s)v(s)g(s)ds] :

() = 1
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Using Lemma 2.3 we get

) S K [ ots)as)

v(t) exp <1 1

and this completes the proof.

3. A solution of the direct problem. The next theorem gives a
solution of the above problem.

THEOREM 3.1. Let y(t) be a solution of (L) with Liapunov number
a. Let S be the subspace of C defined by {¢€C: lim,., T(t)4/||y.|| = 0}.
Let N be defined as in (2.2). Suppose f satisfies: f(t,0) =0, |f{t, ¢) —
J& W) S h@)||g—]|l, for t=0, ¢ and v in C, where h is continuous and
satisfies Smt”"‘h(t)dt < oo

Then 0there exist a subset Ys of C and a real number o = 0, such
that:

(@) for each ¢ € Yy the solution x, = x,(0, ¢), of (P), satisfies:

3.1) lim |y, — @ [l/lly.ll = 0

(b) there is a homeomorphism W:S—Ys, whose inverse is the
restriction to Y of a projection from C onto S.

ProOF. Lemma 2.1 implies that there is a nonnegative integer [,
such that, ||y,|| = t'e**. If we put x =y + 2z, finding solutions of (P)
satisfying (8.1) is equivalent to finding solutions z(t) of

(3.2) &= L(z) + ft, y. + 2) = L(z) + F(¢, 2
satisfying z, = o(t'e*").

Let 4 ={n€0d(A):Rexn=a} and C = PP Q, as in Lemma 2.2. Let
P, ={¢eP: T(t)p = o(t'e**)}. It is easy to see that S= QP P,. Lemma
2.2 implies that there is a subspace P, such that, the estimates (2.3)
hold, for a sufficiently large o.

Let E be the space of functions g eC([o, ), C), such that g(t) =
o(tle®®). If g is in E, we define ||g||z = sup.=. ||g(t)||/t'e**. It is possible
to prove that, in K, the equation (3.2) with initial condition z, = ¢ is
equivalent to the integral equation:

3.3) 2, = Tt — 0)s* + S' T(¢ — 8)XOF (s, 2,)ds
¥ S T(&) X" T(—8) X F(s, 2,)ds — SjT(t)X”zT(—s)X{F(s, 2)ds

where X and X¢ are given as in Hale [6-¢, p. 186], X 7?1, X” are obtained
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in Lemma 2.2 and
65 =g+ r T(0) X" T(—8) XFF(s, 2,)ds .

Before solving equation (8.3), where ¢° is an arbitrary element of
S, we will first solve the following equation in E:

B.4) g(t) = T(t — o) + S T(¢ — 8)X0F(s, g(s))ds
+ § T(#) X" T(— ) X F(s, g(s))ds— SjT(t)XPzT(_s)Xg’F(s, 9(s))ds .

If g(t) is a solution of (3.4), then z, is a solution of (3.3) where z, is
defined by z, = g(0), 2(t) = g(t)(0), for ¢t = o.

We will solve equation (3.4) via contraction principle. If ge E, let
(Ug)(t) be the second member of (3.4). Of course, U depends on ¢°.
From Hale [6-c, p. 181] it follows that || T(¢t)¢?|| < Ke'“~"t||¢%||, for t = 0,
where K and v are positive numbers. If we combine this estimate with
the ones given in Lemma 2.2 we get for ¢ and w in E:

(3.5) (U@ < Mltle“t[oa) + et | ehia)ds

1 “ Vo1
+7 s¥h(s)ds + \ sV 'h(s)ds|,

t

@8  IUp® — (Uu)®)| < Mte |57 h(s)dsllg —wlls

where M,, M, are positive constants and M, does not depend on ¢°.
Using the above estimates and the uniform contraction principle (see
Hale [6-b, Th. 3.2]), we prove that there exists a unique fixed point
g = g,s depending continuously on ¢%, if ¢ is large enough to satisfy
Mzg s h(s)ds < 1.
Consider now the function

def

W(g®) = ¢° — Sw T(0) X" T(—3) XS F(s, g4s(s))ds

def

defined on S. Let Y, = W(S). If we consider the continuous projection,

def

Xs5= X+ T X"T(—0) XS

from C onto S, it is not difficult to see that X%|,  is the inverse of W.
Then W is a homeomorphism and the proof is complete.

4. A solution of the converse problem. The following theorem
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shows us how to relate the Liapunov numbers of solutions of the
perturbed equation (P) with the spectrum of the infinitesimal generator
A.

THEOREM 4.1. Let 2(t) be a solution of (P) with Liapunov mumber
preR. We assume that |f(t, ¢)| < h(t)||¢|| for all £t =0 and ¢ in C,
where f(t, $), h(t) are continuous and Sw h(s)ds < . Then there exists
M€ a(A) such that Ren = . ’

Proor. Suppose that Rex == ¢ for all nea(4). Let 4= {Nea(A):
ReX > ). Then there exist positive numbers ¢ and K such that C =

PHQ and
| T@)e" || = Ke"+*|[¢"]|, t=0
| T@)p?|| = Ke“*|[¢°]l , t=0.

The variation of constant formula gives,

(4.1)

t oo
2, = T(t — 0)6 + S T(t — 8)XOf(s, v.)ds — S T(t — 8)XEf(s, ©.)ds
o t
which combined with the above inequalities implies,

t
|| T(t — 0)¢He——(/z+e)t é th || e—(,u.ps)t + Ke_zsts ezesh(s) H x, Ile—(‘w-{-s)sds

+ Kr W) ||z, ||e- s,  t=o

As a consequence of the assumption that the Liapunov number of ||x,||
is ¢ we get that the second member of the above inequality goes to
zero as t — . But this implies that ¢* = 0. Using again (4.1) we obtain

t
llw.lle~* = K[l + S h(s)|| @, |le="~"ds
+ e‘_’st Sm e_ggsh(s)||x8[[6—(1:—e)sd8:| , t z 0.
t

Lemma 2.4 implies that ||x,||e~**"9¢ is bounded, for ¢ = ¢. But this con-
tradicts the fact that the Liapunov number of ||z,|| is . The proof is
complete.

The next theorem gives a more precise information about the growth
or decay of the solutions of the perturbed equation.

THEOREM 4.2. Let x(t) be a solution of (P) with Liapunov number
reR. Suppose |f(t, ¢)| < h@®)||¢]l, for all t=0 and ¢ in C, where

[, 8), h(t) are continuous S t"h(t)dt < o, and N is defined as in (2.2).
0
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Then there exists a monnegative integer l, such that,
0< lirtn inf ||z, ||/t'e" < lim sup ||z, ||/tle** < o .
—00 t—oo
ProOF. Let 4 = {\c0a(A): Re(\) > p}. This set induces a decomposi-

tion C =S @, where S has finite dimension and there exist positive
numbers %, and ¢ such that,

| T@)p 2| < ke |42, ¢=0

TP N < ket ||p5]], t=<0.

The variation of constant formula gives,

43) =Tt — o) + S T(t — 8)XIf(s, @.)ds — r T(t — $)X5f(s, .)ds

4.2)

where Xoa, X are given in Hale [6-¢c, p. 186]. From (4.2) and (4.3) we
get, for a convenient constant #k,

t
e Tt — )| < llafle o + ke~ h(s)l|a, || e=treends

+ b\ 1)z e s
t

The Liapunov number of ||z,|| being g implies that the second
member of the above inequality goes to zero, as t— o and thus
e~ | T(t — 0)g|| — 0, as t — . Then ¢° =0 and || T(t — o) || = Ot 'e"?),
for large values of t. From (4.2) and (4.3) we get,

t
g -g-nt || || < kl[l + S sN“lh(s)s“‘”‘“e"“’||xx|!3dil

+ k=¥ best S:Oe‘”s””‘h(s)s“”‘”e"‘“||x,‘||ds .
If we let u(t) = t~ Vet p, ||, 7(t)dge“‘t”", Lemma 2.4 shows that u(t)
is bounded.

Let | = min {n = 0: ||x,|]| = O(t"e""), for large values of t}. Let 4, =
{vea(A):Ren = pt}, 4, ={rvea(A):Rer < pt}. Asbefore C =PHSPQ.
If we let P, = {vr € P: || T(t)y || = o(t'e™)}, there exists a subspace P, of P
and there exist positive constants K and ¢, such that:
[TOXMT(—s)y"|| = Kt' sl |[y"]|,, 0=s8=t
T X T(—8)y"|| = Kt's" e |[y"|], 0<t=s
Tt — s)p?]] = Ke" 2|40, 0<s=1
T — s)yS]| < Ke"+t9 2|48, 0 <t=<s

As in (3.3) we can prove that, there is + in C, such that z, can be

(4.49)
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written in the form

(@5 @ = Tt — oy + | Tt — 5)Xifs, w)ds
+ Y T(£) X" T(—8) X7 f(s, x,)ds — Sm T(&) X" T(—5) X7 f(s, x,)ds
- S“’ T(t — ) X51(s, w)ds ,

where = 62 + Sj T(0) X T(—8) XTf(s, x,)ds.

Below, we show the convergence of the above integrals. Then,

t

4.6) |IT@ — o)yl = Ot'e) + Ke‘”"”g e~ |, || h(s)ds
+ Kt'-ter St s¥lemr® ||, || h(8)ds
+ Kt’e”‘gmsN"‘le“””]]xsllh(s)ds + Koo Sme““e""llxxllh(s)ds
t t
< O(t'er) + K| terte || eh@)ser |2, ds
+ t’e“t% S‘ s¥h(s)s~'e ||z, ||ds + tle"t Sms“’ “h(s)s~e="||x, || ds
a t
+ t’e"‘(t“‘ Sm sth(s)s~le || a, || ds>:|
t
= O(t'e") .
This implies that |[T(t — o)y|| = O(t'e*). Now, we claim that
t~'e**T(t — o)y does not go to zero, as t — . Let us suppose this is
not the case. For I =1, by Lemma 2.1, we must have T(t — o)) =
O(t''e).
A procedure similar to (4.6) gives us:
t--0g=r ||z, || < K + Ke* S‘ee-slh(s)s—le—mux,uds
+ Kst s¥1h(s)s~ Ve || 2, || ds
+ Kt Sm ¥ h(8)s~ Ve || x, || ds
t
+ Ke*t Sm e~ *s'h(s)sle " ||x,||ds, t=0.
t

Then there is a constant M such that
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t
t-(l“l)e""th,H < M + K[S sN—lh(s)s-—(l—l)e—psHw’”ds
+ ts s”‘%““”e“"l[x,llh(s)ds] , t=o0.
t

If we let u(t) = t~% Ve rt||x,|| and v(¢) = t™', using Lemma 2.4 we
get ||z, ||t~" Ve *t bounded, which contradicts the definition of I.

If I =0, we have P, = {0}, P, = P, ||=,|| = O(e") and z, = T(t — o)y +
S Tt — ) X&f (s, x,)ds — S Tt — 8)XF+5f(s, x,)ds. If ¢ > 0 is sufficiently
o t
small, there exists a positive constant K,, such that

[|T(t — s)g™+5|| < Kie "+ |g"+5]|, t<s

and that || T(t — o)v || £ Kie'" ||+ ||, since T(t — o)yr/e"* — 0 by hypothesis.

If we combine this result with (4.4) we get, for a convenient con-
stant K,,

t Y

Lol K[ et 4 [ =002, ds + | e io)|a,llds |, ¢z
4 t

Then,

eo-tla)| < K[ 1+ || el 1ds)
+ Koo | erna) |zl ds,  tzo.
t

If we let u(¢) = [l ]le~ ==t and () = e ™ Lemma 2.4 implies that
u(t) is bounded, which contradicts the fact that the Liapunov number
of ||z,|| is z.

Our conclusion is that T(t — o)y /t'e*® -0, as t — . So, there is a
positive constant ¢,, such that

(4.7 tle || Tt — o)yl 2 ¢, >0

for all large ¢t. This is a consequence of Lemma 2.1.
Using (4.5), (4.4) and (4.7), we get,

t t
ter el 2 o — K| e | ehi@s e a,llds + 3| s*hia)ater |0, | s
- Sm s¥1u(8)s e ||z, || ds + e** S“e‘“s‘h(s)s"e""[[m,llds]
t t
=¢ + o(1), as t— oo,
Then, lim inf,_. t"'¢~*||x,|| > 0 and this completes the proof.

The next theorem gives answer to the converse problem.
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THEOREM 4.3. Suppose the solution x, of (P) and the perturbation
f@t, ) satisfy the conditions of Theorem 4.2. Then there exists a solution
y(t) of (L), such that,

 —y.=o(|x]), as t— oo,

PROOF. Theorem 4.2 implies that there is a nonnegative integer [,
such that ||z,|| = t'e** for large values of ¢. From (4.4) and (4.5) we
get:

e ||, — T — o)p| < K[t“e‘“ S’ e h(s)s~e~ ||z, || ds

+ % St sh(s)s~'e~"||x,||ds + r sV h(s)s e || x, || ds

t
+ e Sm e s'h(s)s e || x,||ds | — O, t— oo .
t

If we let y, = T(t — o)y, we have ||z, — v.||/||2.|| = 0, as t — o and the
proof is complete.

REMARK 4.1. In fact, in general, we can get a result more general
than the above one in the following sense: under the conditions of
Theorem 4.3, we can get a family of solutions T(t)¢ of (L), for ¢ varying
in a translate of a subspace S of C, such that codim S < . In order
to get this result we suffice to pick up the solution y, obtained in
Theorem 4.3 and apply Theorem 8.1, considering the perturbation as the
zero function.
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