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In this paper, an “invariance principle” is introduced and developed
for autonomous functional differential equations with infinite delay. Then
some conditions are established to ensure that, along the solutions, the
Liapunov function V(x) tends to a constant.

1. Introduction. It is an interesting problem to study the asymp-
totic constancy of the solutions of the functional differential equations
such as

2'(t) = —h(x(t) + bzt — 7))

which have the property that each constant function is a solution.

Haddock and Terjeki [3] have done some work in this direction. In this

paper, we will extend several results of [3] to the functional differential

equations with infinite delay. It is easy to see that our results hold for

the phase space in Hale and Kato [2]. We will restrict ourselves within

the phase space C,, the fading memory space, for the sake of simplicity.
Consider the equation

(1.1 o'(t) = Flx,), a)=at+s), s=0,
where F:C,— R" is a completely continuous mapping and C,, v = 0, is

the linear space of continuous functions ¢: (— o, 0] > R* with the property
that lim,._. e™g(s) exists. The norm in this space is defined as

o]l = sup e"I4(s)]
DEFINITION 1. A function V: R~— R* is a Liapunov function associ-
ated with the functions p(-) and ¢(.), if

(a) V is continuously differentiable, and
(b) for each ¢€C,,

(1.2) sup p(8)V(g(s)) < oo,

(e) for all ¢, s€ R~ we have
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p(s + t) = p(s)q(t)
and p and ¢: R~ — R* are continuously differentiable functions such that
p(0) =q0) =1, p'(¢) = 0 for all te R, ¢'(0) = 0 and p(¢t) and q(t) tends to
zero as t— — oo,

Sometimes we also impose the following assumption on the function
V(:): There are continuous and increasing functions a(:), b(:): R*— R*,
a(0) = b(0) = 0, such that for all ¢ €C;

(1.3) a(l¢(0))) = sup p(s)V(g(s)) = b(llgl) -

As can be verified, the space C, satisfies the hypotheses in Kappel
[4]. Thus the following results hold (cf. [4]).

LEMMA 1.1. Let x2(¢)(+) be a solution of (1.1) on [0, o) with bounded
tragjectory {x,(¢): t = 0} and {t,} be a sequence with t,—co. Then there exist
a subsequence {s,} of {t,} and a continuous bounded fumction € C; such
that lim,_... x, (8)(z) = +4(t) uniformly on every compact interval in (— oo, 0],
and lim, .., (¢) = 4 in the norm C;.

LEMMA 1.2. Let x(g)(t) be a solution of (1.1) on [0, ) with bounded
trajectory {x.(s):t=0}. A function €C; is in 2(¢) (i.e., there is a
sequence {s,} with s,— oo such that x, (¢)—) if and only if 4 is con-
tinuous and bounded on (— oo, 0] and there is a sequence {t,} such that

}jﬂ ., (8)(7) = (7)
uniformly on every compact interval in (— oo, 0].

LEMMA 1.8. Let z(¢)(t) be a solution of (1.1) on [0, ) with bounded
trajectory. Then the set 2(¢) of positive limit points is nonempty, bounded
compact and moreover it is an invariant subset of C,, i.e., for each €
2(¢), there is a function y:(— o, )— R such that

(i) 9.€92(g), te(—oo, o0);

(i) %=+

(iii) vy s continuously differentiable on (— oo, ) and

yt)=F(y), te(—oco, ).

Furthermore, x,(¢)— 2(4) as t— co.

2. The invariance principle. We consider the set
Ey(G):= {geG: sup p(8)V(z(8)(8)) = sup p(s)V(g(s)), t = 0}

for a G < C,;, where V(-) is a Liapunov function associated with p and ¢
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and z,(¢)(-) denotes the solution of (1.1) with the initial value (0, ¢). As
can be seen, the maximal invariant subset M,(G) in E, (G) is

M,(G) = {peG: sup p(8)V(x(9)(s)) = sup p(8)V(g(s)), t € (— o0, o)} .

The following lemmas describe the useful properties of the function
V().

LEMMA 2.1. Suppose that x(t) is a continuous function on (— o, + «)
satisfying «, € C;. Then g(t) := sup,<, p(s)V(x,(s)) s lower semi-continuous.
Moreover, if for a sequence {t,} with t,— o as k— oo the sequence {x,(s)}
converges to a #(s) uniformly on every compact set of (— o, 0] and g(t,)
converges to a ¢, and if V(x(t)) < M for a constant M and all t = 0, then

we have
sup p(8)V(g(s)) = ¢ .

Proor. For ¢, =0 and ¢ > 0, one can find an s, € (— o, 0) such that
P(8)V(x(t, + 80)) > gt) — €«
Then for any sequence {t,} with ¢,—¢, as n— - we have
p(s)V(2(t, + 80)) = 9(t) — ¢,

when 7 is sufficiently large. This means that g¢(¢,) = g(t,) — ¢, when 7
is sufficiently large. So liminf,., g(t) = g(t,).
Now we prove the last part of Lemma 2.1. If ¢ = 0, we have

0= lin;} sup p(sy) V(,,(s0) = lim sup p(s)V(x,,(s)) =0,
—>00 —o0 820
for any fixed s, = 0. This means lim,_., V(z.(s))) = V(g(s;)) = 0. And then
Vig(s)) =0 for alls < 0. If ¢ >0, we can find a positive constant » such

that q(t)-sup,<, p(8)V(x(s)) < ¢/2 for all t < —r and M-p(—7) < ¢/2. Then
for t, = r, we have

sup p(s)V(w,,(8)) = sup p(t — t)V(@(®) = ¢(—E)5up pOV(2(?) = c/2

and
sup p(s)V(x,,(8) = p(—r)M < ¢/2.

—tpSss—r
These inequalities and the fact that g(¢,) —»c¢ > 0 as k— -~ mean that
sup p(8)V(x,,(8))
= max{sup p(s)V(z,(s)), sup p(s)V(x,(s)), sup p(s)V(x,(s))}
ss—ty, —tp<ss—r —r<8s0

= sup p(8)V(@,(s)) ,
—r<ss0
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for sufficiently large &k and then
¢ = limsup p(s)V(@,,(s)) = lim sup p(s)V(w,(s)) = sup p(s)V(#(s))
= sup p(s)V(4(s)) -
On the other hand, for any L > 0 and ¢ > 0, there is an N such that
sup pE)V(#6s) = e+ sup PV () = € + sup p(s)V (@, (s))
when t, = N. Let k—c we get sup_,<,<, P(8)V(4(s)) < ¢ + ¢, and this

means sup,<, p(s)V(4(s)) = c.

REMARK. In Lemma 2.1 g(t) is continuous on the right: Indeed, for
any t =t, we have 4t:=%, — t < 0 and then

g(t) = sup p(S)V (a(t + 8)) = sup p(8)V (x(t, + s — 4t))
= sup pu + AV (2, + u)) = q(4t)- fsugtp(u)V(w(to + u)) .
From this we get limsup,.,+ 9(t) = g(¢,). This inequality and the lower
semicontinuity of g(¢) imply the continuity on the right. If the condi-
tion (¢) in Definition 1 is true for € R*, we can give the proof of the

continuity on the left of g(¢) in the same way. But that condition may
be too strong for applications.

LEMMA 2.2. Suppose that x(-) is a solution of the equation (1.1) on
[0, ). Then for t =0 we have

—q’(0)§gop p(8)V(x(s))  or
(®'(0) — ¢(ONV (@) + Vi),

where g(t) = sup,<, P(s)V (x,(s)), D*{g(t)} = lim sup,.., {g(¢ + k) — g(©)}/h and
Vi) = lim sup,—.. {V (@ + k) — V(x(t)}/h. The latter case holds when
V(@(t)) = sup,s, p(S)V (x4(8))-

ProoF. For any fixed ¢t = 0,
{sup PV (@e1a(s)) — sup p(V (N}
= WOV + )ple — WD) — sup BV (@lt + Nk
= {a(=m)sup p(s)V (@(t + 8)) — sup p(s)V (&(t + SNk .

If for an h = h, > 0 we have sup,<, P(s)V(@(t + s)) = sup,<, p(s)V (x(t + s)),
it must be true for each he(0, h,). And then

{S‘g(p P(8)V (2,44(8)) —sup p(8)V (x(s))}/h = (g(—h) — 1)s,1§1(p p(8)V (x,(s))/h .

DH{g(t)} =
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Let h—0+ in this inequality, and we get
D+{§1§10p p(8)V (x(8))} = —q'(O)s‘gcp p(s)V (x(s)) .

If such an h, does not exist, we have
sup PV (2(t + 8))
< s.lgg p(8)V(x(t + 8)) = max{s'g(p p(8)V (x(t + 8)), 0ssué)hzo(s)V(ov(t + )}
= g_sr_)hp(S)V(x(t + 8)) = pEV (x(t + &),
for a ¢ = gh)€ (0, h]. Let h— 0+, and we get V(x(t)) = sup,<, p(s)V (,(s)).
And then
{§gg P(S)V (@1a(s)) — sup D(8)V (,(s))}/
= {g(—m)pEV (a(t + &) — V(x(@®)}/h
= PV (x(t + &) — V(@(@®)}/&-a(—h)-&/h + (q(—h) — 1)/h-V (x(t))
= @V (x(t + &) — V(x(®)}/&-q(—h) + (g(—h) — 1)[h-V ((2)) .
Let h—0+, and we get
DHg®)} = (0'(0) — ¢V (x(t)) + Vi) .
The following lemma is obvious.

LEMMA 2.3. Suppose that x(+) is a solution of the equation (1.1) on
[0, ), that V(-) is a Liapunov function and that

ltim sup p)V(x({t +8) =c, ¢< .
—00 850

Then there is a sequence {t,} with t,— o as n— o such that
limV(x(t,)) =c.

n—oo

The following theorem plays a fundamental role in this paper. It
can be seen as an extension of Kappel’s result in [4].

THEOREM 2.1. Suppose that there are a Liapunov function V(-) and
a positive tnvariant closed subset G = C, such that for each ¢€G with
V(4(0)) = sup,s, (8)V (4(8)), we have Vi () = —(®'(0) — ¢'(0)V(4(0)). Then
we have 2(¢) S My(G) S E,(G) for such ¢€ G that the solution x(s)(:) is
defined and bounded on [0, ). That is, x,(¢)— M,(G) as t— .

REMARK. It is quite obvious that the inequality (1.2) for V may
hold for a ¢€G.

PROOF. Because of the boundedness of the set {x,(¢):¢= 0}, the
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positive limit set 2(g) is nonempty, compact and invariant. Moreover
2,(¢) — 2(p) as t— oo by Lemma 1.3. Clearly, 2(¢)CG.

From Lemma 2.2, we have D*{g(¢t)} <0 for all ¢ = 0, where g(t) =
sup,<, 2(8)V (x,(s)). That is, the function g(¢) is nonincreasing in ¢ and
bounded below, and hence lim,.. g(t) exists. We denote the limit by e¢.
Thus for all 4 € 2(¢), we have sup,<, p(8)V(4(s)) = ¢ by Lemma 2.1. From
the invariance of 2(¢) we have x,(y) € 2(¢p) and sup,<, P(8)V (x,(v)(8)) = ¢
for all ¢. That is, ¥ € E(G), 2() S E,(G) and 2(¢) S M,(G) S E,(G).

DEFINITION 2. The zero solution of (1.1) is stable with respect to G,
if for a given ¢ > 0 there is a > 0 such that ¢ G and ||| < d imply
|lz.(8)]] < & for all ¢ = 0.

Similarly, one can give the definition of the asymptotic stability of
the zero solution of (1.1).

COROLLARY. Suppose that F(0) = 0 and there are a Liapunov func-
tion V() with the property (1.3) and a positive invariant subset G < C,
such that for some positive constant a:

(1) VO0O)=0,V(@®>0if 20 and |z| < a;

(i) Vi(g) < —@'0) — ¢(0)V((0)) for each ¢€G such that ||g| + 0
and ||gll < a and V($(0)) = sup,<, p(s)V (4()).

Then the zero solution 1is asymptotically stable with respect to G.

PROOF. From Lemma 2.2, the function g(t) = sup,<, p(8)V (x,(¢)(s)) is
decreasing in ¢ whenever ||¢|| > 0 is small enough. By the condition (1.3)
we know that, for a given ¢ > 0 there is a § > 0 such that £ = 0, ¢ G
and ||| < 0 imply that ||x,(¢)|| < e. Then the stability of the zero solu-
tion respect to G follows.

From Theorem 2.1, for ¢ € G with small norm, 2(¢) is nonempty and
invariant, and z,() — 2(¢) S E,(G) as t— . Thus for each + € 2(¢), the
function sup,<, P(8)V (x,(v)(s)) is a constant when ¢t € (— oo, + o).

We have to show that Q2(¢) = {0}. If 4€2(g) and 4 # 0, then c:=
Sup,<o P(8)V (x,(4)(s)) > 0 for all t. Then for all s <0 and all ¢ we have

V@ ()() = V(@ (9)(0) = sup pu)V (@, (9)(w)) = ¢
and we can find a » > 0 such that p(s) < 1/2 for all s < —». And then
¢ = sup p(s)V (z,()(s)) = max{sup p(s)V (@(¥)(s), _sup p($)V (@ (¥)(s)}
= max(sup p(s)e, sup PV (@ (¥)(s)} -

Thus the function V(x,(4)(0)) is not always less than ¢ for all ¢ = 0 and
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can not be greater than ¢ for any ¢t = 0. Thus we can find a ¢, >0
such that

V(@ (¥)(0) = ¢ = sup p(s)V (@, (¥)(s)) -
Then Vi, ,,(x,,(¥)) < 0 by (ii). This equality also implies that the function

V(x(4)(t)) has a maximal value at ¢, and V., (x;(4)) = 0, which is a con-
tradiction.

ExXAMPLE. Consider the system
2.1) 2 = Flaa®) + | _g(@att + 5)ds),
where F: R*"— R" is continuous, g is integrable and for a v > 0,
[ lowlerds <a,

and x-F(u) < 0 for any x, u € R* such that x-u > 0 (here “.” stands for
the inner product in the Euclidean space). Let V(x) = z-2/2 and p(s) =
q(s) = e for se R. Then Condition (1.3) is satisfied. Since

Vi@ = 60)-Flas(0) + | _g(s)o(s)ds)
and for ¢ # 0 and V(¢(0)) = sup,s, eV (4(s))
60| _o@s@ds| < 1601 | _lo@lIstelds < g0 |*_lots)ierds ,
we have

50)-(a5(0) + | _g)p(6)ds) = alg(O)* + 4(0)- |

and this means V|.,(¢) < 0. Then the asymptotic stability of the zero
solution follows.

0

. g(s)p(s)ds > 0,

3. Asymptotic constancy of V along solutions. In this section we
shall find some sufficient conditions for the asymptotic constanecy of V(.)
along solutions as t— . In some cases, this implies that the solution
x(t) tends to a constant as t— .

Let V(-) be a Liapunov function. Denote K, := {¢€C:V(4(s)) =
V(4(0)), for all s < 0}.

LEMMA 8.1. Suppose that V(-) is a Liapunov function and G is an
wmvariant and closed subset of C, such that lim,..sup,<, p(s)V (x,(s)(s))
exists for such ¢ € G that the solution x(¢)(+) has the bounded trajectory.
If € G, if the solution x(¢)(+) has bounded trajectory and if 2(¢) < K,,
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then we have lim,_. V(x(s)(t)) = lim,_...sup,<, P(8)V (x.(¢)(s)).

PrOOF. By Lemma 2.8, there is a sequence {t,} with ¢, —  as n—
such that
lim V(a(9)(¢:)) = limsup p(s)V (@(9)(s)) =: ¢ .

If the lemma is false, we can find a sequence {¢,} with ¢,— « such that
Vx(¢)t,)—a < ¢, as n— . Because of the compactness of the sequence
{x; (#)} (cf. Lemma 1.1), we can assume that x, (¢) >+ €2(¢) & K,. Then
for s € (— o, 0) we have V(4(s)) = V(4#(0)) = a, and then sup,<, p(s)V (4(s)) =
a. On the other hand, the fact that x, (¢)—+ implies lim,_. . (¢)(s) =
() uniformly on every compact subset of (—co, 0] and this result means

sup P(S)V (y(8)) = }irg sup p(s)V (z(g)(s) = ¢ ,
by Lemma 2.1, which is a contradiction.

THEOREM 3.1. Suppose that V(-) is a Liapunov function and G 1s
an invariant and closed subset of C; such that
(i) for each ¢ € G such that V(4(0)) = sup,<, p(s)V(4(s)) we have

Vi) = —@'(0) — ¢'(0)V(g(0)) ;

(ii) for each ¢ € G such that V(4(0)) = sup,<, 2(8)V (¢(s)) and Vi ,,(¢) = 0
we have ¢ € K.
Then 2(¢) S K, for each ¢ € G such that the solution x()(+) has the bounded
trajectory, and then V(x, ($)(0)) tends to a constant as t— oo,

PrROOF. By Lemma 3.1, we only have to prove 2(s) & K, whenever
#€G and x(¢)(+) is bounded. Following the same reasoning as in the
proof of Corollary to Theorem 2.1, we know that for given 4 € 2(¢) there
is a sufficiently large ¢, such that V(x,(4)(0)) = sup,<, p(s)V (;,(4)(s)) and
Viy@,() =0. Then we have z,(y)€K,, that is, V(z(y)(t + 8) =
V(x(y)(t,) for all s <0, by (ii). And then the fact that z(y)(s) = r(s) for
all s < 0 implies 4 € Kj,.

ExAMPLE. Consider the scalar equation
0
3.1) 2'(t) = {—ex(t) + 2t — r) — 2@t)x{t — r)} S ez, (s) — x,(0)|ds .
One can verify that the set G:={¢eC;:¢(s) =0, s < 0} is a closed set
and is positive invariant with respect to (8.1). Let V(x) = 2%/2, p(s) =e™***
for s <0, p(s) = €** for s = 0, and q(s) = e¢~** for s < 0. Then V() is a
Liapunov function.

Viu(®) = (—e"6(0) + 6(0p(—r) — #Os(—n} | _e™lsts) — 90)lds -

0
—o0
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Since —e"$*(0) + $(0)¢(—r) < 0 for such ¢€G that V(¢(0)) = sup,<, e ' X
V(4(s)), we have Vi;,,(¢) =0 for such a ¢. Moreover, if Vi, () =0, we
can get
0
(=760 + $(05(—1) — 03—} | _e™Ios) — p0)lds = 0.

This implies that ¢(s) = #(0) for all s <0, or g€ K,. Since V(-) has the
property that V(x)— < as |x|— «, the boundedness of the solutions of
(8.1) follows from (i) in Theorem 3.1. And then each solution of (8.1)
tends to a constant by Theorem 3.1.

REMARK. We cannot directly apply Theorem 3.1 to the equation (3.1)
with the function ¢”* in the integrant replaced by [f(s)|e®, if f is con-
tinuous and bounded on (— oo, 0] but may be zero on a subset of (— oo, 0].
In particular, for this equation, one can not readily verify that ¢ € K,
for each ¢ € G such that V(4(0)) = sup,<, p(s)V(4(s)) and Vi ,,(¢) = 0 (using
V(x) = 2*/2). Following the idea of Haddock and Terjeki [3, § 3], one can
eliminate this difficulty.

The author would like to thank Professor Wang Zhicheng for his
direction. Thanks are also due to the referee.
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