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Introduction. In this paper, as an application of the results in [4]
and [5], we will deal with the bimeromorphic embedding of algebraic
surfaces into protective spaces by automorphic forms.

Let X be a two-dimensional, irreducible, non-singular projective
algebraic variety over C. There exist a non-empty Zariski open subset
y of I , a Riemann surface R of finite type and a holomorphic mapping
π: S? —>22 so that the triple (S?, π, R) is a holomorphic family of Riemann
surfaces of type (g, n) with 2g — 2 4- n > 0. We may assume that the
universal covering space of R is the unit disc. Then the universal
covering space 3ί of Sf is a bounded Bergman domain in C2. Let gf
be the covering transformation group of the universal covering Π: £&-*£?.
A holomorphic function / is called an automorphic form of weight q on
& for .#, if

f(T(x)) = f{x)[Jτ(x)]-

for all Γ e gf and x e £&, where q is an integer and Jτ(x) is the Jacobian
of T at x. We also say that / is a q-ΐorm for &. We assume q ^ 2
throughout this paper.

Our problem is stated as follows: Can we construct many automorphic
q-forms /0, , fN for & in such a way that F = (/0, , fN) induces a
bimeromorphic embedding of X into the Is!-dimensional complex protective
space PN(jCyt This problem is solved affirmatively in § 8.

At the beginning, in § 1, we recall the main results in [4] and [5].
In §2, we construct a domain & and a discrete subgroup ^ of the
analytic automorphism group of 2$ so that our problem for 3f and &
can be reduced to that for 3f and &. §3 is devoted to constructing
some auxiliary domains, which will be used in §7. In §4, we define the
behaviour of automorphic forms for ^ near boundary points and, in § 5,
we recall some well-known results on the Poincare metric and the
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Poincare series, which are used in § 6 and § 7, where the Poincare series
and the Poincare-Eisenstein series for & are constructed and their
behaviour near boundary points are studied.

The author would like to express his hearty gratitude to Professor
Kuroda for his constant encouragement and advices.

1. Preliminaries. We shall briefly explain the main results in [4]
and [5].

Let £f be a two-dimensional Stein manifold and let R be a Riemann
surface of finite type with the universal covering p: D-^R, where D is
the unit disc \τ\ < 1 in the complex τ-plane. We assume that a holo-
morphic mapping π: Sf —> R satisfies the following two conditions:

( i ) π is of maximal rank at every point of £^, and
(ii) the fiber St = π~\t) of Sf is connected and of fixed finite type

(g, n) with 2g — 2 + w > 0 as a Riemann surface for every t in R. Such
a triple (<&*, π, R) is called a holomorphic family of Riemann surfaces of
type (fir, n) over R.

Take a finitely generated Fuchsian group G of the first kind with
no elliptic elements acting on the upper half-plane U such that the
quotient space S = U/G is a Riemann surface of finite type (g, n). Let
Qnorm(Cr) be the set of all quasiconformal automorphisms w of U leaving
0, 1, oo fixed and satisfying w o G ° w"1 c SI/(2; E), where SL'(2; R) is the
set of all real Mδbius transformations. Two elements w± and w2 of
Qnorm(G) Sire called equivalent if w1 = w2 on the real axis JB. The
Teichmiiller space T(G) of G is the quotient of QnOrm(G) with respect to
the above equivalence relation. Let L°°(U, G) be the complex Banach
space of bounded measurable complex-valued functions μ satisfying
M0(z))0'(z)/ί/'(z) = Kz) f° r aH 9 in G and let L°°(U, G\ be the open unit
ball in L"(U,G).

Let wμ be the element of Qnθΐm(G) with a Beltrami coefficient
μ e L°°( Z7, G\ and let Wμ be a quasiconformal automorphism of the
Riemann sphere C such that Wμ has the Beltrami coefficient μ on the
upper half-plane [7, is conformal on the lower half-plane L and

as z tends to — i. This mapping Wμ is uniquely determined by [wμ] up
to the equivalence relation, that is, wμ = wu on R if and only if Wμ = Wv

on L U JR. Let φμ be the Schwarzian derivative of Wμ. Then φμ in an
element of the space B2(L, G) of bounded holomorphic quadratic differen-
tials for G on L. Bers proved that the mapping sending [wμ] into φμ is
a biholomorphic mapping of T(G) onto a holomorphically convex bounded
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domain of B2(L, G), which is denoted by the same notation Γ(G). We
set Gφμ = l ^ o G o ( ^ ) - 1 and Dφμ = Wμ(U). Then Gφμ is a quasi-Fuchsian
group and Koebe's one-quarter theorem implies that DΦud(\w\ < 2) for
every φμ of T(G).

Now, for a holomorphic family of Riemann surfaces (S^9 π, R) of
type (g, n) with 2g — 2 + n > 0, there exists a holomorphic mapping
Ψ: D—> T(G) such that the quotient space DΨ(τ)/GΨ{τ) is conformally
equivalent to Sp{τ) for every τ e ί λ We abbreviate G r ( r ) as Gr and Ar(r)

as Dτ. We set

.# = {(τ, w)\τeD,weDτ}.

This set έb is a bounded Bergman domain in D x ( | w | < 2 ) and is
topologically equivalent to the polydisc flxfl. Let Fτ be the conformal
mapping of Dτ/Gτ onto Spiτ) induced by Ψ(τ) for every τ eD. Let Λ̂  be
the holomorphic mapping of i§^ onto £f sending (τ, w) into Fτ([w]), where
[w] is the orbit of w with respect to Gτ. Then Π: & ->S^ is a universal
covering of Sf.

Let ^ be the covering transformation group of Π: &r —> ^ . We
can explicitly express the elements of & as follows. Let ,Γ be the
covering transformation group of the universal covering p: D—>R. For
each element 7 of Γ, the homotopic monodromy ^/fr of (S^, π, R) is the
element of the modular group Mod(G) of G with Ψ(y(τ)) = ̂ ( f ( r ) ) on
D. Denote by ΛΓ(G) the set of all quasiconformal automorphisms ώ of
[/with ώoGoώ"1 = G. Take an element ώr of N(G) which induces ^ u

that is, the element <ώr> of Mod(G) induced by ώr is equal t o ^ . We
may assume that ώroδ = ώroώδ for all 7, δ e Γ.

Let F(G) be the fiber space over the Teichmϋller space T(G), that
is,

F(G) = {(φ,w)\φeT(G), weDφ} .

In general, every element ώ of ΛΓ(G) induces an analytic automorphism
of F(G) as follows. For every element [wμ] of T(G), we set wy =
Xowμoώ~1eQnoτm(G)f where λ is a real Mδbius transformation. If we
set

for weDφ , then the mapping «ώ>J|t, [ώ]^) sending (^, w) into ( v̂, ^) is
an analytic automorphism of F(G). These elements (<ώ>*, [ώ]^) give
rise to the extended modular group mod(G) of G.

Since ώrog is an element of N(G) for γ e Γ and g eG, an analytic
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automorphism (7, g) of 2& is defined by

(7, g)(τ, w) = (τ(r), H(rr9)(τ, w))

with H(r^(τ, w) = [ώrog]^(Ψ(τ),w) for (τ9w)e£&. Then the covering
transformation group 5^ of Πi^r-*^ is identical with the set
{(7, g)\ysΓ9 g eG}. By definition, we have the formula

(7, g)°(δ, h) = (70d, ώi1 ogoa)δoh)

for 7, δ 6 Γ and g,heG, that is, gf is a semi-direct product of Γ with
G. The quotient spaces ^ = 3P\& is biholomorphically equivalent to

Let C be the set of all cusps of Γ, that is, the set of all parabolic
fixed points of Γ. For each τ0 of C, there is an element Ψ(τ0) in the
closure of T(G) such that Ψ(τ) converges to Ψ(τ0) uniformly as r->τ 0

through any cusp region at τ = τ0 in D. For each r e ΰ U C , denote by
Gτ = Gy(Γ) the Kleinian group associated with the quadratic differential
Ψ{τ) for G, by Ω{Gτ) the region of discontinuity of Gr, and by Δ{Gτ) the
invariant component corresponding to the lower half-plane. Set Dτ =
fl(GΓ) — Δ(Gτ) and let ̂ r be the set of all fixed points on dDτ of parabolic
transformations of GΓ. We set 3C = {(τ, w) | r e D U C, w e Dτ U ̂ Γ } .
Each point of ̂  = ̂ c — 3f is called a cusp of ^ . A Hausdorff topology
on stc is defined canonically and every element (7, g) of gf is extended
to a topological automorphism (7, #)c of Ξfc. We set

# c = {(7, g)cheΓ, geG} .

Then the quotient space Sζ = £^J^C is a two-dimensional compact normal
space and every compactification of S^ is bimeromorphically equivalent
to S^e. (See §6 in [5].)

2. Construction of domains £& and Sf\ Let IIz: U-+S be the
canonical projection. For a fixed v > 3, there exists a Fuchsian group
G with signature (g,n;vf -- ,v) such that the quotient space Z/'/G is
conformally equivalent to S, where Z7' is the complement in U of the
set of elliptic fixed points of G. Let ΠG: U'—>S be the canonical pro-
jection. There is a universal covering ΠHQ: U-*Ur with ΠQ = ΠGOΠHQ.

The covering transformation group iϊ0 of 77^: Ϊ7—• ?7' is a normal sub-
group of G and we have the relation

G = {geSIa'(2;R)\ΠHoog = goΠHo for some geG} .

If S is compact, that is, n = 0, then G = G, U' = U, ΠG — ΠG and 77#
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is the identity map. The Teichmϋller space T(G) is canonically isomorphic
to T{G) as follows. (See Bers and Greenberg [3].) For every μ e I/°°(Z7, G)lf

the element μ e L°°( U, G)x is defined by

μ(ΠHo(z)) = μ(z)Π'HQ(z)/(Π'Ho(z)) .

If Wμ = w: on R for μ, veLoo(Uf G)19 then wμ = wυ on R. Therefore the
mapping m: T(G) —> T(G) sending [wj;] into [wμ] is well-defined. It can
be shown that the mapping m is isomorphic.

Now, the holomorphic mapping Φ: D—> T(G) is defined by Φ = m° ! ί .
Take a Beltrami coefficient μ r e L°°( i7, G)x such that Ψ(τ) is the Schwarzian
derivative of Wμτ. Then Φ(τ) is the Schwarzian derivative of Wμτ. Let
Dr = J9Φ(7) - TΓ^(Ϊ7), Dr

f = Dj ( r, = Wμr(U') and Gr = W^°Go(W^)-\ We
set

^ = {(Tf w)\zeD,weDτ}

and

^ ' = {(r, w) I r G D, w e I);} .

Since the mapping Mτ; Dr—>D'τ sending w into TFί<Γ°/7£0°(W'IΓ)~1(w) is
holomorphic and depends only on Ψ(τ), we can define a holomorphic
mapping M: 2$ —> &' with M(r, w) = (r, Mr(ιι;)).

For every element ώreN(G) inducing the homotopic monodromy
^fr G Mod(G) for T G ,Γ, there is a unique element ωr e N(G) with 77Ho oώ r =
ωr°ΠHQ. Hence the element «fi)r°flf)*, k°fif]*) of mod(G) can be defined
for T G Γ and STGG. We set

with Hσ,g)(τ, w) = [ωrog]^(φ(τ), w) for (r, ^ ) G ^ . Then (7, g) is an
analytic automorphism of 3f and all such automorphisms give rise to a
properly discontinuous group S^ of analytic automorphisms of Z2f. For
every element g eG and geG with 77^og = goΠHQ, we have the relation
Mo(y9 g) = (7, g)oM, which implies Mo %? = ^ o J|f.

By the same reasoning as for Ψ, we see the following fact. For
each parabolic fixed point r0 of Γ, there is an element Φ(z0) e T(G) such
that Φ(τ) converges to Φ(τ0) uniformly as τ —> z0 through any cusp region
at r = τ0 in D. For each r eDUC, we denote by GΓ = GΦiτ) the Kleinian
group associated with quadratic differential Φ(τ) for G, by 42(GΓ) the
region of discontinuity of GΓ and by Δ(Gτ) the invariant component
corresponding to the lower half-plane. Set Dτ = Ω(Gτ) — Δ{Gτ) and let
&>τ be the set of all fixed points on dDτ of parabolic transformations of
GΓ. It should be noted that the set ^ τ is empty for τ eD. We set
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ώ = {(7, w)\yeD\jC,weDτ\J&*τ} .

Each point of <& = 2f - & is called a cusp of ^ . A Hausdorff topology
on 3f is defined canonically and every element of (7, g) of gf is extended
to a topological automorphism (7, g)c of Sir. We set

^ = {(7, g)c\yeΓ, geG) .

Then the quotient space & = 3f\& is a two-dimensional compact normal
space. Moreover, the holomorphic mapping M: 2$ —> ^ ' is extended to
a continuous mapping M:Sfc->& with f o ^ c = 5^oM, which induces
a biholomorphic mapping of S^c onto ^ .

For an automorphic #-form Ψ on ̂  for ^ , we set

(ikf*Ψ)(τ, w) = Ψ(M(τ, w))[JM(τ, w)Y

for (r, w)eϋr. Then ikί*^ is an automorphic g-form on έtf for Sf.
Therefore, our problem stated in Introduction is reduced to the case

for 3f and gf. So, in the following sections, we will study automorphic
forms on Z& for <& in place of those on έt for ^ .

3. Construction of domains g"z>i, g
7,^, g7,̂ - and g7,',-. In this section,

we will use the notations in §2 of [5].
Let R be the compactification of R, that is, R is a compact Riemann

surface of genus g0 such that the surface obtained from R by deleting
finitely many points tlf , ίΛo is conformally equivalent to R. Let 22(ff,Λ)
be the moduli space of all Riemann surfaces without nodes of signature
(g, n v, , v) and let M{g,n) be the moduli space of all Riemann surfaces
with nodes of signature (g, n v, , v), where v is a fixed integer greater
than 3. Then the holomorphic mapping J: R-*R{g,n) sending t into [St]
can be extended to a holomorphic mapping J: R—>M{g>n). Let Si be a
Riemann surface with J(tt) = [Si] for each I = 1, , n0.

Let v0 > 3 be an integer. We set vlΛ = vQ and vUm — 00, I Φ m for
i, m = 1, , n0. Let ί? be the unit disc |ζ | < 1 in the complex ζ-plane.
For each I = 1, , nQ9 we take a Fuchsian group Γt acting on E such
that EjΓι is conformally equivalent to R with the given signature
(g, ^0; ̂ i,i, •• ,^,«0) Denote by /o, the canonical projection of ,& onto Λ
and by J^/ the complement in E of the set of elliptic fixed points of Γt.
Let Γt be the covering transformation group of the universal covering
pi'.D-^El with p^ptopt. For each point ζeE!, we take a point
[S, /Γ, S,(r)] of Γ(S) corresponding to a point Φ(τ) of T(G) with ^(r) = ζ.
Then there exist an integer v0 and a deformation α^S—>Si such that
the analytic mapping Kf. E{-* X(a(Si)) sending ζ into (a(SPM),
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a(Sι)) is single-valued and has a holomorphic extension Kt: E'—> X(a(St))
for each I = 1, , w0.

For each i = 1, , n0 and ζeE, we can canonically construct a
finitely generated Kleinian group flΊ(ζ) as follows. Let Si have r̂  parts
Σltlf " , Σhrι ,an.d kt nodes P I f l, , Pι>kι, and let a(S{) have rj parts
J? u, , Σltrί and fc{ nodes Pltlf , P ltJb,. Assume that each part ^ Ί ^ has
genus gu and %Ifi punctures. We choose r\ Fuchsian groups Hltl9 ,
iίz,r; acting on discs ΔlΛ9 ••, Jlpr/ with disjoint closures such that (i) IϊΓ,fi

has nu non-conjugate maximal subgroups with the same fixed order
v > 3, (ii) the Riemann surface ΔhύjHhά with the images of all elliptic
vertices removed is conformally equivalent to Σhj and (iii) Hhu •••, Hι,r>
generate a Kleinian group Hx with an invariant component Δo. Let Δ\tj

be the complement in Δhj of the set of elliptic fixed points of Hhi. Let
Ω(Hι) be the region of discontinuity of Ht and let Ω'(Ht) be the comple-
ment in Ω(Hι) of the set of elliptic fixed points of Ht. We assign to
each node Plti of a(Sι) two non-conjugate maximal elliptic subgroups
Γ'lti, Γ\'ti of Ht so that, if Phi joins Σlth to Σlth, then Γίf< c HUl and
Γ5',ί c Hhh. Two elliptic vertices not lying in JQ is called related if they
are fixed under elliptic subgroups conjugate to either Γ\Λ or to Γ"Λ.
The Γh1 are chosen so that the union of Jlfj/Hltj with the images of any
two related elliptic vertices identified is isomorphic to α(Sz).

If slfί 6 Cis small and is not zero, then there exists a unique loxodromic
Mδbius transformation h8 fi which conjugates Γ\Λ into Γ"fi9 has the
multiplier slti and has fixed points in Ahh and ΔhS%9 where j ί and j 2 are
as before. We set sι = (sl)lf •••, sι>k^). If IβJ = max|s z > ί | is small, then
Hi and λβ t generate a Kleinian group Hhsr Let sz be as before and
let V be a quasiconformal automorphism of C such that Fofί i , ,^ V~ι is
a Kleinian group, V\Δ0 is conformal and F(z) = z + O(l/|s|) as «-^ oo.
Then each F|z/Z>i defines an element ξhj of the Teichmϋller space T{Hhά).
If 8I(i Φ 0, set ^,i = alti — άlfi9 where alΛ is the repelling fixed point of
Voh^oV-1 a n d ' a M is the fixed point of VoΓ'^oV1 in V(Δhj). If

Sl)i — 0, set ηlti = 0. Then the point

determines the Kleinian group VoH^oV-1 which is denoted by H(ζh ηt).
The set of all points (ζh fy) for which a group H(ξl9 7]t) can be defined,
is denoted by X'(a(Sι)). We say that such a V is a quasiconformal
automorphism associated with (£,, fy). The deformation space X(a(Si)) is
canonically identified with Xf(a(Sι)). Let (£,(ζ), ^,(ζ)) be the point of
X'(a(Si)) corresponding to the point JKΊ(ζ) of X(α(S0) for ζeE. Denote
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by Ht(ζ) the finitely generated Kleinian group determined by the point
(£*(O, Vι(Q)- L e t (lι> Vι) b e t h e point of X'(a(Sι)) corresponding to the
point (a(S), a(at)9 a(St)) of X(a(Sι)), Ht the Kleinian group determined by
(?J> Vι) a n ( i k* ^ί be a quasiconformal automorphism of C associated with
(ζι,Vι) For each j = 1, •• ,r ϊ , there is a component ΔltS(c:Vι(Διtj)) of
the region of discontinuity of fl, such that the Riemann surface Δltj/Hifj

is conformally equivalent to § = £7/G, where Hlj3- is the component
subgroup of Hi for 4 t i . Hence there exists a holomorphic covering map
fιtί: U->Δltj with fι,3 °G — Hι,s°fι,j. Let W^r be a quasiconf ormal auto-
morphism of C corresponding to Φ(τ) of Γ(G) for r e ΰ with ^(τ) = ζeE[.
Then there exists a unique quasiconformal automorphism Fc of C and a
holomorphic covering map fr; Dτ-^ Vζ(Δltί) such that Vζ = Fζ © F t is a
quasiconformal automorphism associated with (fι(ζ), >7ι(ζ)), ^ ^ ^ ^ ( F J - 1 =
Ht(ζ) and f c o / M = / c o TΓ^. We set 4 f i(ζ)= F ^ ), fflfi(ζ)=FcoJΪIfio(Vc)-i
and Λ(ζ, -) = Fζofeo(Fζ)-1 ίoγheHι. Then 4 t i(ζ) is a component of fΓ,(ζ)
with the component subgroup Hhά{Q and / Γ oβ r = Hltj(ζ)o/r. Let 4,i(ζ) be
the complement in 4 f i(ζ) of the set of elliptic vertices of Hhj(ζ). We set

gfIfi = {(ζ,

for each ί = 1, , n0 and j = 1, , rz.
The above holomorphic coverings fτ: Dτ-^> Altj(ζ) induce a holomorphic

covering Fhi: & -+ £fίfi sending (τ, w) into (pι(τ), fτ(w)).
For each heίϊlίjt the conformal automorphism fe(ζ, •) of Δlt5(Q induces

an analytic automorphism h of %?ltj sending (ζ, w) into (ζ, h(ζ, w)). Then
3^1,3 — {h\heHlfj} is a properly discontinuous group of analytic auto-
morphisms of i? ϊ f i. It is noted that each element h of <%ffί has a
holomorphic extension on ^ ί f i .

Let Tι be a cusp for Γ with ί, = p(τt) and let τ r z be a generator of
the stabilizer ΓH of Γi in Γ. Then the element Ύ1>TI — (yTιy° is a generator
of the stabilizer ΓlyTι of τz in i~V We set ζ̂  = pι(τι). We may assume
that Kι(ζ{) = <id>, which implies that fl^Ci) = -ffz. By a reasoning similar
to that in §4.1 of [5], we can prove that fτ converges uniformly to a
holomorphic covering map fτι of a certain component Ωτifj of Gτι onto
the component Δltj of Hi on any compact subset of Ωτitj as τ tends to τt

through any cusp region at τ = τx. If a component Ωτiti of GΓ; is not
ΩTlti, then /Γ converges to a constant map on any compact subset of Ωriti
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as τ tends to τt through any cusp region at τ = τ z. For the component
subgroup Gτitj of Gn for ΩrιJ, we have fn°GTlyj = Hhάofn, Moreover,
we can prove that Vζ © (F f ° ft o (F,)-1) o (Fζ)-1 = F ζ o ft o F;"1 converges
uniformly to ft for each ft e Ht and F ζ o ft o ( F ζ ) - 1 converges uniformly to
a constant for each he Hi— VioHio^Vi)'1 on any compact subset of
β'Cff,) as ζ tends to ζ,.

Let Γ = Σr=oΛ fr ί°7 i and Sf,|Γϊ = {(7, flθ|7eΓϊfΓί, flreG}. Let ωΐljTιeN(G)
be the quasiconformal automorphism of C/with ((0ΐl}T) = ^&tχ, where
c^r i | Γ is the homotopic monodromy of ( ^ , TΓ, R) for 7, ιr j. Since -Ki°/0ι°7ι,rZ =
Kxopu we may assume that for a certain positive integer v0, ωTlfT is
induced by a quasiconformal automorphism of S which is homotopic to a
product of v-th powers of Dehn twists about Jordan curves on S mapped
by aι into nodes of St for each 1 = 1, , n0. Then we have FltS°&hτι =
£έfhύ°Fhά and H{TltT ,i)(Ωvltj) = Ωvitj. Hence F Z ) i induce a biholomorphic
mapping of ^ / g f ^ / o n t o %ΊJ£?Ϊ,S.

By using these facts, we will construct certain automorphic forms
on Sf for ^ in §7.

4. Behaviour of automorphic forms for 5^ at cusps. We determine
the behaviour of a q-ίorm ?Γ on ^ for gf near a cusp (r0, w0) e ^ as
follows.

( i ) If τ0 e C, that is, τ0 is a cusp of Γ, and if w0 e DTQ, then the
stabilizer Γτo of τ0 in Γ is generated by a parabolic transformation yτQ.
There is a Mobius transformation A of the upper half-plane U onto the
unit disc D with A'1 o 7ΓQ O A(Γ) = τ + c0 for a positive constant c0. Since
Φ{τ) converges uniformly to Φ(τ0) as τ tends to τ0 through any cusp
region Δ at τ = r0 in D, there is a positive constant <5 such that iV3 =
(\w — wo\ < δ) is contained in Ότ for every τeΔ. (See § 4.1 of [5].) We
assume that A is the image of the strip region Eath = {te U\ — a < R e ( ί ) < α ,
Im(ί) > 6} by A, where a and b are positive constants. We set

^ * = {(t9w)\teU,weDMt)},

and

j ^ ( ί , w) = (A(t), w) for (ί, w) G ̂ * .

Then j ^ : ^ * - + £ ^ is a biholomorphic mapping and

is a g-form on £^* for j / ^ o g Ό j / , The behaviour of f near (τ0, w0)
is determined by that of j%f*Ψ near (ooy ^ 0 ) in Ea,h x JVi.

(ii) Since y is a two-dimensional compact normal complex space
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and since the cusps for Sf except in the case (i) corresponds to a set

of finitely many points of *P% every meromorphic mapping of ^ — {finitely

many points of &} into a projective space PN(C) is extended to a

meromorphic mapping of & into PN(C). Thus it is sufficient to study

only the behaviour of Ψ near cusps in the case (i).

5. Poincare metric and Poincare series. We shall briefly recall
some well-known results on the Poincare metric and on the Poincare
series.

1. Let fl be a domain on the Riemann sphere whose boundary
consists of more than two points. Let \Ω(z)\dz\ be the Poincare metric
for Ω. We call XΩ the Poincare density of this metric. Then the following
proposition is well known. (See Kra [6, Chap. II, Prop. 1.1].)

PROPOSITION A.

(a) If /: Ω —> Ωx is a con formal mapping, then

I = λ f l W , z e Ω .

(b) If Ωx c Ω, then xΩ{z) <: XΩι(z) for z e Ωλ.
(c) Let δΩ(z) = mf{\z - ζ|; ζedΩ}. Then

<*1 , zeΩ .

(d) If Ω is connected and simply connected and if oo e Ω, then

XΩ(z)δΩ(z) ̂  1/4 .

2. Let Γ be a finitely generated Fuchsian group of the first kind
with translations acting on the upper half-plane U. Let ΓTO be the
stabilizer of °o for Γ. Then Γoo is generated by a parabolic element
7~(z) = z + c with c > 0. Writing ΓOO\Γ = Γoo70 + Γo°7i + , we have
a system (Γao\Γ) = {y^i — 0, 1, 2, •} of representatives of the cosets
Γoo\Γ. The following proposition is also known. (See Lehner [7, Chap.
2, Prop. l.B and Prop. l.E].)

PROPOSITION B. For any integer q > 1, the series

converges for each ze U and converges uniformly on each closed region

Ea = {z = x + iy\\x\^ a~\ y > a > 0} .

Let xQ be a parabolic fixed point for Γ on the real axis which is not
equivalent to °o under Γ and take the real Mobius transformation
a(z) = (zx0 — 1)1 z sending x0 into oo. Then the series
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3=0

converges to zero uniformly as z tends to oo through Ea.

3. Let X be a bounded domain in Cn and let H be a discrete sub-
group of the analytic automorphism group of X. For any bounded
holomorphic function / on X, we set

for xeX. This series is called the Poincare series of weight q for H.
The following proposition holds. (See Baily [1, Chap. 5, Prop. 1].)

PROPOSITION C. The Poincare series Pf converges absolutely and

uniformly on each compact subset of X for q^2 and is a holomorphic

q-form on X for H.

We denote by Ha the stabilizer of α e l i n ίί. Let ^V be a neigh-
bourhood of the origin O in Cn and let λα be a biholomorphic mapping
of ^V onto a neighbourhood ^ of α stable under Ha with λβ(O) = a
and \Jλa{0)\ = 1. We may assume that Λ^, ^/ and λα are chosen in such
a way that (1) heH, h{^) Π ̂ ^ 0 imply heHa, and (2) Ha = λ"1 °Hao\a

acts on ^/K by linear transformations.
If / is a holomorphic function on a neighbourhood of a satisfying

f(h(x))Jh(x)q = f(x) for all heHa when h(x) is contained in the domain
of definition def (/) of /, then we say / is a local automorphic form of
weight q with respect to Ha. For such a function /, define \*f by

(λί/)(C) -

for ζ e ^V Π λαx(def (/)). Then we have

(λί/)(Λ(ζ)) -

for each heSa. Since heHa is linear, J^(Q is a constant iV-th root of
unity, where N is the order of Ha. Let J^(q)a denote the linear space
of germs of local automorphic forms of weight q for Ha at a. For each
q devisible by JV, the mapping λj is an isomorphism of J^(q)a onto the
ring έ7(ίϊa) of germs of Ha-invariant holomorphic functions at 0. Let
^f0 be the maximal ideal in the ring ^ of germs of holomorphic func-
tions at 0 in Cn, that is,

Then we know that the following proposition holds. (See Baily [1, Chap.
5, Theorem 10].)
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PROPOSITION D. Let au , ak e X belong to distinct orbits of H and
let a positive integer I be given. Let ft e ^{Ha) be given for i = 1, , k.
Then there exists a positive integer q and a Poincare series Pf of weight
q for H such that

in a neighborhood of 0 for each i — 1, •••,&.

6. Poincare series on & for &. Let / be an arbitrary bounded
holomorphic function on the domain 3f defined in §2. Assume that
I/I SM on &. We set

, w) = Σ / [ ( 7 , ff)(τ, w)][Jσ,9)(τ, w)Y

), Hσ,g)(τ,

for (r, W) e ^ , where (7, flr) runs through ΓxG, H[r,g)(τ, w) = dHσ)g)(τ, w)/dw
and g ^ 2 is an arbitrary integer. By Proposition C, this Poincare series
Pf converges absolutely and uniformly on any compact subset of 3f and
is a holomorphic g-form for 5^.

We study the behaviour of Pf near a cusp for <&. Let (τ0, w0) be
a cusp for Sf such that τ0 is a cusp for Γ and wQeDTQ. We use the
notations of §4 and §5. Let Γ* = A~1oΓ<>A and 7* = A'1070A for
each γ e Γ . The stabilizer Γ* of 00 in Γ* is generated by 70* = 4 " l o 7 ° i
which is a translation 70*(τ) = r + c0 with a positive constant c0. Let
{7? Ii = 0, 1, 2, •••} be a system of representatives of the left cosets
Γ*\Γ*.

LEMMA 1. There exists a positive constant Cx such that

geG

on A(Ea>b) x Nδ for each 7 6 Γ.

PROOF. Let λΓ be the Poincare density of Dτ and Fτ a fundamental
domain for GT. We set gτ(w) = H{lt9)(τ, w) for each geG. Since (7, g) —
(1, ω rogoo)-1)^, 1), we have Hσ>g)(τ, w) = (ω r o0oω-% Γ ) oi? ( r ) 1 ) ( τ , w ) .
Hence,

Σ I Hlr,β)(τ, w) |9 - Σ I {(α)r o ff o ω~%τ) o fΓ(ril)}'(τ, w) |9

and
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ί\ Mwf-gΣ IH[r,g){τ, w)\"\dwAdw\
J JFT geG

= Σ ί\ Xτ(wγ-<Ig'm
g efr J J Fτ

= Σ (\ λΠr)(z)?-'Ig'rM(z)\q\dzΛdz\

M(τ, w))\-\H'VM(τ, w)\"\dwAdw\

geG

D

for each r e D , where * - fT(ril)(r, w), Fr{τ) = HσΛ)(τ9 Fτ) and Ω = ( | ^ | < 2)
which contains D r ( r ) for each τ e Z). We may assume that iV3δ = (| w - w0 \ < 3δ)
is contained in Fτ for each τ e A(Ea,h). Since Xτ(w)δDτ(w) g 1 by Proposition
A, we have δDτ(w)q-2 ^xτ(w)2-q for w e D r . Hence

\H'{r,g)(τ,w)\'\dwΛdw\

δ

^ δ*-qΣ (( 8Bτ(w)"-'IH;ug)(τ, w)\"\dw/\dw
geG J JN2§

^ F-qΣ ί( λr(w)2-'Iίί('r,s)(r, w)\'\dwΛdw\
geG J JFT

Therefore, there exists a positive constant d such that

for each (τ, w) e A(Ea>b) x JV, and for each γ e f .

LEMMA 2. T%ere βίcίsίs α positive constant C2 such that

0 % JSr.,B, f o r each j = 0 , 1 , 2 , •••-.

PROOF. Let A{t) = eiβ(t - ia)/(t + ία) and 70*(ί) = t + c0, where a and
c0 are positive real numbers and θ is real. Set 7*(ί) = M + iv with v > 0.
Then we have

1= (2α)« Σ
n——o

dx

π
+ (a +

2

c0n)2 + (α

2 _
(a + v

co(a + v)29-1 (a + v)
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aq

Now we have the following:

THEOREM 1. Let (τ0, w0) be a cusp for & such that τ0 is a cusp for
Γ and w0 e DTQ. Then (Jzf*Pf)(t, w) converges to zero uniformly as (£, w)
tends to (oof Wl) with w1eNδ through Ea,b x Nδ.

PROOF.

t,w)\ = | Σ / [ ( r , g){A(Jb), w)][Jσ,9)(A(t), w)YA'(t)<\

γ,J)U(t),w)]\\H'{ΐ>g)(A(t),

Σ[ Σ ί Σ I ^ .ri
j=0 n=—oo geG J

and the series on the right hand side converges to zero uniformly as
(£, w) tends to (°o, wj through Eatb x Nδ by Proposition B and Lemmas
1, 2. This proves our Theorem 1.

Let a = (τ0, w0) be a point of ^ and let GrofWo be the stabilizer of
w0 in GTQ. We use the notations of § 5.3.

Case 1. Gro,Wo = {id}. We set (x, y) = (τ — τ0, w — w0) and Xa(x, y) =

(x + τQf y + w0). Then (a;, ?/) are local coordinates of £&{& in a neigh-
bourhood of [τ0, w0]. Since the stabilizer ^ α of a in ^ is trivial, the
group gfo = λ"1 o^ f l oλ α is also trivial. Therefore, each element of ^ ( # α )
is a convergent power series

Σ a*»x*VM

w,m=0

Case 2. Gro,Wo is generated by an elliptic transformation gΐQ. The
transformation w = gτ(w) is given by the relation

(w - ξi(τ))l(w - f2(τ)) = exv(2πψ)(w - f1(τ))/(w - f£(r)) ,

where ξ^τ) Φ ξ2(τ) are holomorphic functions of τ 6 D and f^ΓQ) = w0.
We set

(«, «) = ((fi(τ0) - f2(τ0))(τ - τ0), (w - f ^ T ) ) / ^ - £2(τ))) ,

λβ(ί, 2) = (r, W) and (a?, ί/) = (t, ^ v). For the stabilizer 5^α of α in g^, the

group ^ α = x~1 o ^ a o \ a is generated by the linear transformation sending

(ί, «) into (ί, (exp27ri/y)a;). Since each element φ of ^ ( ^ α ) is a convergent

power series

n,m=0
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the function φ is regarded as a holomorphic function of (x, y) = (ί, zv)
and (x, y) are local coordinates of 3f\& in a neighbourhood of [τ0, w0].

Thus, for any point a = (r0, w0)
 e ^ a n ( i f° r a n y automorphic form

/o of weight #o for & with /0(α) Φ 0, Proposition D implies that there
exist two Poincare series fx and f2 for & of the same weight q such
that

y) ^ o

at (a?, 2/) = 0 for all positive integers d0 and d with do<jro = dg.
Now we have the following.

PROPOSITION 1. Let a = (τ0, w0) be a point of & and let f0 be an
automorphic form of weight q0 on 22 for *& with /0(α) Φ 0. Then there
exist two Poincare series fl9 f2 for & of the same weight q such that

diteAm^fo)**, (λ:/2)7(λ:/o)do)/a(^, V)ΦO

at (x, y) = 0 for all positive integers d0, d with dQq0 = dq, where (a?, y)
are local coordinates of &I& in a neighbourhood of [τ0, w0] so that
[τ0, wQ] is given by (x, y) = 0.

7. Poincare-Eisenstein series on £& for &. We use the notations
in § 3 and § 4, but for the sake of simplicity, let us simply denote B,
ft, σ and σό instead of pι°A,fMt), 7* and 7*, respectively.

For any bounded holomorphic function / on §ΊJf set

Q/(C, w) = Σ / K , λ(C, w)][h'(ζ, w)Y

for (ζ, w) e g7!,,-, where Λ(«, •) runs through Ht(ζ) and h'(ζ, w) = dh(ζ, w)/dw.
Proposition C implies that this Poincare series Qf is a holomorphic q-ίorm
on g7,,,. for ^ t f i .

Let Tι be a cusp for Γ with ί, = p(τi) and let 7ΓZ be a generator of
the stabilizer ΓH of τz in Γ. The element j l f T ι = (7r,)

1'0 is a generator of
the stabilizer ΓhH of Γj in Γt. Take a Mδbius transformation A: U->D
such that A"1 o 7Γi o A(t) = t + c for a positive constant c. Let Γf =
A-1 o r o A, Γίr, = A"1 o Γi,Γi o A and σ = A-1 o 7 o A for 7 e Γ. We set

tf w) =

Then

«/(«, w) - Qf[B(t), ft(w)][fi(w)V

is a g-form on &* for &*τι = J&'-1<>&ιtVι

Q*$/'. In fact, for each (<7,



242 Y. IMAYOSHI

with σ = A-1 o 7 o A, we have Rf[(σ, g)(t, w)][J{σ,g)(t, w)Y = Qf[B o σ(t),
foit)°H{σ,β)(t, w)][(fσ{t)oH{σ>g)Y(t, w)Y = Qf[PιoyoA(t), fγoA{t)oHσ>g)(A(t), w)]x
[(froA{t)°H{ΐ}g)y(A(t), w)Y. Since o)TliH of N(G) is induced by a quasicon-
formal automorphism of S which is homotopic to a product of v-th powers
of Dehn twists about Jordan curves on S mapped by at into nodes of
Su we see that, if v0 is sufficiently large, then there exists an element
h(B(t), •) of Ht(B(t)) with

froMt)oHσ,g)(A(t), w) = h(B(t), ft(w))

for an element yeΓltTι. Since p^y = pt for yerhri and σr = 1 for
<7 e Γ I f Γ |, we get ^ [ ( σ , flf)(ί, «;)][/(.,„(«, w)Y = Qf[B(t), h(B(t), ft(w))][{h(B(t),
ft{w))}fY = Qf[B(t), ft(w)][fί(w)]q = Rf(t, w). Hence ^ is a g-form on ^ *
for 5 f £ r

Let ΓΓ - Σ?=oΛ*rί o 0V Set

jB/(ί, w) = Σ Rf[(0i91)(^> /^)][^(<7i,i)(^
 W)Y

for (ί, ^ ) e ^ z * . This series E* is called a Poincare-Eisenstein series for
&*. Explicitly, E* is given by

E*(t, w) = Σ {/[^ ° ^ί(0> h(Boat(t)f fσ.{t) oH{σ.fl)(t, w))]

X [{/̂ (.D ° Oi\t\ fσ<i{t) ° H(σ.tι)(tf w))} Y}(7i\t)q ,

where Λ(Bσt(ί), ) runs through iίjCB © <7<(ί)) for i = 0, 1, 2,

LEMMA 3. Lei ί0 6e a point in U or a parabolic fixed point of Γf
and let w0 be a point in DA{to). Take a neighbourhood Δ of t0 or a cusp
region Δ at t0 such that a neighbourhood Nδ of w0 is contained in DMt)

for each t in Δ. Then there exists a positive constant not depending on
i = 0, 1, 2, such that

Σ I {h(B o alt), fatW o jff(α<il)(ί, w))Y | ? ^ C3

on Δ x Nδ, where hiBσ^t), •) runs through H^Boσ^t)).

PROOF. Let τ = A(t), ζ = Boσt(t)f Φ(w) = fσiw
ΌH{σ.Λ)(t, w) and let λΓ

be the Poincare density of Dτ. Let Xh be the Poincare density of the
domain Δh = h(ζf Δhj(Q) for each heHι(Q. Since h(ζ, φ(w)):Dτ-*Δh is a
universal covering, by definition, λΛ[Λ(ζ, ^(w))]|{Λ(ζ, ^(^))}'|— λΓ(w). Hence,
for a fundamental domain JP for GΓ,

? /r//ϊ/? Λ /7/j7? — >^ 1 1 "\ ( O'i —^ /"/ Λ» Λ /γ<yI Lt/ M/ / \ KM VU / i I I Ai^^^vy L(/<v / \ W/<v | ,

lι JjFfr

where F A = h(ζ, φ(F)) and 2 = Λ(ζ, ^(w)). Since 7C(») = 3 + O(l/|z|) as 3
tends to 00 9 Koebe's one-quarter theorem implies there is a positive
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constant r0 such that Ah is contained in Do — (\z\ < r0) for each ζ e E and
each fe(ζ, •) G jffϊ(ζ). If λ0 is the Poincare density of Do, then xh(z) ^ λo(z)
for zeJh. Therefore,

Fh

for each teU, where K2 is a positive constant not depending on i =
0, 1, 2, . Hence, by the same reasoning as in the proof of Lemma 1,
we can prove Lemma 3.

THEOREM 2. The Poincare-Eisenstein series E* for <&* converges
absolutely and uniformly on any compact subset of 3f* and is a holo-
morphic q-form for &*.

PROOF. Proposition B and Lemma 3 imply that E* converges
absolutely and uniformly on any compact subset of 3ί*.

For each (σ, g) e gf,*, we have

Ef*[(σ, g)(t, w)][J{a,g)(t, w)Y - Σ Λ / [ ( ^ ° ^ , 9)(t, w)][J{Ci.a§g){t, w)Y .

Since there exists an integer at and a non-negative integer Jct with
σtoσ = (jt,τι)

aioσki for each i, we have (σ^σ, g) = {{Ίhn)
a\ 9i)°(σkif 1)

with gt = o)rk.ogoα>-\ and 7k. = Aoσk.oA~\ Hence, Ef[{σ, g){t, w)]
[J<otβ)(t, w)Y = ΣΓ=o^/[K, l)(ί, w)]^^,!)^, ^)] 9 = E*(t, w). Therefore, Ef
is a g-form for ^ * . This completes the proof of Theorem 2.

Now, we set

Ef(τ, w) = ((J^- 1 )*^/)^, w) .

Then Ef is a g-form on £& for ^ , which is called a Poincare-Eisenstein
series on 3ί for g7.

We study the behaviour of Ef near cusps of &.

THEOREM 3. // WιβDτι, then J^*Ef is bounded in the domain
Ea,b x Nδ for (τh w{). If wt e Ωritj9 then (<M*Ef)(t, w) converges uniformly
to

EKτi, w) = £ { Σ / [ ^ ( T , ) , hofrιoHσt9l)(τlf wMhof^H^)'^, Wl)Y\

as (t, w) tends to (co? ^ ) through Ea>b x JV,, where wλ e iVδ αticί 7€ = (τΓz)\
Moreover, E} is a holomorphic q-form on ΩUij for the group generated
by Gτifj and Hσ.fl), n = 1, 2, , v0 — 1. O?ι ίΛ,β other hand, if a parabolic
fixed point τQ for Γ is not equivalent to τx under Γ and if wQ e Dτ, then
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(j%f*Ef)(t, w) converges to zero uniformly as (t, w) tends to (°oy wλ) with
w1eN9 through Eatb x Nδ.

PROOF. By Proposition B and Lemma 3, it is clear that J^*Ef = E*
is bounded in Eatb x Nδ and it is also clear that E* converges uniformly
on any compact subset of Ωτitj as (ί, w) tends to (oo, wλ) through Eatb x Nt.
Each covering fσ.U) °H{σ.fl)(ί, w) converges uniformly to the covering
fn°Hσ.yl)(τι, Wi) as (t, w) tends to (°o, wλ) through Ea>b x Nδ. As stated
in §3, VζohoV Γ1 converges uniformly to h for each heHu and Vζoho
(F ζ ) - 1 converges uniformly to a constant mapping for each heβi —
VιoHιo(Vι)~1 on any compact subset of Ω\H^ as ζ tends to ζι# There-
fore, if wι 6 i2ri,y, then limU}W)^{oo>Wl) (j#ϊ*Ef)(t, w) = ̂ /(^o, wj = Σ S 1

{Σ*e2rίfy/[|0,(rι), hofτιoHσiΛτι, wι)ψiofτιoH,ϊίΛ))\τlj Wl)]9h
Let τ0 be a cusp of Γ which is not equivalent to τt under Γ. We

set

A = A,oβ, ^(f f W) = (5(t)f w) and j ^ ( ί , w) - (A(ί), w). Then

(j^*Ef)(t9 w) = (^*£ r/)(ί, w) = E?(B(t), w)B'(t)q .

Hence, Proposition B and Lemma 3 imply that (J^*£ r

/)(ί, w) converges
to zero uniformly as (ί, w) tends to (oô  w^ through Ea>b x Nδ. This
completes the proof of Theorem 3.

Now, by Propositions B, D and Theorem 3, it can be proved that
for each I = 1, —, nQ, there exist finitely many Poincare-Eisenstein series
EflΛ, •••, EfUaι on £2f for & of the same weight such that they have
finitely many common zeros on the compactification of DTJGTr Therefore,
Efι§1,^ -., Efuaί, , ί?/noι l, , Efno)ano have finitely many common zeros
on £&φ - 3f\&.

Thus, we have the following.

COROLLARY. Let Σ = SP\§? — 2f\^. Then there exist finitely many
Poincare-Eisenstein series Elf , Em on & for & of the same weight
q0 such that they have finitely many common zeros on Σ.

Now, we have the following.

THEOREM 4. If fι and f2 are non-zero Poincare or Poincare-Eisenstein
series for & of the same weight q, then the quotient f = (fJfzY is a
meromorphic function on S^ for all positive integers d0, d with doqo = dq.

PROOF. Let Zx be the set of common zeros of Eί9 , Em on Σ and
let Z2 be the set of points on Σ which correspond to cusps (r0, wQ) for
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<& with wQ e ^ Γ o . Set Z = Zil) Z2, which consists of finitely many points.
Since fl9 f2 are holomorphic on £^, it is clear that / is meromorphic on
&/&. For each point peΣ — Z, there exists a Poincare-Eisenstein
series Et for some i = 1, , m such that ^(p) ^ 0. By Theorems 1
and 3, the functions (fd)/(Ed°) and (fd)/(Eι

d°) are holomorphic and bounded
in Up — Σ, where Up is a neighbourhood of p in 6^. Since ^ is normal
and I7 is a one-dimensional analytic subset of &, (fd)/(Edή and (f2

d)/(Ez

dή
are holomorphic in t/,,, which implies that / is meromorphic on S? — Z.
Therefore, by Levi's extension theorem, / is meromorphic on &. This
completes the proof of Theorem 4.

8. Bimeromorphic embedding of algebraic surfaces into projective
spaces by automorphic forms.

THEOREM 5. There exist holomorphic automorphic forms φQf — -,φN

of the same weight on 3ϊ for *& so that Φ = (φQ9 , φN) induces a
bimeromorphic embedding of 6^ — 3^\^ into the N-dimensional complex
protective space PN(C).

PROOF. Set Σ = &/%?-&!&'. There exist finitely many Poincare-
Eisenstein series Eu — yEm of the same weight q0 on 3ί for & such
that the set Zλ of their common zeros on Σ consists of finitely many
points. Let Z2 be the set of all points on Σ which correspond to cusps
(r0, Wo) for ^ with w0 e ^* 0.

For arbitrary non-zero Poincare series /0, f for & of the same weight
q, Theorem 4 implies that F1 = (f1/f0)

d is a meromorphic function on & for
all positive integers dQ, d with doqo = dq. Let I{F^) be the set of points
of indeterminacy of Fλ. Set

X) = { (p, q)IFλ(p) = Fx(a), p , q e &

Since 4(2^) is a three-dimensional analytic subset of ( ^ — /(FJ) x
( ^ - /(FJ) - ( ^ x /(FJ) U (/(Fi) x ^ ) and since ( ^ x /(F^) U (/(Fx) x &)
is a two-dimensional analytic subset of Sf x ^ , Remmert-Stein s exten-
sion theorem implies that the closure of J(FX) in ^ x ^ is a three-
dimensional analytic subset of & x ^ . Therefore, by Proposition D
and Theorem 4, there exist finitely many Poincare series /<ι0, /<fl for ^
of the same weight qt for each i = 1, , a such that the mapping
F = (/i,o,/i,i; ••• fa.offa.i) o f ^ i n t o t h e Product of a copies of Λ(C) is
meromorphic on & and is injective on £f — Σ.

For arbitrary non-zero Poincare series g0, glf g2 for & of the same
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weight qr, Theorem 4 implies that G1 = (gJgoY and G2 = (g2/g0Y are
meromorphic functions on & for all positive integers d0, d with doqo = dq\
Let /(Gi, G2) be the set of points of indeterminacy of Gι or G2 and let Sing(^)
be the set of singular points of &. Since y is a normal complex
space, I(Gl9 G2) and Sing(^) are analytic subsets of & of codimension
2. The set D(Gl9 G2) of points on & - I(Glf G2) USing(^), where the
mapping (Gl9 G2) is degenerate, is a one-dimensional analytic subset of
&* — I(Glf G2) USing(^). By Remmert-Stein's extension theorem, the
closure of D(Gl9 G2) in & is a one-dimensional analytic subset of ά*.
Therefore, by Proposition 1 and Theorem 4, there exist finitely many
Poincare series gSιOf gj)U gj>2 for ^ of the same weight q) for each j =
1, , β such that the mapping G = (glt0, gltl, g1}2; •; gβt0, gβ^ gβ,2) of &

into the product of β copies of P2(C) is meromorphic on & and is of
maximal rank at every point of S^ — Σ.

We now use the well-known Segre mapping, that is, for any two
projective spaces Pn(C) and Pm{C), the Segre mapping is an injective
holomorphic mapping of Pn(C)xPm(C) into PM(C), where M = {{n + l)x
(m + 1) — 1). By this Segre mapping, the above mappings F and G
induce a meromorphic mapping Φ of & into PN(C), where N = 2α3^ — 1.
This mapping Φ is injective on S^ — Σ and is of maximal rank at every
point of & - Σ. We set

Since Φ is a meromorphic mapping of & into PN(C), the graph Gφ of Φ
is a two-dimensional analytic subset of & x PN(C) and the projection px

of Gφ onto &* is a proper modification. Let p2 be the projection of Gφ

into PN(C) and let 3Γ = P2(GΦ). Then, by the proper mapping theorem,
Y is an analytic subset of PN(C). If pF is the projection of Gφ onto Y,
then pF induces a biholomorphic mapping of Gφ — pγ\pY(Σ)) onto Y — pγ(Σ),
which implies that pγ is a proper modification. Therefore Φ\ & —>Y is
a bimeromorphic mapping. This completes the proof of Theorem 5.
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