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Abstract. In this paper we consider differential inclusions in a separable
Banach space and we show that when the orientor field satisfies the Cara-
theodory conditions and is Lipschitzean with respect to a Kamke function
w(t, x) in the state variable, then the set of solutions of the nonconvex
problem is dense in the Cx(T)-topology in the set of solutions of the con-
vexified problem.

Introduction. For a differential inclusion #(¢) € F(¢, 2(t)) with a non-
convex right hand side the set of solutions through an initial point is,
in general, not closed (even if its sections might be). So we would like
to know what is the relation of the closure of this set to the set of the
solutions of the convexified problem. This problem was first considered by
WazZewski [20] who introduced the notion of a quasitrajectory and proved
that whenever F(t, x) is continuous, every solution #(t) € clconv F(¢, x(t))
is the limit of a sequence of quasitrajectories of &(t) € F'(¢, x(t)). However
such a result does not provide an estimate of the distance between a
quasitrajectory and a true solution. In fact such an estimate cannot be
obtained if we only assume that F(-, -) is continuous. The additional
condition needed is a Lipschitzness condition in the x-variable of FY(-, -).
With that condition present, Filippov [5] was able to obtain the missing
estimate and then prove the desired density result. A very nice pres-
entation of those results can be found in the book of Clarke [3, pp. 115-
118]. Later Pliss [12] provided a counterexample which illustrated that the
Lipschitzness condition cannot be omitted. A generalization of Filippov’s
theorem was given by Pianigiani [11]. However all these results were
for R*. The only infinite dimensional relaxation result that we know of,
is that of Tolstonogov [17, Theorem 4.3], which was stated though without
a proof. Here we present another such theorem, with a different set of
hypotheses. The motivation for such an infinite dimensional result comes
from the optimal control theory of systems governed by an evolution
equation (distributed parameter systems, see for example Ahmed-Teo [1]).

* Research supported by N.S.F. Grants D.M.S.—8403135 and D.M.S. 8602313.
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2. Preliminaries. Let (2, 3, ¢t) be a complete g-finite measure space
and X a separable Banach space, with X* being its topological dual. We
will use the following notations:

P;,(X) ={A<S X: nonempty, closed, (convex)}
P,.,(X)={A < X: nonempty, compact, (convex)} .

For Ae2*\ {0}, we set |A| = sup,., ||z||, by d.(-) we denote the dis-
tance function from A, i.e., for all ze X, d (x) = inf,., ||z — a|| and by
04(+) the support function of A i.e., g,(x*) = sup,..(z* a) for all z* e X*.
Also by 0,(+) we will denote the indicator function of A, i.e., d,(y) =0
if ye A and + if y¢ A.

A multifunction F: 2 — P,(X) is said to be measurable if it satisfies
any of the following equivalent conditions:

(1) ®—dpe.(x) is measurable for all z € X.

(2) there exists a sequence {f,(:)},»;, of measurable functions such
that F(®) = cl{f,(w)},s, for all w e Q2 (Castaing’s representation).

(8) GrF={(w,r)el2xX:xeFlw)}eXxB(X), where B(X) is the
Borel og-field of X.

Any multifunction, not necessarily closed valued, satisfying (3) is said
to be graph measurable.

We denote by S% the set of all selectors of F(-) that belong to the
Lebesgue-Bochner space L%(2), i.e., St = {f(+) € L%¥(2): f(w) € F(w) p-a.e.}
Clearly this is nonempty if F(-) is integrably bounded, i.e., |F(-)| € L1(Q).
Using S} we can define a set valued integral for F(:) by setting

|, Foxpe) = {|_r@due: 1¢)es3}.
If {A,}.=: is a sequence of nonempty subsets of X, we define:

s-liminf A, = {re X: 2 = s-limz,, z,€ 4,, n = 1}

n—00

and

w-limsup 4, = {ze X: ¢ = w-limz,,, x,, €4,, k =1} .

We will say that the A,’s converge to A in the Kuratowski-Mosco sense

-M . . . . .
(denoted by A, K-y A) if and only if w-limsup,.. 4, = A = s-liminf, ... 4,.
Using this mode of set convergence, we can define a convergence for
functions which is in general different from the pointwise convergence.

So if {f,, f}.=1 & R* are proper functions, we say that f,,i> f if and only

if epif,,I—{—_——M>epif. For more details about the K—M and z-convergences,
we refer to Mosco [10] and Salinetti-Wets [16].
Finally if A, Be P(X), we set h(A, B) = sup,cx |di(x) — dz(x)| (the
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Hausdorff metric). Also recall that by a Kamke function, we mean a
function w: [0, b] x R, — R, satisfying the Caratheodory conditions (i.e., it
is measurable in ¢ and continuous in z) integrably bounded on bounded
subsets of TX R,, w(t, 0) = 0 a.e. and such that u(t) = 0 is the only solu-

tion of the problem u(t) < St(w(s, u(s))ds, u(0) = 0.

In the proof of the rela;(ation theorem, we will need the following
results, which are also interesting on their own as general results about
multifunctions and so we state them in the most general from we were
able to prove. Here (2, 3, pt) is a o-finite measure space, with X being
a Souslin family (in particular ¥ may be p-complete) and X is a separable

Banach space.

PROPOSITION 2.1 If F: Q2 — 2*\{Q} is graph measurable and
Sy %= @ then for all x* e X*, o(w*,s F)
Q2
= sup{@*, M we| F} = oru @) .
92 Q2

ProoOF. Our proof follows Rockafellar [15, Theorem 3A].
From Theorem 5.10, of Wagner [19] we know that F(-) admits a

Castaing representation {f,(-)}.»,- Hence
Orw(@*®) = sup(@*, fo(®)) = ® — 0pu(®*) is measurable.
n=1

Also since (x*, f(®)) £ 0pw(®*) and (x*, f(:))eL' for f(-)eS%, we
deduce that for all z*e X*, w— 0pu(x*) is quasiintegrable (i.e.,

[o70, ()] € LY).
Directly from the definitions we can see that we always have:

o(z, | F) = | oru@ip@) .

Fix ¢*e€ X* and let g < L Orw@*)dp(w). Our goal is to show that
there exists f(-)eS% such that
8 < |, @ F@)iuw) .

Take {2,},>, monotone increasing in 5 such that p#(2,) < «~ and 2 =
Une: 2, and let p(:)e Ly, p(w) > 0 for all we 2. For n =1 define:
A, ={we: 05, (") =n}INQ2,.

Then set
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9.(®) = 05, (2*) — —%p(a)) for weA,

= (2%, f(w)) — —i—p(a)) for wel\A4,.

Clearly g.(-)eL' and g,(®)10pu@*) pt-a.e. So we can find n,=1
such that Sgg,,(w)dp(w) > B forallm = n, Setg(-)=g,(:). Let Rw)=

{x e F(w): 9(w) < (x*, x)}. Because g(w) < 0pn(x*) p-a.e., we see that
R(w) # @, forallwe 2’ = 2\ N, (N) = 0. Also Gr Ry = {(w, ) e 2'x X:
g(®) — (x*, ) = 0INGr Fe(XN2¥)x B(X). Hence we can apply Aumann’s
selection theorem to find h: 2" — X measurable such that h(w) € R(w) for
all we2’. Extend A(:) on 2. Then h(-) becomes a measurable selector
of F(-) but it is not necessarily in L%(2). Furthermore note that

8 < | (" ho)ip) .
Next let B, = {we 2: |h(w] £ n}N A, and define:
Fols) = L, (DBC) + g, ()FC) -
Clearly {f.(*)}.z1 & Si and
[, @ Fuondp@ = | @* mo)duw) + | @, f@)iue)
z | goduw) +| @, fo)iue)
= | s@ap@) + | 16" f@ - gdpm) .

Recalling that S g(w)du(w) > B and that #(2\ B,) | 0 we finally have that
2
for large enough »

[, @ Fu@nipe) > 6.
Since 7,(+)€S%, the proof is finished. q.e.d.

The next proposition establishes the convexity of the set valued in-
tegral. Our result generalizes the corresponding theorem for R*-valued
multifunctions (see for example Theorem 7.1.6 in Klein-Thompson [7]).
So assume that (2, 2, ¢) is nonatomic, o-finite, with ¥ a Souslin family
and X is a separable Banach space.

PROPOSITION 2.2. If F: 2 — 2*\{®@} is graph measurable and St + @
then cngF(co)d#(co) is convex.
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Proor. Letx, x,€ clS F(w)dy(w). Then given ¢ > 0 there exist f(-),
2

f(-)e S such that 'lx - Safl(a))dp(a))ll <¢/2 and || — Sgﬂ(w)dy(w)
¢/2. Consider the vector valued measure r: ¥ — Xx X defined by

r4) = (| fioape), | fdpe).

Because p(-) is nonatomic, Corollary 1 of Kluvanek-Knowles [8, p. 98]
tells us that the norm closure of the range of (:) is convex. Note that

@) = (0, 0) and (Q) = (Sn f@)du(w), Sg fz(co)dp(a))). Hence for ) & (0, 1),
there exists A €Y such that

Ir(4) — (@)l < ef4 and [rH@\A) — (L — V@) < 4
— || @dn@) - M| ri@du@)| < o1

<

and
|, F@du@ — @ -] siorue)| <o
for i =1,2. Set f=X.f, + Xouf, Clearly feSs. Then we have:
o+ @ =0 = | fordp)|
< | = A s@p@)| + | @) - | f@ipo)|
+ @ = vm — @ =0 s@p)|
+ @ = r@dpe - || Ao
<Ne2+e/4+ (A —Ne/2+e/d=c¢.
So indeed cngF(a))dy(co) is convex. q.e.d.

Using the previous two propositions we can have the following in-
teresting property of the set valued integral. Let (2, %, 1) be a non-
atomic, complete, o-finite measure space, while X is still a separable
Banach space.

PROPOSITION 2.3. If F: Q — 2"\ {@} s graph measurable and S% # @
then cl§ Flw)dp(w) = clsaclconv Flw)di(w).
Q

Proor. For all * € X*, using Proposition 2.1 we have:
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o(w*, CIL F) = o(w*, SD F) = SD Orw(@*)du(w) = Sn o(x*, cleonv F(w))du(w) .

Using Theorem III-40 of Castaing-Valadier [2], we have that w —
cleonv F(w) is measurable. So a new application of Proposition 2.1.

gives us:

o(x*, cleonv F(w))du(w) = o z*, | cleonv F'
2 2
= 0(90*, cngF) = a<x*, clL cleconv F) .

For all #* € X*. But from Proposition 2.2. we know that clg F is
Q

convex. So finally we have:

clL Flw)dp(w) = cng cleony F(w)dp(w) -
q.e.d.

REMARK. If F: Q2 —2%is integrably bounded and has nonempty, w-com-
pact, convex values, then we have: clS Flw)dp(w) = S cleonv F(w)dp(w)
Q2 2
(see the Corollary to Proposition 3.1. in [13]).
3. Main theorem. Let T = [0, b] be a closed, bounded subinterval

in R, and let X be a separable, Banach space.
We will consider the following two multivalued Cauchy problems.

. i(t) € F(t, a(t))
) {x<0> ~ 2,
and

. i(t) € conv F(t, a(t))
") Ix«)) ~ 4,

By a solution of (*) (resp. of (**)) we understand an absolutely con-
tinuous function z(-) satisfying (*) (resp. (**)) almost everywhere. We
will denote the solution set of (*) by P and the solution set of (**) by
P.. The next theorem gives us a relation between those two solution
sets. We remark that we could have stated the theorem for a locally
defined orientor field i.e., dom F = TXB,(x,), where B,(x,) = {xrecX:
|z — @]| < 7}, in which case the solutions are, in general, defined on a
subinterval of 7. But in order to simplify an already lengthy and com-
plicated proof, we have decided to work with a globally defined orientor
field, i.e., dom F' = T'x X. Also note that the conditions that we need
in order to prove our relaxation theorem also guarantee the nonemptiness
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of the solution sets (see Theorem 4.2 of [14]).

THEOREM 3.1. If F: Tx X — P/(X) is a multifunction such that

(1) for all xe X, t — F(t, x) is measurable and F(t, x) = G(t) a.e.,
where G: T — P, (X) is integrably bounded;

(2) for all (x,y)e XxX we have h(F(, x), F(t, y)) < w(t, ||l — ||
a.e., where w(-, +) 18 a Kamke function.

Then P, = P where the closure is taken in Cx(T).

PRrROOF. - Because the proof is lengthy and complicated, in order to
assist the reader in following our reasoning, we will divide it into steps.

Step 1. Given 2(-)e P, and ¢ > 0 we will find v(:) € Cx(T) such that
v(0) = x,, v(t) € F(¢, x(t)) a.e., and ||v(t) — 2(t)|| < ¢ for all teT.

Since x(:) € P,, for all te T we have that

x(t) ex, + S:clconv F(s, x(s))ds .
Ftrom the corollary of Proposition 3.1 of [13] we know that
Soclconv F(s, z(s))ds € P;(X). Also from Proposition 2.3 we have that
S:clconv F(s, 2(s))ds = clS:F(s, x2(s))ds .
So for all te T, we have:
a(t) e 2, + 1| Fs, a(s))ds .

Let {T.}i-, be a subdivision of T into n disjoint intervals such that
ST |G(s)|lds < ¢/3. Also let z,(+) € S¥. .., such that
k

Define 2(:) € S¥(.,.., by setting 2(t) = z,(t) for all teT,, k=1, ---, n.
t

Then set v(t) =z, + S 2(s)ds. Suppose T,<[0,¢] for k=1, ---, m < n.
L]

Then we have:

Lk(a'c(s) - z,,(s))ds“ <ef3m.

llo(t) — a(t)]| = Hg STk(z(s) — #(s))ds + S
=3

This completes the proof of Step 1.

So from this step we know that we can find {v,(:)},2; E Cx(T) such
that

(a(s) — #(s))ds|

[0,61NT gy 41

ISTk(zk(s) - d:(s))ds” + ZST IG(s)lds < n(e/3n) + 2(e/3) = ¢ .

m+1
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v,(0) = z,-0,(t) € F(&, z(t)) a.e.
and

lv.@) — 2@)|| < % for all teT.

Step 2. W = {y(-) eCH(T): yt) = x, + stg(s)ds, teT,ge Sb} is a com-

pact subset of Cyx(T).
Let y(:)e Wand t,t'eT,t <t'. Then for some g(-) &S, we have:

lu®) = v@)l = o + | ae)ds — 2 - [ 'gterds| = { lgods = | 1G@as ,

which shows that W is equicontinuous.
Also for all y(-)e W and all te T we have that

y(t) ez, + S:G(s)ds .

Since G(-) is P,,(X)-valued, because of the Radstrom embedding (see Theo-
rem 17.2.1, of Klein-Thompson [7, p. 189]). G(-) can be viewed as an X-
valued, integrable, single valued function, where X is a separable Banach
space (in fact X= C(Bf), where By is the unit ball of the dual of X).

Then tG(s)ds can be viewed as a Bochner integral and so finally StG(s)ds €
0 0

P,(X). Hence for al}zt e T, cl{y®)}yew € P.(X). Finally let {y,()},s., S W

and assume that y,(-) cx(T) 9Y(:). Then for allz = 1 and all ¢te T we have:

Y (t) =, + &:gn(S)ds ,

where g,(-)€S;. But from Proposition 8.1 of [18] we know that S§ is
w-compact in Ly(T) and by the Eberlein-Smulian theorem it is sequentially

w-compact. Hence by passing to a subsequence, if necessary, we may
assume that g.(¢ ) v oLy g(*) as m— oo = j g.(s)ds — S g9(s)ds = y,(t) =z, +
S g.(8)ds 5w, + S o(s)ds — y(t) = @, + | g(S)ds for all te T—y()e W—W
is closed in Cy(T). So invoking the Arzela-Ascoli theorem we deduce

that W is a compact subset of C.(T).
Next let R,: Tx W — P,(X) be defined as follows:

R, y) = {we F(@, y@t)): [|2.(8) — ull = d(9,Q), F(¢, y®))) + %

where {v,(-)},>, are the function obtained in Step 1.
Step 3. (¢, y) — R,(t, ¥) in graph measurable for every n = 1.

Consider the map +,: TX Wx X — R defined by



DIFFERENTIAL INCLUSIONS IN BANACH SPACES 513

Valty y(+), w) = ||9,() — ull — d(0,(2), F(&, (@) .

Note that because of our hypotheses on F(., ) for all ze X(¢, ) —
d(z, F(t, y)) is a Caratheodory function = ¢ — d(z, F(¢, y(t)) is measurable.
Then for the same reason t— d(v.(t), F(¢, y(t)) is measurable. So we
deduce that ¢t — +,(t, ¥(+), ) is measurable. Furthermore, using the fact
that F(t, -) is Hausdorff continuous for all ¢t e T, we can easily see that
W(+), u) = (L, y(+), w) is continuous. Thus (¢, y(:), w) — (&, y(+), u) is
a Caratheodory function, hence it is jointly measurable. Therefore we
have that:

[ ¥ W e TX Wx Xewtt, y(-), w) = %} e I x B(W)x B(X)

=Gr R, e ¥ X B(W)x B(X)
= R,(+, +) is graph measurable, n = 1.
Step 4. For every n = 1, y(-) — R, (¢, y) is continuous for the K—M
convergence for almost all te T.
Fix n =1 and let ym(-)zy(-) as m — oo, Define

Za(t, u) = |[9,(8) — ull — d(3,(t), F(t, ya(t))) + 0(u, F(t, y.(t)))
and
2, w) = [|9.() — ull — d(@.(), F(¢, y(t)) + o(u, F(2, y(t))) .

Observe that d(v,(t), F(t, y.(t))) — d(?.(t), F(t, y(t))) as m — o, for all te
TN\N.,, MN.) = 0. Note that N’, is independent of the sequence {¥,.(*)}uz1,
and is the union of the exceptional sets postulated from the inequality
of the hypothesis 2 and the fact that ¢,(-) exists almost everywhere.
Also since F(t, y.(t)) Ji F(t, yt)) for all te T and F(t, 2) S G() a.e., it is
easy to see that FU(t, ym(t))ﬂF(t, y(t)) a.e. So from Mosco [10], we
get that

3(+, F(t, yu(®))) = 6(+, F(t, y(t)))

for all te T\ N", M(N") = 0. Again N” is independent of {y,(:)}.=: and
is the null set, outside of which we have G(:) bounding F(., -). Let
N,=N,UN". Then MN, =0. Let te T\ N,. From Lemma 1.10 of
Mosco [10] (see also Lemma 1.1 of Salinetti-Wets [16]) we know that we

can find {#4,}ns: E X, U, 2, u such that
(1) limsup 6(un, F(t, Ya(t))) = 0(u, F(¢, y()))

m—roo

= limsup 2,,(¢, u,) < 2(t, u) .
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Also for any {#,}n=; S X, such that u,, ALY using once more the lemma
of Mosco [10] and the fact that in a Banach space the norm is weakly-
lower semicontinuous we have that

o(u, F(t, y(t))) < liminf 0(un, F(t, ¥a(t)))
and
19.(8) — || < liminf [|9,(¢) — wall .

Combining those two facts we get that
(2) 2(t, w) < liminf z,(¢, u,,) -

From (1), (2) and Lemma 1.10 of Mosco [10], we deduce that for all
te T\ N,, »(N,) = 0, we have:

zm(t’ ') i) Z(t, ') .

Let N = U,>, N,. Invoking Corollary 4 of Wets [21, p. 262] we have

that for all » =1 and all t€ T\ N, MN) =0,
)Lt as m— o,

where L%(t) = {u € X: 2,(t, w) < 1/n} and L*(t) = {u € X: 2(t, w) < 1/n}. But
note that L~(t) = R,(t, ¥,) and L"(t) = R,(t, ¥). So for all » = 1 we have
that

K—M
Rn(ty ym) — Rn(ti y)

for all te T\ N, M(N) = 0. By redefining R,(-, -) on the set N, we may
assume that y(:) — R,(¢, ¥) is continuous for the K—M convergence for all
teT, n =1. This in particular implies that for all » =1 and all te T,
y(+) — R,(t, ) is lower semicontinuous.

Consider the multifunction H,: W — 2872\ {@} defined by H,(y) =
Sk s = 1. Since R,(-, y) is graph measurable and R,(t, ) S F(¢, y(¢)),
we deduce that H,(-) is Py(LYT, X))-valued, » = 1.

Step 5. For all n =1, H,(-) is lower semicontinuous.

Let y.(+) i7>y(-). Then for every q(-) e LT, X) we have:
0@, Shyew) = inf {| lla®) = r@)ldt: () € Sycom,n

= |, infllg®) — ull: we B, wldt = | da®) Ro(t, va)at

= limsup Srd(q(t), R.(t, yn))dt = S limsup d(q(t), R.(t, y.))dt .
m—oo T m—oo

From Theorem 2.2. (i) of Tsukada [18] (Tsukada states his results for



DIFFERENTIAL INCLUSIONS IN BANACH SPACES 515

convex sets. However a look at his proof can convince the reader that
it is also true for nonconvex ones), we have

limsup d(q(t), R.(t, ¥.)) = d(q(¢), s-liminf R (¢, ¥,))

But we have already seen that R,(¢, -) is lower semicontinuous. So we
have:

R.(¢, y) S s-liminf R.(t, y,)
= d(q(t), s-liminf R, (¢, ¥,.)) < d(q(t), R.(t, ¥))

— limsup d(g, Sh,c.um) = | Aa®) Rolt, W) = dlg, Shyc)

m-—ro0

Since s-liminf,_. Sk, i,4,, = {p € LT, X): limp-.. d(p, Sk, (..u,») = 0} (see
Kuratowski [9, p. 333]), from the above inequality we deduce that:

S};“(.’y) ; S"liminf S}B'n(""m)
= H,(y) S s-liminf H,(y,)
= H.(-) is lower semicontinuous for all » = 1.

Step 6. We can find z,(-)eP such that ||9,() — &.0)| < d(©,(¢),
F(t, z,(t) + 1/n a.e.

We saw in Step 2 that W is compaect in C(T, X). Also in Step b we
proved that H,(-) is lower semicontinuous on W. So we can apply the
selection theorem of Fryszkowski [6] and get continuous functions A, W —
LYT, X) such that h,(y) e H,(y) for all y(:)e W= h,(y)(t) e R,(t, ¥) a.e. =
for all nz=1 &R,y eF( yt) ae and [|9,(t) — kD) = d(,(),
F(t, y(t))) + 1/n a.e. Consider the integral operator @,:W — W defined by

0, (u)(t) = m, + S:h,,(y)(s)ds , teT.

Clearly @,(-) is continuous. Using the Schauder fixed point theorem we
can find {x,(:)},2: & W such that &(z,) = x,. Hence we have

w.()eP and [|5,(t) — ()| < d(5,0), F(E, 2(®)) + % a.e.

Step 7. We will show that w,,(-)(—jf(—@x(-) as nm— oo,

Since {x,(*)},=; & W and W is compact in Cx(T), by passing to a sub-
sequence if necessary, we may assume that x,(-)~——y(-)e W. Let
kn(t) = “vn(t) - xn(t)” .
Then k() — k() = ||xt) — y(¢)|] for all teT. Also using the hy-
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pothesis 2 we have:

Jeu(t) S 119,(8) — &,0)]| < d(B,(2), F(, 2,(2) + % = w(t, [z, ) —2@)]) + % a.e.

Take B > 0 stch that ||z,(t) — 2(t)]| < B forallm =1andallte T. From
the Scorza-Dragoni theorem we know that we can find a measurable set
T, with M(T\T,) < 1/m such that w|; x5 is uniformly continuous. So
given 6 > 0 we can find #»,(0) such that for n = n, and for all teT,
we have:

w(t, ||2.t) — z@®)|) < wE, |ly@) — @) + o
— () < wit, k() + % +6 ae.onT,, m=1.

Also from Theorem 4.1 of Davy [4] we have that:
k(t) e ﬁ cleonv Q‘I'cn(t) a.e.
So at the limit as n — o we get that:
k() < w(t, k(t)) + 6 a.e.on T,, m=1.
Recall that 6 > 0 was arbitrary. Hence finally we can write that
k) < w(t, k) ae.on T,, m=1.
But AT\ Ug; T.)=0. Therefore k(t)<w(t, k(t)) a.e. Since k(0)=|ly(0)—

2(0)]| = ||z, — 2| = 0 and w(-, -) is g Kamke function, we have that k(-)=
0— y(t) = a(t) for all te T—a,(-)* D u(.). Because z,(-)e P, the proof
of the theorem is completed. q.e.d.

REMARK. When X = R" we get an improved version of Theorem 1
of Pianigiani [11], since we do not require the orientor field to be con-
tinuous in the time variable ¢. Pianigiani assumed that FY(., -) was jointly
continuous.
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