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1. Preliminaries. Let I" and 4 be a non-elementary finitely generated
Fuchsian group of the second kind and its limit set, respectively. Put
M6, A) = inf >}, | I,|’, where the infimum is taken over all coverings of
4 by sequences {I,} of sets I, with the spherical diameter |I,| less than
a given number 6 > 0. Further, put M,(4) = sup M6, 4), which is
called the t-dimensional Hausdorff measure of 4. It is shown in [2]
that if oo ¢ 4, M,(A) = sup,inf X, diat (I,), where the infimum is taken
over all coverings of A4 by sequences {I;} of sets I, with the Euclidean
diameter dia (I;). We call d(4) = inf {t > 0; M,(4) = 0} the Hausdorff
dimension of 4. In [3] Beardon proved that d(4) < 1 for the limit set
A(3 ) of any finitely generated Fuchsian group of the second kind.

The purpose of this note is to show the continuity of d(4) with
respect to quasiconformal deformations of I.

Let w be a K-quasiconformal mapping of the unit dise D onto itself
and w(0) = 0. The following distortion theorem is due to Mori [5].

PROPOSITION 1. Let w be a K-quasiconformal mapping of D onto
itself and w(0) = 0. Then for every pair of points 2, 2, with |z,| =1,
|2, = 1,

lw(z) — w(z,)| < 16|z, — 2.V, (2, # 2,) .

Let I' be a finitely generated Fuchsian group acting on D. We
say that I” has a type (g9;n;m) if S = D/I" is obtained from a compact
surface of genus g by removing 5 (= 0) points, m (= 0) conformal
disecs and if there are finitely many, say & (= 0), ramification points
on S, where n =75 + k. Suppose that to each ramification point a;
(t=1,2,---,k) on S, there is assigned an integer v,, 1<y, v, <.+ =
v, < +. Then we say that I has the signature (g;v, v, *--, Vs,
Yiys, *°°, Yy m), where y,,, = --- =y, , =p, = c. We call an isomor-
phism X of a Fuchsian group I’, onto I', quasiconformal if there exists
a quasiconformal mapping w which maps D onto itself and w(0) =0
such that X(A) = wAw™ for all Ael',., The following proposition was
proved by Bers [4].
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PROPOSITION 2. Assume that 'y, ', have the same signature (g;v,
Yy, +o+, Vs m). Then I'y is quasiconformally isomorphic to I',.

2. Statement of the theorem. Let B(D) denote the set of all
bounded measurable functions p(z) (|z] < o) with esssup, . |24(2)| < 1,
which satisfy the condition p(z) = p(1/2)z%/2>. The Beltrami equation
f: = ¢f, has one and only one normalized solution w*(z) with w#(0) = 0,
w#(1) = 1 which maps D quasiconformally onto itself. Set B(D, I') =
{¢te B(D)|p(A)A'|A’' = p(z) for all Ael'}. Let I, I', be finitely gener-
ated Fuchsian groups of the second kind with the same signature.
By Proposition 2, I, is quasiconformally isomorphic to I',. For any
real number s 0=s=<1), sueB(D, I, if peB(D, ;). Hence I',=
wtl (w*)~* is also a Fuchsian group leaving the unit disec D.

Now we shall prove the following theorem.

THEOREM 1. Let Iy, I'; be finitely generated Fuchsian groups of
the second kind with the same signature. Let I', be a Fuchsian group
constructed above for any real number s (0= s=1) and let A, be the
limit set of I',. Then d(4,) is continuous in s (0 = s < 1).

Before going into the proof of Theorem 1, we shall show the follow-
ing lemma.

LEMMA 1. Let F be a compact set in {|z| < 1}. Then
K-d(F) = d(w(F)) = Kd(F) ,

where w(z) s a K-quasiconformal mapping of the unit disc onto itself
and w(0) = 0.

Proor orF LEMMA 1. First, we shall prove the second inequality
d(w(F)) < Kd(F'). Assume that Kd(F') < d(w(F')) for some K-quasicon-
formal mapping w of the unit dise onto itslf with w(0) = 0. Take and
fix ¢t >0 such that Kd(F) < Kt < d(w(F')). Then M,(F)=0. By the
definition of the Hausdorff measure, for any ¢ > 0, there are a positive
number ¢ and a covering {I;} of F with dia (I;)<<d such that >, dia’ ([;) <
¢. Let d; be the diameter of w(I,N D). Then we have d,<16 (dia (I,))"*
by Proposition 1. We take a disc I; with radius d,; centered at some
point w,ew([[NF) (1=1,2, ---). It is easily seen that {I/} is a cover-
ing of w(F'). It is well known that d(E) < 2 for any compact set E
of € = CU{}. Therefore we have

> dia®* (1)) = 82%* Z{] dia® (I;) < 32%-¢ .

As ¢ is arbitrary, we obtain Mg (w(F')) = 0. This contradicts the
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assumption Kt < d(w(F')). The first inequality is given similarly by
considering the inverse K-quasiconformal mapping w='. Therefore we
have our lemma.

PROOF OF THEOREM 1. By Proposition 2, I, is quasiconformally iso-
morphic to I';, that is, there is a quasiconformal mapping w* such that
' = w*l'(w*)~*. Denote by w*, w* the normalized quasiconformal map-
pings for sy, tre B(D, I'), 0 < s, t < 1, respectively. Set w* = w7ow'.
Then we have pow' = (s — t)-p-(1 — st| g~ wi*- (wi*)~* (see [1, p. 9.
Set K =esssup (1l + [7])/1 — |7p|). Then w” is a K-quasiconformal map-
ping such that w’(4,) = 4, and w’(0) = 0. We have from Lemma 1

[log d(4,) — log d(4,)| < esssup [sy, t¢],

where [a, b] denotes the non-Euclidean distance between two points a
and b in D measured by the metric ds = 2|dw|(1 — |w[»)~* in D. Thus
we have Theorem 1.

3. Application. Let G, be the Hecke group generated by P,:z+
2+ 2(1+ a) and E:z2— —27' (0 < a < «). Then G, is a Fuchsian group
of the second kind except when a = 0. Let 4, be the limit set of G,.
The following inequality was proved by Beardon [3]:

(1) d(4,) =1 — 8(3a + 18a'?)

for a sufficiently small number « > 0. On the other hand, there is a
positive number «, depending only on any given small number ¢ such
that

(2) 12<dd) <12 +e, (azay,
(see [3], [6]).

Now we shall prove the following.

THEOREM 2. Assume that 1/2 < s <1l. Then there is a Hecke
group G, with d(4,) = s.

Proor. Take and fix a number s (1/2 < s < 1). Then there is an
arbitrarily small number ¢ > 0 such that 1/2 + e <s<1—e¢. Let ¢ be
fixed. Then we can find Hecke groups with real parameters p» and
q such that d(4,) >1—¢ for 0 < p < p, and 1/2 < d(4,) < 1/2 + ¢ for
0<¢,<qby Q) and (2). The mapping T®@) = (z — V' —L)(z + vV —1)*
sends the upper half-plane H onto the unit dise D. Let G, = TG,T-.
Then G, is a Fuchsian group of the second kind generated by

P,=<1+(1+a)1i—_1 —(1+a)1/:1> and E,:<—1/——1 o_>.
‘ A+apy/=1 1-(1+ap—1 0 V-1
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Denote by I, =1{2; |2—1 + (1 + &)V =1)| = 1+ )} and I;'=
{z; |z — 1 — A+ a1V —=1] =1 + a)'} the isometric circles of P, and
(Py)™, respectively. Let R, be the fundamental region of G, whose
boundary consists of I,, I;', the imaginary axis and two ares lying on
{lz] = 1}. By Proposition 2, there is a quasiconformal mapping W* such
that W#0) = 0, W#(1) = 1 and W*G,(W*)~ = G,,. By Theorem 1, there
is a Fuchsian group G} = WG, (W)~ with the property d(4(G¥)) = s.
It is easily shown that G} is freely generated by

< [TEN = , [—V—-1 0
e[ ) e (7T ),

It is easy to verify that if || <1, GF is a Fuchsian group of the first
kind. As Gy is a Fuchsian group of the second kind acting on the
unit dise D, we have 1 + 1 =1 —x. Thus A is pure imaginary and
further |)|> 1. Replacing |A| by (1 + a) (@ > 0), we have the Hecke
group T'G¥T = G, with d(4,) = s. Thus we have the desired result.
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