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1. Let λ(ω) be a monotone increasing and differentiable function
on (C, oo) for some finite positive number C tending to infinity as ω —> °°.
A given infinite series Σ un is said to be absolutely summable by Riesz's
method of order r and type λ(α>) and denoted ^une \Rf λ(α>), τ\, r > 0,
if

- X{n)γ-ιX(ri)un\dω < oo ,

where A is a finite positive number (Mohanty [6], Obrechkoίf [7]).
Let f(t)eL( — π,π) be a 2ττ-periodic function. Without any loss of

generality we may assume that the constant term of the Fourier series
of f(t) is zero, so that

/(*) ~ Σ (an cos nt + bn sin nt) = Σ An(t) .
71 = 1 71 = 1

Throughout this paper we shall use the following notations:

φ{t) = (f(x + t)+ f(x - t))/2 ,

Φβ(t) = —ί- Γ (ί - uy-ιφ{u)du , β > 0 ,

Γ(β) Jo
= Γ{β + ΐ)t->Φβ(f) ,

e(ω) = exp ωα , 0 < a < 1 ,

Q(n, ft), s) = [e(ω) - e(n)]r-χn)n8 , 0 < r < 1 ,

E(ω, t, s) = Σ Q(w, ft), s) exp
<n<ω

where s is a real number,

g(ω, u, s) = \ (ί — u)~^ Re J5(α>, t, s)dt ,
Jit

,8) = \' vs+β—g(ω, v, s)dv , δ ^ 0 ,
Jo dv
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S π 3

vδ+β—g(ω, v, s)dv .
u dv

dv

Clf C2, denote absolute constants, possibly different at different
occurrences.

The author wishes to thank the referees for their helpful comments.

2. Absolute Riesz summability for the Fourier series of a function
of bounded variation are investigated by many authors, for example, P.
Chandra, G. D. Dikshit, K. Matsumoto, R. Mohanty and others. In this
paper we prove the following new theorem:

THEOREM. Let 0 <; /3 < 1, <5 ̂  0, 0 < s + β < δ + β < 1 and a =

(δ — s)/(δ + β), then t~δφβ(t) G BV(0, π) implies that Σn=i n*An(x) is summa-
ble \R, e(α>), r\, with r > δ + β.

We shall use the following Lemmas to prove our Theorem.

LEMMA 1. Let 0 < r < 1, and 1 < A <̂  a) for a suitable positive
constant A. Then

( i ) E{ω, t, s) = 0{t-rω{a-1Hr-1)+8(e(ω))r + Q(m, ω, s)}, for ω~a < t < π
(0 < a < 1),

(ii) E(ω, ί, s) = 0{ω8+1-%e(ω))r + Q(m, ω, s)}, for all t > 0.

PROOF. E(ω, t, s) = Σn<ω Q(n, ω, s) exp int = (Σϊii + ΣΓ-.1+i)Q(^» ω, β) x
exp int = St + S2, say, where ωy = [ω — 1/t] and m = [ω].

Since Q(n, ω, s) and e(^)?ι8 are ultimately increasing in n, we have

^ Q(o)u a), s) max | Σ

= 0[{(ω -

for 0 < t < π (ύύi < ω* < ω). And

Q(«, ω, 8)da? + Q(m, α>, s)

= O{(e((θ) — e(ft)1))rft)J α+1}

x8~adx + Q(m, ft), s) , ω1 < ω[ < w

= 0{rrft)(α-1)r(e(ft)))rft)Γα+1}

+ 0{rrft)(α~1)r(e(ft)))r max (ft)8~α+1, ft)Γα+1)}

+ Q(m, ft), s) .

Since it is easy to see t h a t (w — 1/t)1 ~ ωι for any I if t~ι < ωa (0 < a < 1),
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we obtain (i) by |SJ and |S2 | .
Let ωl — ω" — 1, then

\E(ω, ί, 8)| ^ Σ Q(n, ω, s) ^ Γ Q(α, ω,

(x, «>, s)dx

= Tt+ T2 + Q(m, ω, s) , say.

Since (e(x))mx'~a+1 is increasing for x > A, we have:

Q(m,

), s)

>, s)

Jω2

From Γi, Γ2 we obtain the estimate (ii).

LEMMA 2. I / O < α < l , 0 ^ / 9 < l and 0 < δ + /3 < r

) r + Q(m, ω, s + β - 1)} ,

for ω~a <u <π ,
i /(ω w β) 1

for all u > 0 ,

+ uδ+βQ(m, ω, s + β - 1)} ,

for all u > 0 ,

^-Xeίω))' + Q(m, ω, s + β - 1)} ,

for ω~a < u < π .

PROOF. Using the first and second mean value theorems

( i i ) G(ω, M, s) =

(iii) £Γ(α>, w, β) =

I (ί — u)~β cos ntdt

G
u+π/n Cπ \

+ \ )(ί - w)"^ cos ntdt
u Ju+π/n/

S u+π/n MP ("^2

(ί — u)"βdt + — - \ cos ntdt ,
u 7ζβ Ju+π/n

u ^ uλ -^ u + π/n 5̂  u2 ^ it

1 — πβ \ n n
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g(ω, u, s) = \ (ί — u)~β Re E(ω, t, s)dt
Ju

= Σ Q(n, a), s)\ (ί — u)"^cosntdt

= Cx Re E(ω, ul9 s + β - 1) + C2{Im ^(α), %2, s + /3 - 1)

+ Im E(ω, u, s + β - 1)} .

Hence, we get (i) by the estimates in Lemma 1. And

S u 3

vδ+β—g(ω, v, s)dv
o du

= uδ+βg(ω, u, s) - (δ + β) \U vδ+β~1g(ωf v, s)dv
Jo

- 0{uδ+βω8+β-a(e(ω))r} + 0{uδ+βQ(m, ω, s + β - 1)}

by (i) of this Lemma. Finally, by the estimate of g(ωfu9s) for ω~a <u<π
and r > δ + j3f we get

vδ+β—g(ω, v, s)dv
u dv

= [vs+βg(ω, v, s)]l - (δ + β) ['
Ju

, v, s)dυ

, ω, s + β - 1)} .

3. Proof of Theorem. We have to show that

Σ Q{n, ω, s)An(x)
+ 1 n<ω

dω <

for some constant A > 0. As the method \R, e(ω\ r\ is absolutely regular
(Obrechkoff [7]), it is sufficient to consider the case 0 < r < 1. Since

we get

2 fπ

An(x) = — I φ(t) cos ntdt ,
π Jo

Σ Q(w, ω, s)An(x) = — Γ [ Σ Q(w, α>, s) cos nt\φ{t)dt
n<ω 7Γ J° «<">

= d ("Re£7(ft), ίf s) Γ(ί - u)-βdΦβ(u)dt
Jo Jo

= CΛ g(ω, u, s)dΦβ(u)
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S it 3
—g(ω, u, s)Φβ(u)du

o du

= C2 \
πuδ+β—g(ω, u, s)u-δφβ{u)du

Jo du

, u, s)d{u~δφβ{u)}= C2[u-δφβ(u)G(ω, u, s)]πo - C,

Therefore, by e\ώ) = aωa~ιe(ω)

a
ωι-%e{ω))r »<»

ω1-a(e(ω))r

Q(n, ω, s)An(x) dω

Thus, it suffices for our purpose to prove that

J = I -—-—-—-——do) <C °°
J^ ω1~a(e(ω)Y

and

since u'δφβ(u) is of bounded variation in (0, π). Now,

G(w, π, s) = 1 uδ+β—g(ω, u, s)du
du

= πδ+βg(w, π, s) - (δ + β) ['u'+β-ιg(ω, u, s)du
Jo

= -(3 + β) ['u8^-1 \π (t - u)~β Re E(ω, t, s)dtdu
Jθ Ju

= -05 + β) Γ Re #(<*>, ί, 8) Γ u ' ^ - ^ ί - u)~βdudt
Jo Jo

= -05 + β)B(δ + /S, 1 - β) Σ Q(n, ft), s) ( V cos
n<ω JO

by

cos nidi = 0 ^ δ ^ 1 .

29

Since Σ n~{δ+1~8) < oo (g > s ) , we obviously have J < oo by the absolute
regularity of the method \Rf e(ω), r\.
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Next we consider about K. As G(ω, u, s) = G(ω, π, s) — H(ω, u, s),
we have

κ=[-\CKω,u,8)\dω

I* ωι-"{e{ω))r

V°\G(ω,π,s)\dω

Jc ω1-"(e(ω))r

Γ W%?$dω = K1 + Kϊ + Ki, say ,

where ζ = u~1/a and a = (s + β)/(δ + β). Since K2 = O(J) = 0(1), we
estimate Kx first. Using (ii) of Lemma 2, we have

Kl = > ω> s

ωι-a(e(ω))r

= O(u3+βζ'+β) + 0{Kl) = 0(1) + O(KI) ,

because 0 < s + β and δ + β — (s + /S)/α = 0, where

By (iii) of Lemma 2, we get

^ dω

- 0(1) +

because

s + β + (a - l)r = s + β - φ + β)/(δ +

= (s + β)(δ + β - r)/(δ + β) < 0

and δ + β — r — {s + /3 + (α — l)r}/α = 0, where

( 2 ) ΛΓ.' =

Now, we have to estimate K[ + K'z. Since Q(m, ω, s + β — 1) =
- e(m)γ-ίe(m)ms+β~1 and



= — S
ar J
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'e(ω) — e(m))rdω

ar

we obtain, by (1) and (2)

ar Jm (e(ω))r+1 dω

~\e{m + 1) — e(m))r =

K[

= 0(1) Σ m*+i-1+r(a-1) = 0(1) ,

because s + /3 + r(α — 1) < 0.
Summing up the above estimates, we get J + K = 0(1), which is

the required.

4. Corollaries. In this section we consider some applications of our
theorem.

If we put δ + β = 7, s = 0 or <? = 0 in our theorem respectively,
we obtain the following Corollaries 1 or 2.

COROLLARY 1 (Matsumoto [4], cf. [5]). Let 0 < β < 7 < 1. Then
t~rΦβ(t) e BV(0, π) implies that Σ~=1 4n(a;) is summable \R, e{ώ), r\, where
r>Ύ and a = 1 - β/Ύ.

COROLLARY 2 (cf. Dikshit [1], [2]). Let 0 < β < 1 and <?/£) iβ o/
bounded variation in (0, π). Then Σn=i ^" a^n(^) ίβ summable \R, e(ω)f r\,
where 0 < a < 1 and r > β.

COROLLARY 3 (cf. Dikshit [3], Matsumoto [5]). Let 0 < s < δ < 1
and t~δφ(t) e BV(0, π). Then ΣwM.n(#) is summable \R9 e(α>), r|, where
a = 1 — s/δ and r > δ.
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