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STABILITY OF A MECHANICAL SYSTEM WITH
UNBOUNDED DISSIPATIVE FORCES
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In this article we shall be concerned with a mechanical system
described by the Lagrangian equation

d oT oT oll . .

(1) qu— 3&-— % B(t, 9)¢ + G(t, 9)q ,

with generalized coordinates ge R* and generalized velocities ¢ € R".
Salvadori [5] gave sufficient conditions under which the equilibrium of
(1) is asymptotically stable in the case where B and G are time-inde-
pendent. Recently, Hatvani [2] gave the conditions of the (partial)
asymptotic stability and instability for more general systems. To obtain
a result of the asymptotic stability, he considered some familiar condi-
tions and furthermore, the following:

(*) For any compact subset L of R",
7.(t): = sup{||G(¢, 9) — B, @)l: gqe L}e F,
where F' is the set of all measurable functions £(t) = &) + &(t), &, &:
[0, ©)—][0, =), such that ¢, is bounded on [0, «) and S &)t < oo, If
0
B(t, @) = tE (E is the unit matrix in R**") and G(t, q) = 0, however, the
condition (*) does not hold. In this article, by employing the manner
developed in [3] we shall overcome this difficulty for the dissipation B
which is unbounded. That is, we shall show that the equilibrium q =
¢ =0 of (1) is weakly uniformly asymptotically stable under some familiar
conditions and the following; for any bounded continuous function n(s)
on [0, =) there exist a sequence of positive numbers {s,} and a positive
constant d, s,., = s, + d, such that tr B(s, 4«(s)) #0 on [s,, s, + d] for
all #» and that

py [S” tr B(s, a/r(s))ds]_l = o,

where tr B(s, 4«(s)) denotes the trace of B(s, 4«(s)). Thus, our result is
applicable to a mechanical system with unbounded B satisfying 0 < tr B <
Mt-log(1 +t)+ N, t =0, for some positive constants M and N. In
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this article, only the asymptotic stability is treated for the sake of
simplicity; our theorem can be easily modified to obtain a result of the

partial stability as in [2].

We denote by R" the n-dimensional real Euclidean space and by |z|
the Euclidean norm of xze R*, and it is supposed that the elements of
R are column vectors, and »” denotes the transposed of v e R*. Further-
more, for any matrix A = (a;;) in R**", define |A|l = sup{|Av|:veR"
with [v| =1} and tr 4 = 3%, a,.

Consider an ordinary differential equation
(2) E=ft,m  (,0=0),
where f: I x R*— R" is continuous, I = [0, «). Denote by x(¢, ¢, x,) a
noncontinuable solution of (2) through (¢, x,) in I X R".

The zero solution of (2) is said to be;

uniformly stable if for every ¢ > 0 there exists a d(¢) > 0 such that
for all t,e I and t =&, |z, < d(e) implies |x(¢, &, x,)| < &;

weakly uniformly asymptotically stable if it is uniformly stable and
there exists a d, > 0 such that for all ¢, € I, |x,| < &, implies [x(¢, ¢y, 2,)| — O
as t — oo,

For a function V:I x D — R continuous and locally Lipschitzian in
2 (D is an open subset of R"), define the derivative of V with respect
to (2) by

Vio(t, ) = lim sup [ V(¢ + h, @ + hf(t, &) — V(t, &))/h .

Throughout this paper we suppose the following conditions on the
system (1):

(H1) II:q — II(g) € R is the potential energy, which is a continuously
differentiable function with I7(0) = 0, (011/6q)(0) = 0;

(H2) T = T(q, q) = ¢*A(q)4/2 is the kinetic energy where A:q—
A(g) e R~ is a continuously differentiable symmetric matrix function
with A(0) positive definite;

(H3) B:(t,q) — B, g)e R~ is a symmetric positive semidefinite
matrix of the dissipations, which is continuous and integrally complete,
that is,

"B, )¢ =z B4, t=0, g ¢ekR,

where B:I— 1 is measurable and S Bt)dt = - on any set J =
J
U:=1 [amy Bm] SUCh that am < Bm < am+1’ Iem - am _Z 5 > 0;
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(H4) G: (&, q) — G, @ e R~ is an antisymmetric matrix of the
gyroscopic coefficients (G = —G, where G” denotes the transposed matrix
of G), which is continuous and ||G(¢, ¢)|| is bounded for all ¢ = 0 whenever
lq| is bounded.

Clearly, ¢ = ¢ = 0 is an equilibrium of the system (1). Furthermore,
by (H2) we can choose an open neighborhood 2 of 0e R so that A(g)™
exists and is positive definite for all ¢e 2 and ¢, |p| < |A(@Q)'p| £ ¢ |pl,
g€ R, pe R, for some positive numbers ¢, and ¢,. Set p = A(q)¢ = (0T/09)
and H(q, p) = pT"A(Q)'p/2 + II(q), q€ 2, pe R". Then, the system (1) is
transformed to the following Hamilton’s equation

)

op

_0H
oq

where qe 2, pe R" (cf. [4, p. 362]). Then we have:

(3)

D= + (G - BA@Q) p,

THEOREM. In addition to (H1) through (H4), suppose the following
(H5), (H6) and (HT) hold;

(H5) there exist strictly increasing continuous functions a,b:I— 1T
with a(0) = 0 and b(0) = 0 such that for all g€ 2 we have

a(lg)) = II(g) = b(lq)) ;
(H6) for every ay, a,(0 < a, < a,) there exists an 7 > 0 such that
lgrad (@)l =z (. =lg/ =, qe);

HT7) for any bounded continuous function +(s) on I there exist d
sequence of positive numbers {s,} and a positive constant d, 8, = S, + d,
such that tr B(s, 4(s)) £ 0 on [s,, s, + d] for all n and that

= 8y+d -1

S0 B, wisnds | = = .
Then the equilibrium q = ¢ = 0 of (1) is weakly uniformly asymptotically
stable.

To prove this Theorem we need the following lemma, which is an
extension of [3, Lemma 2] to a matrix valued function.

LEMMA. Let B(s) be a symmetric positive semi-definite matriz valued
functvr'_on and u(s) a vector valued fumction on [0, =), respectively, such
that B(s) satisfies the same condition as (HT) for B(s, (s)) and that

(4) Sw w(s) B(s)u(s)ds < oo .
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Then there exist a constant d, > 0 and a sequence {t,}, t,.. =t, + dy
tytt _
such that S B(s)u(s)ds — 0 as m — o uniformly for tel0, d,].
tn
Proor. We shall show that the assertion in lemma holds for a sub-
sequence of {s,} and d, = d, where {s,} and d are the ones given in the
same condition as (H7) on B(s). Indeed, suppose that this is not the
case. Then there exist a § > 0, a positive integer k, and a sequence
{vi}, 0 =< v, £ d, such that for all ¥ = &, we have

0=

s:kﬂk B(s)u(s)ds ’ -

k

S ™ Bls)B(s) u(s)ds |

sk

For each 4, 1 £ 7 < n, denote by e, the vector whose j-th component is
1 if =4 and 0 if j 4, and set b,(s) = B(s)”?%,. By the Schwarz
inequality we have

EPS
>, B ", (s)Tbi(s)ds]U ";*”" o Beu(s)ds |
S B<s>ei)ds][§’k "u<s>TB<s)u<s>ds]
I u(s) Bls)u(s)ds |

S i bi(s)TE(s)“ 2u(s)ds ‘ :

II/\

Il

tr B(s)ds] S “

8k

5
[

kg;,o [S::+d tr B_(s)ds]

fiA

Thus,

< 5 kgo B: e u(s)TE(s)u(sms]

<ot r u(8)*B(s)u(s)ds < oo

8g+d _ -
by (4). Consequently, Z;;LIU a tr B(s)ds] 1 < oo, which is a contradie-
tion. Hence, the assertion in"iemma holds. q.e.d.

Proor oF THEOREM. It suffices to show that the solution ¢ =p =0
of (3) is weakly uniformly asymptotically stable. Set V(q, ») = H(q, ).
Then, by (H2) and (H5) we have

(5) a(lg) + mp[* = V(g, ) = b(lq]) + M|p[*

for some positive constants m and M whenever qe 2, p € R". Moreover,
for any qe 2 and peR" we have Vi,(q, ») = (0H/0q)"d + (0H/ap)™D =
(Al@™'p)" X (G — B)A(9)7'p = —(A(@™'»)"BA(@)™'p = —RM) |Al@'p [P =
—cB@®)|p)* = 0 by (H3), since G is antisymmetric. Consequently, the
solution ¢ = »p = 0 of (3) is uniformly stable. Hence, we can choose a
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0, > 0 so that (q(t), p(t)eS x S, t = t,, whenever |(q, p,)] <, Where
S:={qeR|q| <7}, Sc, for a constant » > 0, and p(t): = p(, &y g0, Do)
and q(): = q(t, t, o, ). It remains only to show that (q(¢), p(®)) — (0, 0)
as t — . First, we shall show that p(f) >0 as ¢t — . Suppose that
this is not the case. Then there exist a constant £ > 0 and a sequence
{T,}, T,— o as m— co, suen that |[p(T,)| =k for all n. Consider a
function Wi(g, p) defined by Wi(q, ») = p"A(9)"'p/2 = V(q, p) — I(9), q,
peS. Set ¢c=inf{W(g, p):lg =7 k=|p| =<7} Since A(g)™?, ge L, is
positive definite, we have ¢ > 0. Furthermore, we have

(6) ;—tV(Q(t), p(®) = —[Al@®) 2" BA@@®) ()

= —agpM)p®F =0,
and consequently

(1) |86 p@rds < oo .

Then, by (7) we can easily conclude that there exist an ¢ >0, ¢ < £,
and a sequence {z,}, T..,<r7,< T, for all n, such that sup{W(q, p):
lgl < 7, Ip| = ¢} < ¢/2 and that [p(z,)| = ¢ and & < |p(t)] on [z, T,] for all
n. Now, we have W, (q, ) = Vi(q, p) — (0lI/09)"¢ = —(011/6¢9)" A(g)™'p = N,
q, pe S, for a constant N. Hence ¢/2 < W(¢(T,), %)( T.)—W(q(z,), p(t.) =
N(T, — z,) for all », and Tconsequently Z,;1 Snﬁ(s)ds:l = o by (H3).
On the other hand, 332, B “B(S)ds] < e—zs BE) 'p(s)ids < o by (T), a
contradiction. Thus, p(¢) 0 as i— oo. Next, we shall show that
q(t) >0 as t > . By (6) we have

)
n

(8) S°° w(s) B(s)u(s)ds < o ,

where B(s): = B(s, q(8)) and wu(s): = A(q(s))"'p(s). Applying Lemma to
B(s) and u(s), it follows from (H7) and (8) that there exist a positive
constant d, and a sequence {¢,}, t,.. = ¢, + d,, such that

(9) S+ B(s)u(s)ds — 0 as n — co uniformly for te [0, d,] .

tn
Taking a subsequence if necessary, we may assume that g¢(f,) — ¢, as
n — oo for a point ¢, We shall show ¢, = 0. Consider the functions
p.&): = p(t, + t) and ¢,(t): = qt, + t), n =1, 2, ---, defined for t€ |0, d,].
Since |¢,@)| = r and [¢,@)| = |A(q.(8))"'P.(t)] = ¢ on [0, d], taking a sub-
sequence if necessary, Ascoli’s theorem implies that ¢,(t) — () as n— o
uniformly on [0, d,] for some continuous function +(f). Integrating the
equation of o in (3) over [¢,, £, +t], 0 = ¢ = d,, we have
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pit. + 1) = pt) = =" ZL(g(s), p©)ds
(10) tpt+it " q ty+it
+ St” G(s, q(s))u(s)ds — Stn B(s)u(s)ds .

n

Letting n — oo in (10), by (9), (H4) and the fact that p(t) -0 as t — oo,
we have Stgrad H((s))ds = 0 on [0,d,], that is, grad I((t)) = 0 and
consequentlgr () =0 on [0, d;] by (H6). Thus, ¢, = 4(0) = 0. Then, for
t = t, we have a(|lg(t)]) < V(g(@®), »(?)) < V(g(t.), p(t,)) by (5) and (6). Thus,
since V{(q(t,), p(t,)) — 0 as n — , we conclude that a(lq(t)]) —0 as t —
and hence ¢(t) >0 as ¢ — oo. q.e.d.

ReEMARK. In order to obtain a result similar to Theorem, Hatvani
[2] imposed the condition (*) on (1), which is different from (H7). Under
the condition (*), however, without applying Lemma we can directly

deduce that Stgrad T((s))ds = 0 on [0,d,] from (10) in the proof of

Theorem given above, that is, our argument is applicable also to this
case. Furthermore, note that the condition (*) does not hold in the
case where G =0 and B = B(t,q) with 0 <trB < Mt-log(1 +¢t) + N,
t = 0, for some positive constants M and N. As easily checked, however,
(H7) in Theorem is satisfied in this case. On the other hand, it should
be noted that Artstein and Infante [1] obtained a solution of the second
order scalar differential equation % + t*% + « = 0, which is an example
of (1) with B = t%, not tending to 0 as ¢t — « in the case a > 1.
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