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1. Let Mw) be a monotone increasing and differentiable function
on (C, ) for some finite positive number C tending to infinity as @ — .
A given infinite series > u, is said to be absolutely summable by Riesz’s
method of order » and type Mw) and denoted > u, € |R, Mw), r|, » > 0,
if

oo N’(w) _ . .
SA M) |ﬂ% {Mw) — M) M), do < oo,

where A is a finite positive number (Mohanty [6], Obrechkoff [7]).

Let f(t)e L(—=, @) be a 2z-periodic function. Without any loss of
generality we may assume that the constant term of the Fourier series
of f(t) is zero, so that

fit) ~ 2 (a, cos nt + b, sin nt) = 2 At) .

Throughout this paper we shall use the following notations:
P@) = (flx + t) + flw —1)/2,
D T PR
P40 = 7 So(t wWpwdu, B8>0,
Pp(t) = I'(B + 1)t~°04(2) ,
e(w) = exp ®*, 0<a<l,
Q(n, w, 8) = [e(w) — e(n)]"'e(n)n*, 0<r<1,
Ew,t, s) = > Qn, w, s)exp int ,

n<w
where s is a real number,

9(®@, u, 5) = SZ(t — w)* Re E(w, ¢, 5)d¢ ,

G(w, u, s) = Su v””éa—g(w, v, s)dv , 0=0,
0 v
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Hw, u, s) = Sn v"*”aig(a), v, 8)dv .
v

u

C, C, --- denote absolute constants, possibly different at different
occurrences.
The author wishes to thank the referees for their helpful comments.

2. Absolute Riesz summability for the Fourier series of a function
of bounded variation are investigated by many authors, for example, P.
Chandra, G. D. Dikshit, K. Matsumoto, R. Mohanty and others. In this
paper we prove the following new theorem:

THEOREM. Let 0<8<1, 620, 0<s+R83<d+B8<1 and a=
(0 — 8)/(0 + B), then t™°®4(t) € BV(0, &) implies that D>, n*A,(x) is summa-
ble |R, e(w), r|, with » > 6 + B.

We shall use the following Lemmas to prove our Theorem.

LEMMA 1. Let 0<r<1, and 1< AL w for a suitable positive
constant A. Then

(i) Ew,t, s) = Ot "@“ "% (g(w))" + Q(m, w, 8)}, for w*<t<x
0<a<l, .

(ii) Ew,t, s) = Ol *(e(w)) + Q(m, w, s)}, for all t > 0.

PROOF. E(w,t,8) =« @, ®, 8) expint = 0L, + iy +)Q(n, ®,8) X
expint = S, + S,, say, where w, = [w — 1/t] and m = [w].
Since Q(n, w, s) and e(n)n® are ultimately increasing in n, we have

18 < @, ®,s) max |3 expint|

— O[{(@ — @)@ e(@,))"e(@)wit™"]
— O{t—rw(a——l)(r—1)+a(e(a)))r}

for 0<t<rm (w, < w, <w). And
IS:| < S: Q, w, s)dz + Q(m, ®, s)

= O{I(e(w) — ¢(w)) W)
+ O{(e(w) — e(w))}

e O{t—’rw(a—l)‘r(e(a)))'ra)i-—a+l}
+ O{t"w"* " (e(w))" max (@, @i~}
+ Q(m, w, s) .
Since it is easy to see that (w — 1/t)) ~ @' forany lif t ' < w* (0 < a < 1),

Swl x““dx‘ + Qm, w,8), w < w <w
wl
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we obtain (i) by |S,| and |S,|.
Let wf = w* — 1, then

B, 1,9 = 3 Qn, 0,9 = | Q, 0, 5ds + Qum, 0, )

= {S:Z + S;} Qx, ®, s)dx + Q(m, ®, s)

=T+ T,+ Qm, w, s), say.
Since (e(x))/%x*~**! is increasing for x > A, we have:

7, < (@) — o)™ | L e@)yLaertetw) da

= Of(e(@))"(e(@,)) " @: ™" (e(@,))""’}
= O{(e(w) @' "'} .

7. = | @@, 0, 9z = Ofar**[(e(@) - e@)'L)

= Of(e(@)) @~} .
From T,, T, we obtain the estimate (ii).

LEMMA 2. If0<a<1,0=28<1land 0<do+83<r

O{u—ra)(a—l)(r—l)+a+ﬁ—1(e(w))r + Q(m, o, s + B — 1)} ,
Jfor ot <u<m,
Olw* ™ %(e(®))" + Q(m, w, s + B8 — 1)},
for all >0,
(ii) G(w, u, s) = W w***~*(e(w))} + w**Q(m, ®,s + 8 — 1)},
Jor all u >0,
(iii) H(w, u, s) = O{u’ e r-tetb=1 (@) + Q(m, w, s + B — 1)},
Jor o <u<lm.
ProoF. Using the first and second mean value theorems

(1) 9@, u,s) =

SI (t — u)~? cos ntdt

u+m/n T
= (S + S >(t — w)~# cos nitdt
u+n/n

w

u+tn/n

- nf (v
= COS NU, S (t — w)~?dt + ‘TS cos ntdt ,
T

2 u+m/n

UEUUL=UFTMEUST

ot nF cos nu. - nf <sin nu, _ sin(nu + n‘))
S U L .
1-p3 vl n n
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Thus
9@, u, 5) = S (t — u)~* Re E(w, ¢, s)dt

= Samo, s)S" (t — w)~* cos ntdt

= C,Re E(w, u;, s + 8 — 1) + C{Im E(w, u,, s + B8 — 1)
+ Im E(w, w,s + 8 — 1)} .

Hence, we get (i) by the estimates in Lemma 1. And
G(w, u, s) = Su ”“a —9g(w, v, 8)dv

= u*g(w, u, s) — (0 + B) S: v’ g(w, v, 8)dv
= O{uw’ @t *(e(w))} + O{w’**Q(m, w, s + B — 1)}

by (i) of this Lemma. Finally, by the estimate of g(®,u,s) for o *<u <=
and » > 0 + B, we get

Ho, u, s) = S 6+ﬂa 9 oo, v, s)dv

= [*g(@, v, )i — 0+ @) | v 'g(w, v, )dv
— O{ua—l»p—rw(a—n(r—1)+a+p-—1(e(w))r + Q(m, , s + B — 1)} .
3. Proof of Theorem. We have to show that

_ {7 _€w) o
I= L B 3 A, o, s)A,,(x)]dw <

for some constant A > 0. As the method |R, e(w), 7| is absolutely regular
(Obrechkoff [7]), it is sufficient to consider the case 0 < r < 1. Since

A, (x) = % S: @(t) cos ntdt ,

we get

S, Qn, o, 8)A,(x) = —S [S, Qn, ®, 5) cos ntlp(t)dt

n<w

- ¢, S:Re B, t, 5) S (t — w)~PdD y(w)dt

= c, S"g(w, u, 8)d0(w)
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= Closwe@, u, 9% — C, || Lo, u, 90,u)du
— a+p 0
=C, S ﬂa g, u, 8)u~’Ps(u)du
= CluP,WG(®, v, ) — C, | G(@, u, )d{u~pyw) .
Therefore, by ¢'(w) = aw® 'e(w)

=S WZQW w, $)A, (x)\da)

< S G(w, w, s)l
= 4 @ e(w))”
AN P O

4 @' (e(@))"

Thus, it suffices for our purpose to prove that
_ S"" G(w, 7, s)|

oy P <

and

g [G@, w93y~ 01) for O<u<z,
4 @ (e(w))

since u’@,(u) is of bounded variation in (0, 7). Now,
Gw, w, s) = S "“aa g(w, u, s)du
= '*fg(w, w,8) — (6 + B) SO w*g(w, u, s)du
- —(+ 0 S:wﬂ-l S (¢ — w)* Re B(w, t, s)dtdu
- —(+ B)S: Re E(w, t, 5) S: Wt — wytdudt
=~ + BB+ B1—F) 3 A o9 St cos ntdt

— 0(1){2 Qn, @, 5 — 5 — 1}

n<w

by
Y t’ cos ntdt = O(n™"7%) , 061,
0

Sinee 3, n 9" < o (6 > 8), we obviously have J < « by the absolute
regularity of the method |R, e(w), 7|.
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Next we consider about K. As G(w, u, s) = G(w, «, 8) — H(w, u, s),
we have

K = Sm IG(G); U, s)ld(l)
1 @' *(e(w))"
‘G, u, 8)| *|G(w, 7, s)|
= Sml—a(e(w))'d‘" + Sc (e

+Smm(w'—wdw=K1+Kz+Kay say ,
¢ @ (e(w))"

where {=u""* and a = (s + B)/(d + B). Since K, = 0(J) =0Q1), we
estimate K, first. Using (ii) of Lemma 2, we have

+p—a

K, = O(u*?) Si wc;l_a dw + Ow’*?) S: Q(M,wclv_,a?ezl;))ﬂir— L

= 0(w™**C**) + O(K)) = 0(1) + O(K]) ,
because 0 < s+ B and 6 + 8 — (s + B)/a = 0, where

dw

r_(FQ(m, ,s+ 8 —1)
1) K/ = , @, io .
( ) S wl—a(e(a))),. @
By (iii) of Lemma 2, we get
K= 0w | o
*Qm,w,s+ 68 —1)
+ 0(1) S( wl—a(e(w))r dw

— O(u6+ﬁ-—rCs+ﬁ+(a—1)'r) + O(K;)
= 0Q1) + O(K;) ,
because
s+B8+@—Lr=s+B8—1r@s+/)0+78
=@6+RBO+B—1/O+p<0
and 0 + 8 —r—{s + B8 + (@ — 1)r}/a = 0, where

' mQ(m,(U,S‘l‘B'—'].)
(2) K =| et 8D

Now, we have to estimate K/ + K;. Since Qm, w,s+ 83— 1) =
(e(w) — e(m))‘e(m)m ' and

[ (o) — elmy g,

m @' *(e(w))"”
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1 S"‘“ 1 (e(w)——e(m))’da)

ar In (@) d

= L (etm))y=Hetm + 1) — etm))” = O{(e(m))me-)

we obtain, by (1) and (2)

K + K siS"’“Q(m @,8+8—1)y,
P =(e(@))"

— 0(1) i“ ms+ﬂ—1+1‘(a—-1) —_ 0(1) ,

because s + 8 + (@ — 1) < 0.
Summing up the above estimates, we get J + K = O(1), which is
the required.

4. Corollaries. In this section we consider some applications of our
theorem.

If we put 6+ 8=7, s=0 or 6 =0 in our theorem respectively,
we obtain the following Corollaries 1 or 2.

COROLLARY 1 (Matsumoto [4], cf. [5]). Let 0 < B3<7Y<1. Then
t77@4(t) € BV(0, @) implies that >, A (x) is summable |R, e(w), r|, where
r>7and a =1— g8/7.

COROLLARY 2 (cf. Dikshit [1], [2]). Let 0 < 8 <1 and Pi(t) is of
bounded variation in (0, w). Then >3, n **A,(x) is summable |R, e(w), 7|,
where 0 < a <1 and r > B.

COROLLARY 3 (cf. Dikshit [3], Matsumoto [5]). Let 0 <s<d<1
and t°p(t)e BV(0, ). Then >, n'A,(x) is summable |R, e(w), r|, where
a=1—s/0 and r > 0.
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