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The primary purpose of this paper is to show that the corona theorem
with bounds is valid for finitely sheeted disks possibly with infinitely many
branch points where the bounds are dominated by universal constants de-
pending only on their sheet numbers. As a consequence the corona theorem
with bounds is valid for finite Riemann surfaces where the bounds are
dominated by universal constants depending only on their Euler charac-
teristics.

We start by fixing terminology before stating our main result
precisely. An n-tuple {f;} of functions f, ---, f, in H*(R) of the family
of bounded holomorphic functions on a Riemann surface R is referred to
as a corona datum of length m in N, the set of positive integers, and
of lower bound 6 in the interval (0, 1), or simply of index (n,0d), if the
following two conditions are satisfied: max, ;.. (supz|f;) =1 and
inf,(333-, |f;) = 6. An n-tuple {g;} of functions g, ---, 9, in H*(R) is
said to be a corona solution of the datum {f;} if >7,f;,9;,=1. The
quantity C(R; n, d) in (0, =] given by
(1) C(R; m, 6) = sup(inf(max(sup|g,)))

{fj} {951 1sjsmn R

will be referred to as the Gamelin constant of R of index (n, d) in Nx
(0,1) where the first supremum is taken with respect to corona data
{f;} of index (n,d) on R and the next infimum is taken with respect to
corona solutions {g;} of each fixed datum {f;} under the usual convention
that inf,; = « if there exist no corona solutions {g;} of the datum {fj}.
Since the quantity was first systematically considered for plane regions
by Gamelin [6], we attach the name to the quantity for the convenience
of references. We should mention that the quantity was also considered
for plane regions by Behrens [2].

We say that the corona theorem is valid on a Riemann surface R if

*) This work was partly supported by Grant-in-Aid for Scientific Research, No. 454027,
Japanese Ministry of Education, Science and Culture.



226 M. HARA AND M. NAKAI

there always exist corona solutions of any given corona datum on R. If
C(R; m, ) < <o for any index (n, ), then the corona theorem is valid, and
in this case, we say that the corona theorem with bounds is valid on R.
Thus the corona theorem with bounds implies the simple corona theorem.
The present study is motivated by the following

QUESTION. Does the wvalidity of the simple corona theorem on a
Riemann surface R automatically imply that of the corona theorem with
bounds on R?

It seems to be very difficult to give a complet answer to the ques-
tion in general and in the present paper we will only discuss it for a
certain special class of Riemann surfaces. Consider two Riemann surfaces
R and R and an analytic mapping = of B onto R. We say that
(R, R, &), or simply R, is a covering surface of R. We also say that B
is represented as a covering surface (R, R, 7). The surface R and the
map « are referred to as the base surface and the covering map of the
covering surface (R, R, 7). We say that the covering surface (B, R, 7)
is unbounded (or unlimited) if for any curve C on R with its initial point
z and any % in ©'(2) there exists a curve C on R with 7 its initial point
such that 7(C) =C. Letz,bein R and %, in 77'(2,). We can always find
local parameters ¢ and £ about 2z, and Z, respectively such that the local
expression of the covering map z = x(Z) takes the form { = ». Here the
positive integer m does not depend on the choice of local parameters ¢
and . If m>1, then %, is referred to as a branch point of order m —1.
A branch point is isolated in B and hence the set of branch points in B
may be finite or countably infinite. For each z in B we let ¥(77'(z)) =
if the set ©~'(z) is infinite and #(zx7'(2)) = » if the set 77'(z) consists of
a finite # number of points where a branch point of order m — 1 is
counted as m points. When (INB, R, ) is unbounded, we have

((r'(2) = sup (@) = ne NU{e}

for any z in R. If neN, then we say that (B, R, ) is n-sheeted or
more roughly finitely sheeted without referring to the specific n. We
stress that if we say (R, R, rr) is finitely sheeted, then we apriori assume
its unboundedness. If, in particular, a Riemann surface R is represented
as a finitely sheeted covering surface (R, 4, #) of the unit disk 4:]z| <1
in the complex plane C, then we say that R is a finitely sheeted disk
or an m-sheeted disk specifying the sheet number m. We will denote
by &(m) (m e N) the class of Riemann surfaces R which are represented
as m-sheeted disks (R, 4, ) so that the class of finitely sheeted disks is
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Unen & (m). The starting point of our discussion is the following:

THE COVERING CORONA THEOREM ([11]). The corona theorem is valid
for any finitely sheeted covering surface R if and only if the corona
theorem 1s valid for the base surface R.

This can be used to enlarge the class of surfaces for which the
corona theorem is valid. For example, since the corona theorem is valid
for 4 by the fundamental result of Carleson [4], the same is true of any
R in U,y&(m). The case for m =2 of this is found in [9] which
seems to be the first nontrivial example of Riemann surfaces of infinite
genus for which the corona theorem is valid. We are interested in what
happens when the simple corona theorem is replaced by the corona
theorem with bounds in the above theorem. Suppose that C(R; n, §) < co.
Any corona datum {f;} of index (n,d) on R gives rise to a corona datum
{f,-} of index (m,d) on R determined by f~', =fjowr (j=1,---,m). For
any number ¢ greater than C(R;n, §) there exists a corona solution {g;}
of the datum {f~,~} such that supz|§;| <t (=1, ---,n). Observe that
the n-tuple {g,} of functions in H>(R) given by g,;(z) = (1/m) Xyer—1¢ §;(w)
is a corona solution of the datum {f;} with sup.lg,/ <t (j =1, ---,n) so
that C(R; m, &) is dominated by t: If (R, R, zr) is finite covering surface,
then we have

(2) C(R; n, 8) < C(R; n, o)

for any (n, ) in Nx(0,1). This means that if the corona theorem with
bounds is valid for a covering surface R, then the same is true for its
base surface K. The essential problem is whether the converse of this
is valid or not. We are able to answer only partly to this question as
follows which is the main result of this paper:

THE MAIN THEOREM. The corona theorem with bounds is valid for
any finitely sheeted disk where the bounds are dominated by a universal
constant depending only on the sheet number of the disk.

In other words, if the base surface is the unit disk 4 for which
what the fundamental work of Carleson [4] states is not the mere corona
theorem but the corona theorem with bounds (see also an extremely
simple proof by Gamelin [8]), then the above question is in the affirma-
tive. It is convenient to consider the quantity c(m; n,d) given by

(3) c¢(m;n,0) = sup C(R;n,d)
ReZ(m)

for (m;n, 6) e NxNx(0,1). Then our main theorem is equivalent to the
assertion that ¢(m;n, ) < . Hence the bound C(R; n, é) for R in &(m)
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is dominated by the constant c¢(m; n, 6) which depends only on the sheet
number m of R once (n,d) is fixed. The proof of c(m; n, §) < o will be
given in no. 13 of Section 4. We will also clarify the dependence of
¢(m;m, 6) on m in no. 14 in Section 4 as follows:

elm;n, ) =cem+ 1;n,0) <o (meN),
lim ¢(m; n, 6) = o .

m—oo

(4)

Many Riemann surfaces of infinite genus belong to the class &(m)
but of course not every Riemann surface belongs to &°(m). An important
point with the class &(m) is that every finite Riemann surface belongs
to &(m). Here a Riemann surface R is said to be finite if R is a sub-
surface of a closed Riemann surface so that it is of finite genus and the
relative boundary oR of R consists of a finite number of disjoint non-
degenerate continua. For a finite Riemann surface R we denote by
g = g(R) and ¢ = ¢(R) the genus of R and the number of components
of OR, respectively. The Euler characteristic X = X(R) of R is then
given by X(R) = —(29(R) + ¢(R) — 2). We denote by F#(g,¢) ((g,¢)e
Z*x N, Zt* = NU{0}) the class of finite Riemann surface R such that
g(R) = g and ¢(R) = ¢. By the Ahlfors theorem [1] we have
(5) Fg,e)c U &(m)

csm=s2g+c
for every (g,¢) in Z*X N so that a finite Riemann surface R of the

Euler characteristic X = X(R) is an at most (2 — X)-sheeted disk. Similar
to (8) we define

(6) flg, ¢;m, 0) = sup )C(R; n, 0)

Re s (g,c
By using (4) and (56) with X = —(2g + ¢ — 2) we have
(7) fg,¢;m,0) = e — X;m, 0) .
The above observation may be restated in the following

COROLLARY TO THE MAIN THEOREM. The corona theorem with bounds
18 valid for any finite Riemann surface where the bounds are dominated
by a wuniversal constant depending only on the Euler characteritic of
the surface.

More precisely the bound C(R; n, 6) for a finite Riemann surface R
is dominated by the constant ¢(2 — X(R); n, ) depending only on the
Euler characteristic X(R) of R once (n,d) is fixed. It is difficult to
determine to whom the validity of the simple corona theorem or the
corona theorem with bounds for finite Riemann surfaces owes. Instead
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we cite here some of papers related to the question: Stout [18], Forelli
[5], Gamelin [6], and [10], among others. What seems to be new here
with our corollary is the part that the bounds depend only on the Euler
characteristic which generalizes a result in the above cited paper of
Gamelin that asserts the sole dependance of the bounds for finitely con-
nected plane regions on their connectivity. Similar to (4) we also study
in nos. 9-12 in Section 3 the dependance of f(g,c;n,0) on (g,c) and
establish the following:

(8) flg,¢;m,0) = flg',¢'sm,0) (9g=s4d,c=c),

lim f(g, ¢; n, 0) = oo .

gmsoo
Whether lim,.. f(g, ¢; n, 6) is finite or not is an important open question
and nothing is known even for the case g =0 except for that
lim,_. f(0, ¢; m, 0) < o is equivalent to the validity of the corona theorem
for every plane regions (cf. [6]).

The paper is divided into four sections. In Section 1 consisting of
nos. 1-4 we will study elementary properties concerning Gamelin con-
stants. A Carleman type approximation method will be one of funda-
mental tools in this paper. For the sake of convenience and also com-
pleteness we derive it from the Mergelyan-Bishop theorem in Section 2
consisting of nos. 5-6. In Section 3 consisting of nos. 9-12 we will
discuss the Gamelin constants of finite Riemann surfaces. Proofs of our
main assertions in this paper will be given in nos. 13 and 14 of Section 4.

§1. Elementary properties of Gamelin constants.

1. In the definition of the Gamelin constant C(R; n, §) we made the
restriction that ¢ is less than 1 in addition to its positivity. It is not
essential but this convention will make a certain statement concerning
C(R; n, 0) neater. It is clear from the definition that C(R;1, §) = 1/5,
and hence C(R; n, 0) has its essential meaning only for n = 2. Suppose
C(R;n, d) < . By a normal family argument we can show the existence
of a corona solution {g;} of a given corona datum {f;} of index (u, d)
such that max,c;<.(supplg,;)) = inf,;(max,c;c.(supelh,))) where {k;} runs
over corona solutions of {f;}. Such a {g;} will be referred to as a
mintmal solution of {f;}. The infimum and the minimum of the set {C}
of real numbers C such that max,.;<,(supz|g;/) = C for all minimal solu-
tions {g;} are coincident. By the above observation C(R;n,d) can also
be characterized as the smallest constant for which given corona datum
{f;} of index (m,d) there exists a corona solution {g;} of {f;} with
max,g;s.(Supz|g;)) < C(R; m, d). Here we understand that C(R;n,d) =
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if there are no corona solutions. We have
(9) 1/6 = C(R;m,0) = C(R;n',d0") (n=n/,d=0).

In fact there is a corona datum {f;} of index (m,d) such that
inf, 37, |f;l = & otherwise we only have to replace {f;} by {af;} with
a = 6/(inf, D37, |f;]). Taking a minimal solution {g,} of {f;} we deduce
1 =350, £ S0 1fillg;l £ C(R; n, 6) 333, |f;]. Taking the infimum of
both sides we obtain 1 < C(R; n, 6)6. A datum {f;} of length n can be
viewed as one of length #’ (>n) by adding »' — n constantly zero
functions. A datum of lower bound 6 is of course of lower bound ¢’
(<0d). Hence (9) is valid.

The dependance of C(R;mn,0) on R is very complicated. A closed
set K in R is said to be H>-removable if H*(R — K) = H*(R) i.e. any f
in H*(R — K) can be continued to R so as to be in H*(R). In this case
C(R — K; m, 6) = C(R; n, §). Finite sets are trivially H=-removable.
Needless to say the Gamelin constant is conformally invariant, i.e.
C(p(R); n, 6) = C(R;n, o) if @ is a conformal mapping of R onto @(R).

2. For any open Riemann surface R there always exists an exhaus-
tion {R.},.x of R characterized by the following: each R, is a relatively
compact subregion of R; R,CR,., (k€ N); Usen B, = R. We can more-
over assume that each R, is a regular subregion and in this case {R,}
is said to be a regular exhaustion. We denoted by & (m) the family
of m-sheeted disks R, i.e. open Riemann surfaces R which are represented
as m-sheeted covering surface (R, 4, #) of the unit disk 4: 2] <1 in the
complex plane C. We also consider a subfamily &,(m) of &(m) consisting
of finite Riemann surfaces R with analytic borders such that R are
represented as m-sheeted covering surfaces (R, 4, ) of 4 whose sets of
branch points are finite.

If Re &(m), then there always exists a &,(m)-exhaustion {R.},.y of
R characterized by the following: {R.}..~ is a regular exhaustion of R;
each R, belongs to &, (m). To show the existence of a &,(m)-exhaustion
{R,} of R in &(m), let (R, 4, ®) be the representation of R as an m-
sheeted covering surface of 4 and {r,},.x be a strictly increasing sequence
in (0, 1) such that there exist no branch points in 77'(U,c#{|z| = 7+}). Then

.= T ({lz]| < 7)) (keN) give a required exhaustion since each R, is
represented as an m-sheeted covering surface (R,, 4, ri'w) of 4 with the
finite set of branch points.

3. The Gamelin constant C(R; n, 0) is lower semicontinuous in the
following sense: for any t less than C(R;n,d) and for any exhaustion
{R:}iey of R there exists an Ne N such that C(R;;n,0) >t (k= N). In
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connection with this it is convenient to introduce the following notion.
A corona datum {f;} of index (m,d) on R is said to be t-effective (t <
C(R; m, 9)) on R if max,c;<,(supz|g;|) > ¢ where {g;} is a minimal solution
of {f;}. We denote by E(R;mn, d;t) the class of ¢-effective corona data
{f;} of index (n, 6) on R. The t-effectiveness is monotone in the following
sense: {f;} is a corona datum of index (n,d) on R and R’ is a subregion
of R, then the t-effectiveness of {f;} on R’ implies that on R. The
above lower semicontinuity of C(R;mn,d) in R follows from the lower
semicontinuity of the t-effectiveness in surfaces R in the following sense:
for any exhaustion {R,},.y of R there exists an Ne N such that {f;}e
E(R,;n,06;t) (k=N). We prove this by contradiction. If {f;} ¢ E(R;n,d;t)
for every ke N, then the minimal solution {g,;} of {f;} on R, must satisfy
MaX,<;<.(SUPg, |9:;)) = t. Since {g;;} (4 =1, --+, n) forms a normal family
we can choose a subsequence {v(k)} of {k} such that {g,,}. converges to
a g,eH*R) (j=1,+-+,n). Then {g;}is a corona solution of {f;} on R
and max, <, (supz|g;|) < ¢, contradicting {f;} € E(R; n, 9;?). O

We have another kind of lower semicontinuity of the t-effectiveness:
the t-effectiveness is lower semicontinuous in data {f;}. Namely, if
{f;} € E(R; n, 6; t) and {{fi;}3=1}ren iS @ sequence of corona data {f,;}i-, of
index (n,d) on R such that {f,;}ien converges to f; uniformly on each
compact subset of R (j =1, ---, n), then there exists an Ne€ N such that
{fi;};€ E(R; m, 0;t) (k = N). The proof is again straightforward as above
by using the normal family argument.

4. We now state a technical fact about C(R; n, d) which will be in
an essential use later. It is derived from the so to speak joint lower
semicontinuity of the t-effectiveness in both of surfaces and data: for
any t less than C(R;n,d) and any regular exhaustion {R,},.y of R there
exists an R, and a system {f,, ---, f,} of functions f; holomorphic on R,
with the following three properties:

(10) glgg}c(sgp Ifih <1,
(11) igkf(jz; [f,.|) >5,
12) {(f;}e E(R;m, 05 t) .

Since C(R; m, ) >t we can find a corona datum {f;} of index (u,d)
on R such that {f;} is t-effective, i.e. {f;}€ E(R;n, d;t). By the lower
semicontinuity of the t-effectiveness in R, {f;} € E(R,; n, d;t) for some R,.
Needless to say f; (j =1, ---, n) are holomorphic on B,. Suppose f; = ¢;
on B, (j =1, -+, p) with ¢; a constant of modulus 1 and |f;| <1 on R,
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G=»+1,---,n). Then {nf, -+, 9y for, ++, fu} is again a corona
datum of index (n, 0) on R, if the constant n is taken enough close to
1 in (0,1). Here the assumption d € (0, 1) is essential for the validity of
the above assertion. Moreover {7f), - -, 7fy, fos1, «+, fu} is t-effective on
R, if 7 is chosen further close to 1 in (0, 1) by the lower semicontinuity
of t-effectiveness in data. Thus we have chosen an R, and a system
{fiy ++, [} of functions f; holomorphic on R, with max,<;<.(supg,|f;) <1
and {f;} € E(R,; n, 0;t). Finally by taking a constant » > 1 enough close
to 1 we see that {nf,, ---, nf,} is the required one on R,. O

§2. An approximation lemma.

5. The discussion in this section will be developed based upon the
following Bishop generalization [3] of the Mergelyan approximation
theorem to the Riemann surface setting: Let K be a compact subset of
an open Riemann surface R such that there exist no relatively compact
components of B — K and f a continuous function on K holomorphic in
the interior of K. Then there exists a holomorphic function f, on R for
an arbitrary positive number ¢ such that supg|f. — f| <e.

6. Consider a sequence {R,}..v of finite regular Riemann surfaces
R,. We construct an ambient Riemann surface S containing U,y R,
as follows. Firstlet S, be a finite regular surface obtained from R, by
attaching an annulus to each boundary component of R,. Then S is
obtained by connecting, for each m =1, at most k, of the boundary
components of S, to at most k, of those of S,,, by means of £k,
rectangular strips s,,, (1 =<y < k,). More precisely let s,, be represented
as {¢,, <Rez=b,, 0 <Imz <1}, and we denote by a,, (B, resp.) the
part of s, corresponding to {Rez =a,,0 <Imz <1} ({(Rez =b,,, 0.<
Imz < 1}, resp.). What we mean by connecting S,, to S,.., by means of
Sm (1 v < Ek,) is that parts of 4S,, (0S,.., resp.) are identified with «,,
(Bms Yesp.) 1 v £ k,) so that

5= 9 (80(G )

Here we assume that S,NS, = @ (m=m’) and §,,N5,, = @ ((m, y) #
(m',v')). We set s, = Ui™s,,. Let t,, be a simple analytic arc that
starts from oR,, passes directly through the rectangle s,, without
touching R, UR,,,, and terminates at oR,,.,. We assume that ¢,, inter-
sects with oR,, 0S,, 0R..., 0S,,, only once each. We also assume that
twy Nt = @ (M, v) = (m', V). We set T, = U™ ¢,,. It is also assumed
that T,N(U,.~R,) = @. Set
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E=(UR,)U(U T,
meN meN
which is a connected closed subset of S. We also consider
E, =(Q R,,.)U(Q T,,,) mn=12 --+)

which are also connected closed subsets of S with E, = E. Then we
have the following (cf. e.g. Scheinberg [12])

APPROXIMATION LEMMA. For any continuous function f on E
holomorphic in the interior U,.y R, of E and any sequence {&,} of
positive mumbers &, there exists a holomorphic function F on S such
that supg, |f — F| <e, n=1,2,--).

7. To prove the above lemma we may assume that {¢,} is decreasing.
We put X, = (U2, S,)U(UrZL s,,) which is a subsurface of S and {X,}
exhausts S. We also put

Y, = <,,.U R,,,) u(mg T,)UB.NT,) .

First let f, = f|Y, and X| be a slightly larger surface than X, such that
X, is normal in X}, i.e. X,c X/ and X, — X, has no compact components.
Then by the Bishop theorem there exists an F, holomorphic on X; and
hence on X, such that supy, |fi — Fy| < e/4. We then define a continuous
function g, on T, such that g, = F, on T\nX,, ¢g.=f at T.NoR,, and
supy |9, — f| < &/4. Using g, we define a continuous function f, on X,U Y,
such that f,=F, on X, f,=9,in T,, and f, =f on R,U(S;NT,). Let
X, be a slightly larger surface than X, such that X, is normal in X;. By
the Bishop theorem there exists a function F, holomorphic on X; and
hence on X, such that

sup |f; — Fy| < &/4 .

X,Ur,

By repeating the same process we construct sequences {f.}.en, {gulnenm
and {F,},.y of functions as follows. Suppose f, ---,f, and F,, ---, F,
have been constructed. Define g, on T, such that g,=F, on T,NX,,
g.=f at T,NoR,, and sups,lg. — f] <e./4". Using g, we define a
continuous function f,,, on X,UY,,, such that f,,, = F, on X,, fors = 0.
on T, and f,.,=f on R,;,U(S,+,NT,s). Then define a function F,.,,
holomorphic on X,., as before such that

sup ‘fn-H. - Fn+1l < 8n+1/4‘"-H .

XpU¥p+1
By the construction {F,} converges to a holomorphic function F' on S and
supg, |f — F| £ €,/3:4" S ¢,. 0



234 M. HARA AND M. NAKAI

8. We insert here a simple remark which will be used later. Let
A, =(a,, -+, a,,) (v=1, 2) be two points in C" satisfying max,g;c.|a.;|=a
and D7, |a,; ] = b (¥ =1,2). We maintain that there exists a continuous
curve Z = Z(t) = (2,(t), -+, 2,&)) 0<t<1) in C" such that Z(0) = A4,
Z(1) = A,, max,g;<,(SuPos;s: 2;(8)]) = a, and infig,<,(303-,]2;(8)]) = b. Actually
we can construct such a curve explicitly as follows. Let arga,; =46,;
v=1,2;7=1,.--,7n) under the convention arg 0 = 0 and

1 — 3t)a,; + 3at exp(if;;) 0=t=<1/3)),
2;(t) = ja exp(i(@2 — 3)6,; + Bt — 1)) (3=t =2/3),
Bt — 2)ay; + 3a(l — t)exp(if,;) (2B =t=1)

for 7 =1, ---, n. Then it is easily checked that Z = Z(t) = (2,(t), - -+, z,(t))
is the required curve. [l

§3. Finite Riemann surfaces.

9. We now give a proof for (8). We denoted by (g, ¢) the class
of finite Riemann surfaces R of genus g =0 and of ¢(=1) boundary
components, and by f(g, ¢; n, 6) the supremum of C(R; n, ) as R runs over
Z (9, c). We will prove that f(g, ¢; n,0) < fl¢g’,¢;n,0) (g=¢g,c=c). We
first prove that f(g, ¢; n, 0) < f(g, ¢ —1; n, ). Take an arbitrary positive
number ¢ less than f(g, ¢; n, 6) so that there is an R in # (g, ¢) with
C(R;n,0) >t. Fix an arbitrary point p in R and set R’ = R — {p}.
Observe that C(R';n,d) = C(R;n,d) >t. Let {R,},.x be a regular ex-
haustion of R’ where we can assume that B, ¢ % (g,¢c + 1) (ke N). By
the lower semicontinuity of C(R;n, é) (cf. no. 8) we can find an R, such
that C(R,;n,d) >t. Hence fl(g,c + 1;m,6) >t, proving f(g,c;n,0) =
flg, ¢ + 1;m, d).

10. We next prove that f(g,c;n,6) < flg + 1,¢;n,6). Let ¢ be an
arbitrary positive number less than f(g, ¢; n, ) so that there is an R’ in
Z (g, ¢) with C(R'; n, 0) >t. By no. 4, we can find a regular subregion
R of R’ such that Re (g, ¢) and a system {f,, ---, f,} of functions f;
holomorphic on R such that (10), (11), and (12) are satisfied. Let S’ be
a finite regular surface obtained from R by attaching an annulus to each
boundary component of B. Let B’ be obtained from a torus by removing
a closed parametric disk and B by removing slightly larger closed con-
centric parametric disk so that B’ — B is an annulus. Finally let S be
obtained by connecting one arbitrary fixed boundary component of S’ to
the boundary component of B’ by means of a rectangular strip s as in
no. 6. Let 7 be a simple analytic arc that starts from an arbitrary fixed
point a of 0R, passes directly through the rectangle s without touching
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RUB, and terminates at 9B. We define functions ;e C(RUYUB) by
?;|R=f;and p,;yUB=9,(a) (j=1, ---, n). By the Bishop theorem there
exist holomorphic functions F; on S approximating f; on RUYUB (j =
1, -+, m) such that (10), (11), and (12) are satisfied for {F;} on R. Take
a sufficiently small neighborhood W of RU~UB such that We (g + 1, ¢)
and {F;} € E(W; n, 6;t). Hence C(W;n, d) > t and then f(g + 1, ¢; n, 8) > ¢,
proving f(g, ¢;n, ) <f(g+1, ¢;n, 0). We have thus proved the inequality
in (8).

11. We will now show that there exists a finite regular surface R =
R, »,¢) such that C(R;2,0) > and the number c(R) of boundary
components of R is ¢ for any (4, %, ¢) in (0, 1)x (0, o)X N. We have no
explicit information about the genus g(R) of R but possibly very large
for large 7.

We only have to show the existence of R(d, 9, 1). In fact, if ¢ > 1,
then remove ¢ — 1 points p,, -+, p._, from ER(, n, 1) and let W be the
resulting surface. Observe that C(W; 2, ) = C(R(5, %, 1); 2, 5) > 5. Take
a regular exhaustion {W,} of W where we can assume ¢(W,) =c¢. By
the lower semicontinuity of C(R;2,06) in R there exists an W, with
C(W,;2,6) >n. We can then take an R(9, 1, ¢) as W,.

To construct an R(5, 7, 1) we take a finite regular surface W =
W, ) such that C(W;2,6) > n (Gamelin [7, pp. 47-49]). If ¢(W) =1,
then W is the required one. Suppose that ¢(W) > 1. As in no. 10 by
replacing W with its regular subregion if necessary, we can assume the
existence of two holomorphic functions f, and f, on W such that
max,g;<.(supy |f;)) < 1, infu(|fil + |£i)) > 6, and {f,, £} is -effective on W.
First let S" be a finite regular surface obtained from W by attaching
an annulus to each boundary component of W. Then we construct an S
by connecting two boundary component of S’ by means of a rectangular
strip s. Let v be a simple analytic arc that start from a point in oW,
passes directly through the rectangle s without touching S’, and terminates
at a point in W. We define two functions @;€ C(WU"7) (4 = 1, 2) such
that @, = f; on W, max,g;<,(supwy;|?;) < 1, and inf,(|@,| + |P,]) > 6. Here
we have used the result in no. 8. By the Bishop theorem there exist
holomorphic functions F, and F, on S approximating @, and @, on WU~
respectively such that max,.;c.(supwr|Fy) < 1, infz (|F\| + |Fy) > 0, and
{F,, F,} is p-effective on W. Take a sufficiently small regular neighborhood
W, of WU~ such that {F, F,}cE(W,; 2, 6;7). Then ¢(W)=c(W)—1 and
C(W,;2,0) > 5. Repeating this process we can reduce ¢(W) to 1. O

12. We complete the proof for (8) by showing lim,.. f(g, ¢; n, ) = oo
for any (¢, m, ) e NxNx(0,1). Let R = R(, k, ¢) be the surface formed
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for 8,k ¢)€(0, 1)XNXxN in no. 11. By (9 we have C(R;n,d) =
CR;2,0) =k and Re . #(g(,k, ¢),c). Therefore f(g(, k, ¢), ¢;n, §) = k.
Since f(g, ¢; n, 0) is increasing in g, we have lim,_ . f(g, ¢; n, 6) = k which
implies lim,_. f(g, ¢; n, §) = o by making k — co.

§4. Proof of the main theorem.

13. We are now giving a proof of our main result in this paper.
Our main theorem is equivalent to the finiteness of the quantity
c¢(m;n, 6) for any (m,n,0)e NxNx(0,1) which is the supremum of
C(R; n, 6) when R runs over &(m). Contrariwise we suppose c¢(m; n, ) = o
for some (m, n,0) e NXxNx(0,1) so that there exists a sequence {R,}icn
in &(m) such that C(R,;n,0) >k (ke N). Taking a &,(m)-exhaustion
of R, (cf. no. 2) and using the result in no. 4 we can assume for each
ke N that R, € &,(m) and there exists a system {f}, - -, fi.} of functions
fi; holomorphic on R, = R,UGR, with the following three properties:

(13 max(sup|fy,) =1 =1L (keN),
19 inf(3 1ful) =0+ di (ke ),
(15) (oo +++s fund € ERim, 55) (ke N)

where {l,},.~ is @ sequence in (0, 1) and {d,};.~ iS @ sequence of positive
numbers. Since R, € &y(m), R, has a representation (R,, 4, =) as an m-
sheeted covering surface of 4 with a finite number of branch points.

We denote by U, the disk {|jz — 8k — 2)] < 1} and by @, the con-
formal mapping zt+—2z + 8k — 2) of 4 onto U, (ke N). We consider the
m-sheeted covering surface (C,, C, ) of C such that the set of branch
points is contained in 7 (U,.y U, and each z~'(U,) can be identified
with R, such that 7 = @,o7, (k€ N). We denote by 7, the line segment
[3% — 1, 3k] on the real axis in C (ke N). We choose sequences {0.};en
in (0, 1/2) and {0}ie~ in (0, 1). We denote by V, the disk with its center
8k — 2 and of radius 1 + p, so that U,cV, (ke N). We set

W,={Imz| <o0,8 —1<|Rez| <3k}N(C — VUV,

for each ke N and then consider D = (Uien Vi) U(Uyen Wi) which is
simply connected so that there exists a conformal mapping ¢ of D onto
4. The subsequence D, = z~'(D) then belongs to &(m) since it has a
representation (D,, 4, pox) as an m-sheeted covering surface of 4. The
set T, = n~'(z,) consists of m line segments ¢,, +--, t,. each of which
starts from a point in 0R, and terminates at a point in oR,,, (k€ N).
We set
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£=(JR)u(S 1)

which is a connected closed subset of C,. We also set
B=(JR)u(IT) cem

which are also connected closed subsets of C, with E, = E. Observe
that D, is a surface containing E as its closed subset and moreover we
can make D, so small by choosing {0.};ey and {0}y convergent to zero
enough rapidly that D, is contained in any preassigned neighborhood of
E in C,.

By the technical remark stated in no. 8 with (13) and (14) we can
find continuous functions F,, ---, F, on E such that F,|R, = f;; (k€ N,

j=1,.-+,1m) and that the following two properties are satisfied:
(16) max(sup [Fy)) £ 1 — min(l, l,+,) (keN),
1sjsn TEkUTk
17 inf (31F)) 2 9 + min@,, di) (ke N) .
RiUTy \I=1
We apply the approximation lemma in no. 6 to functions F,, ---, F, and
the closed set F on the surface C,. Then, in view of (15), (16), and (17),
we can find holomorphic funections f,, ---, f, on C, with the following
three properties:
(18) max(sup|f) <1,
1Sjsn E
(19) nf(3 1) 2 3,
E i=1
(20) {fo =, fL}e E(Ry;m, 0;k) (kEeN).

Here we have also used the lower semicontinuity of the k-effectiveness
in data (cf. no. 3). By choosing D, so small that (18) and (19) are also
valid if E is replaced by D, we can assume that {f, :--, f.} is a corona
datum with index (n,d) on D,. Since D, € &(m), the covering corona
theorem assures that there exists a corona solution {g,, ---, g,} to the
datum {f,, ---, f,} on D,.. Therefore
k =< max(sup|g,/) =< max(sup|g,|)
1Sjsn Ry 1SjsSn Dy,

for every ke N. The first inequality follows from (20). This clearly
contradicts g;€e H*(D,,) (j =1, -++, m). O

14. We close the paper by establishing (4). From (7) and (8) it
follows that limsup,_. c¢(m;n, 0) = . Therefore we only have to prove
the first inequality of (4) to complete the proof of (4).
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We start the proof for c¢(m; n, ) < c¢(m + 1; n, ) for an arbitrary
(m, m, 6) in NxNx(0,1). What we need to show is that e(m + 1;n,0) >t
whenever ¢(m;n, d) >t = 1/0. Hence we take an arbitrary but then
fixed ¢ in [1/d, ¢(m; n, §)) and will show that ¢(m + 1;m,0) >¢t. There
exists an R e &(m) such that C(R; n,d) > t. By taking a &,(m)-exhaus-
tion of R (cf. no. 2) and using the technical remark in no. 4, we can
assume that Re &, (m) with (R, 4, #) as its representation as an m-
sheeted covering surface of 4 having a finite number of branch points

and there exists a system {f,, ---, f,} of functions f; holomorphic on R
with the following three properties:
(21) max(sup|f;) =1—-1,
1sjsn R
22) inf(_z", |f,.|) =5+d,
R =1
(23) {fi}e E(R;m, 051) ,

where [ is in (0,1) and d is a positive number. Choose a point p in
R which is not a branch point of the covering surface (R, 4, ) and
a closed parametric disk K in R about p with a finite radius, i.e.
K:|z] £ r with 2z(p) =0, such that there is no branch point in K.
Clearly (21)-(23) are also valid if R is replaced by R — {p} and in
particular {f;} is t-effective on R — {p}. By the lower semicontinuity
of the t-effectiveness of {f;} (cf. no. 3) we see that {f;} is an t-effective
corona datum of index (»,d) on R — K if » is chosen sufficiently close
to zero. Hence we can and hereafter we will fix K in addition to R, p,
and {f;} such that {f;} satisfies the following two conditions:

(24) {(fi}e E(R — K;n, 0;1),
(25) max(max|f; — £i®)) < —— max(l, d) .
1sjsn K 3n

Let ¢ be contained in the interior of K corresponding to a line seg-
ment [0, s] in terms of the local parameter z and R, be obtained from
R—o¢and C— o, ¢ being the extended complex plane, by connecting
each other crosswise along the segment 0. We set u;=Ref; (=1, -+, n)
which are harmonic on B. We denote by U, = U,, the solution of the
Dirichlet problem on R, with boundary values u; on R, =0R (=1, -+, n)
which are also harmonic on R, = R,UdR,. By the maximum principle it
is easy to see that

(26) lj_{?(i‘}g’(]j —u)=0 (G=1,---,m).
Let C,, -+ -C, be the homology basis of R, which can be taken in R — K.
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Then C,, -+, C, also form the homology basis of R. It is well known
that the mapping q;u—»(S Ay et -,S V) from the space A(R) of Abelian

differentials + of the ﬁrsqc1 kind onoqR to C? is surjective. Let 4 be in
A(R) such that

(SCI’W: teey Lq"*/"k) = (0, ++*, W0h) (k=1,:4,9

where 0,; be the Kronecker delta. Then SC‘Re Y, =0 (G =1,---,q9) and

thus Re .y, is exact, i.e. there exists a g, harmonic on B with Re Uy = dgy
on R(k=1,---,q). Therefore +, = dg, + i*dg, and

Sc.*dgkzakj (k9j=1""’ q)’

J

We denote by G, = G,, the solution of the Dirichlet problem on R, with

boundary values g, on R, = dR. Thus G, is harmonicon B, k=1, ---, q).
As in (26) we obtain
(27) lim(sup|G, —g) =0 (k=1,--+,9).

8—0 R—K

Hence in particular we see that

80

(28) lim| +dG=| xdg =3 =1 0.
Cj; Cj

We set Hh = th = ZZ:I Chr Gk With Cri = Chis satisfying
kzzlchk §c~ *dG,=0; (B,J=1,--+,q) .

In view of (28) we can define H, for sufficiently small s and moreover
¢ (hyk=1,+++,q) are bounded as s —>0. Hence H, (h =1, ---, q) are
bounded on B — K and a fortiori on R, uniformly for s — 0.

Now consider the differentials

dU,.-i—i*de—hq

=1

<So,, *de>(dH;. +ixdH,) (G=1,---,n)

on R, which are easily seen to have no period along any of C, (h =
1, .-+, q) and therefore exact. There exists a holomorphic funections
F; = F;, on R, such that

dF, = AU, + i+dU, —;’;1(80 *dU,-)(dH,, tixdH) (G =1 -, m).
= b

Fixing a point w in R — K we normalize F; as Im F;(w) = Im f;(w) by
adding a suitable constant to F'; if necessary. Observe that SC wdu; =0
h
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(h=1, --+,q) and thus by (26)

lim Sch*de = thch*d(U’ —_ uj) =0 (_7 =1+, 1.

8—0 80

Since we have
Re(F, — f) = (U, — u,) + z‘,(§ *de>Hh—>O (s — 0)
h=1 Cp

uniformly on R — K, the normalization Im(F;(w) — f;(w)) = 0 implies that
(26) limsup|F; = fil=0 (G=1,---,m).

50 F=E
Let W = W, be the part of R, over 4 so that W is obtained from R — ¢
and 4 — ¢ by connecting each other crosswise along ¢. Clearly W belongs
to &(m + 1), By using the maximum principle, (21), (22), (24), (25), and
(29), we can see that {F;} is a t-effective corona datum of index (u, )
on W if s is sufficiently close to zero. In particular we have C(W;n, 6) > ¢
and a fortiori e(m + 1;n, d) > t. O]
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