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1. Introduction. First-order nonlinear systems of conservation laws
are the equations of the form

1.1) w, + 2 fi(w),; = 0.
J=1
Here fi, j=1, ---, n, w denote m-dimensional vectors, with f? smooth

functions of w, and w a functions of the time ¢ and the space coordinate
z = (2, --+x,) . The subscripts ¢t and x; refer to the partial derivatives
with respect to t and ux;, respectively. As is well known, the existence
of an entropy function for (1.1) is characterized by the property that
(1.1) can be symmetrized by introducing a new dependent variable. We
owe these results to Godunov [5] and Friedrichs-Lax [3]. See, in this
connection, [6], [7], [11].

The primary objective of this paper is the initial value problem for
the second-order nonlinear systems associated with (1.1), i.e.,

(1.2) w, + ; Fi(w),; = i% (G (w)w, )., -
Here G*(w), 4, j =1, --+, n, denote m X m matrices depending smoothly

on w. Both fi(w) and G*(w) are defined on an open set 2C R™. Such
systems arise, for example, as the equations of viscous compressible fluid.
The notion of the entropy function has a natural extension to the second-
order systems (1.2). The definition was given previously by one of the
authors in [8]. That the symmetrizability of the system can be charac-
terized by the existence of an entropy function remains valid for (1.2).
We give a brief review of these observations in §2. In §8, we consider
the system (1.2) by assuming the symmetrizability. We formulate a
sufficient condition under which (1.2) can be put in a normal form of the
hyperbolic-parabolic system. This means that the resulting system is
expressed as a coupled system of a hyperbolic system and a parabolic
system. Consequently, the local existence of solutions of the initial
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value problem can be shown by using iteration. The equations of the
hydrodynamics are treated as an application in §4. In §5, we discuss
an analogous system of equations arising in the discrete kinetic theory.
This is the Navier-Stokes equation derived from the discrete velocity
models of the Boltzmann equation by the Chapman-Enskog method.

2. Entropy function and the symmetrizable systems. First of all
we define the entropy function for the system (1.2).

DEFINITION 2.1. Let n=n(w) be a real-valued smooth function defined
on a convex open set «7,C2. Then 7 is called an entropy function for
(1.2), if the following properties hold:

(a) 7m is a strictly convex function on ¢, in the sense that the
Hessian D%y is positive definite on ~7,.

(b) There exist real-valued smooth functions ¢/ = ¢(w), =1, ---, n,
such that D, p(w)D,f (w) = D,g'(w), 3 =1,---, n, for we 2,.

(e) (Din(w)"'GY(w)" = G (w)Dip(w)™, 4, 3 =1,-++, n, for we 7,
where the superseript T denotes the transpose.

@) i G(w)Din(w))'ww; is real symmetric and non-negative
definite for we ~, and w = (w,, * -+, w,) € S"%

REMARK. The definition we adopted seems to be somewhat stringent,
because the entropy function is required to have a convex domain of
definition. The convexity is needed in the proofs of Theorems 2.1 and

38.1. In concrete problems, the domain of definition of an entropy funection
may eventually be non-convex. We shall return to this point in §4.

Now we rewrite (1.2) by introducing a new dependent variable %
in place of w. It is assumed that there is a diffeomorphism «# — w from
an open set <, onto ,. Let us set w = w(u) in (1.2). Then (1.2) be-
comes of the form

(2.1) Ay, + 3 Ay, = 3 (B,

=1
where

(2.2), A(w) = Dw(u) .

(2.2), Ai(w) = D.fi(w(u)) = (Dpf)Yw)Dyw(u), j=1, -, n.
(2.2), B¥(u) = G¥(w(u))D,wu), 4, j=1, -, n.

We give the definition of the symmetric form as follows.

DEFINITION 2.2. The system (2.1) is said to be of the symmetric
form if the coefficient matrices satisfy the following properties:
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(a) A%wu) is real symmetric and positive definite for u e 2,.

(b) A¥w), j=1, --+, n, are real symmetric for u € Z,.

(e) B¥(uw) = B*u), 1,j=1, ---, n, for ue7,.

(d) Bu, w) = >3-, B¥(u)w,w; is real symmetric and non-negative
definite for we 7, and w = (w,, ---, w,) € S*.

As we noted in §1, the following theorem is a direct generalization
of the known results for the first-order system (1.1) of the nonlinear
conservation laws. The second part of the theorem was given in [8] in
a slightly different form.

THEOREM 2.1. Let ©7,CR2 be a convexr open set. Suppose that the
system (1.2) can be symmetrized on <,. In other words, let the following
hold: there exists a diffeomorphism u— w from an open set &7, onto 2,
such that (2.1), obtainmed from (1.2) by setting w = w(u), s of the sym-
metric form. Then (1.2) has an entropy function defined on ,. Con-
versely, suppose that there is an entropy function for (1.2) defined on a
convex open set «7,ZR. Then (1.2) can be symmetrized on ~,.

Proor. Let the properties (a), (b), (¢), (d) of Definition 2.2 hold.
Since ~7, is assumed to be convex, ¢, must be simply connected. We
note that the mapping w — w is by definition a diffeomorphism from 7,
onto ~,. Then, by Poincaré’s lemma, there exist smooth real-valued
functions 7 and §%, j =1, :--, n, defined on &, such that

(2.3), D,jj(u) = w(u)",

(2.3), D,g(w) = filww)", j=1, - n.

Here we used the fact that D,w(u) and D,f(w(w)), j=1, ---, n, are
real symmetric matrices. We set

(2.4), N(w) = {w, u(w)) — Hu(w)) ,

(2.4), @(w) = {fi(w), u(w)) — Plu(w)), =1, n,

where (, ) denotes the standard inner product in R™. Then it turns out
that n(w) is an entropy function and ¢‘(w), j=1, -+, n, are the cor-
responding functions defined in (b) of Definition 2.1. In fact, differen-
tiating (2.4), with respect to w and using (2.3), we find that

(2.5), D, p(w) = u(w)" .
Similarly, we get from (2.4), and (2.3),
(2.5), D,¢'(w) = w(w)" D, fi(w), j=1,---,n.

These equalities imply (b) of Definition 2.1. It follows from (2.5), that
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Dip(w) = D,u(w). Hence (D, w)(u(w)) = (Din(w))™". Substituting this into
(2.2),_; yields

(2.6), Au(w)) = (Den(w))™ ,
(2.6), Ai(u(w)) = (Duf(w)Den(w)™, =1, mn,
(2.6), Bi(u(w)) = G (w)(Dipw))™, 4 j=1, -+, n.

Combining (2.6), with (a) of Definition 2.2, we deduce that DXnp(w) is
positive definite. This implies (a) of Definition 2.1. Since (a), (¢) of
Definition 2.2 are assumed to hold, (¢) of Definition 2.1 is verified by
using (2.6),. Finally, (d) of Definition 2.1 follows from (d) of Definition
2.2 combined with (2.6),, Thus the proof of the first part of Theorem
2.1 is complete.

We turn to the proof of the second part of the theorem. Let us
assume the existence of an entropy function 7(w) defined on a convex
open set ~,. We define the mapping w— u by

2.7 w(w) = (D,n(w))" .

Then D, u(w) = Din(w) is real symmetric and positive definite by (a) of
Definition 2.1. Hence the mapping w — u is one-to-one on #7,, because
&, 1s a convex set. On the other hand, D,u(w) is nonsingular on 27, as
we noticed above. Therefore, by the inverse function theorem, w — u
defines a local diffeomorphism at any point of <. It follows from these
observations that the mapping w — u is a diffeormorphism from <7, onto
an open set ¢#,. Consequently, the inverse mapping # — w is defined on
.. The system (1.2) can be written as (2.1) by change of the dependent
variable, i.e., by setting w = w(u). We shall show that the coefficient
matrices given by (2.2),_, satisfy the properties (a), (b), (¢), (d) of Definition
2.2. Since (D,w)(u(w)) = (Din(w))™ . We see that (2.6),_; hold. Hence
(a) of Definition 2.2 follows from (a) of Definition 2.1. To show (b) of
Definition 2.2, we employ the arguments given in [3]. By applying D,
to the equality in (b) of Definition 2.1, we obtain

2.8)  Dig‘(w) = Din(w)D,f (w) + Dw)Difi(w), j=1, -, n.

The left side of (2.8) is clearly symmetric. The fact that D2fi(w) is a
symmetric bilinear mapping from R™x R™ into R™ implies that the second
term on the right side of (2.8) is also symmetric. Consequently, the first
term on the right side of (2.8) must be symmetric. Thus, Dip(w)D,f (w)=
(D, fi(w))"Din(w). Combining this with (2.6),, we see that (b) of Defini-
tion 2.2 is satisfied. The other properties, i.e., (¢), (d) of Definition 2.2
follow from (e), (d) of Definition 2.1 and (2.6),, The proof of Theorem
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2.1 is completed.

We give in passing the equation satisfied by an entropy function
n(w). Let ¢/(w), j =1, -+, n, be the corresponding functions defined in
(b) of Definition 2.1. A straightforword computation yields

@9) )+ 3w, = 3 (ulw), ).,
— 3 Culw)., BYuw)uw).,) -
Here u(w) and BY(u(w)), 1,5 =1, ---, n, are given by (2.7) and (2.6),.

3. Normal form of the symmetric hyperbolic-parabolic systems.
Let us assume that (1.2) is symmetrizable on a convex open set <7, and
consider the symmetric system (2.1) on ¢, derived from (1.2). When
the right side is identically zero, (2.1) is a symmetric hyperbolic system.
When B(u, w) defined in (d) of Definition 2.2 is positive definite for u € &,
and weS*, (2.1) is a symmetric strongly parabolic system. Between
these two limit cases, there are intermediate cases where B(u, @) does
not vanish identically but has a nontrivial null space. Our aim in this
section is to give a simple sufficient condition such that, by introducing
a new dependent variable again, (2.1) can be rewritten in the normal
form, i.e., a coupled system of a symmetric hyperbolic system and a
symmetric strongly parabolic system.

We consider a diffeomorphism v — % from an open set ¢, onto ..
By substituting ¥ = u(v) into (2.1) and then multiplying by the transpose
of the Jacobian matrix D,u(v), we obtain the transformed system with »
as the dependent variable

(3.1) A, + 3, i), = iﬁ, B, ., + §(v, D,) .
i=1 Ji=1

Here,
(3.2,  A'v) = (Du(v))"A"(w(v))Du(v) ,
(3.2), Ai(v) = (Du@) Au@)Du@), j=1, -, n,

3.2); BY(v)= —;—(Dm(v))T{B""(u(v)) + B u()Du(), % 3j=1,:+-,n,

(8.2), g(v, D) = “2; (Dyu ()" {B*(u(v)) Dyu(v)},,0,; -

Since we started with the assumption that (2.1) is of the symmetric
form, it is obvious that
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(3.3), A%v) is real symmetric and positive definite for v e 2,

(3.3), Ai(w), j=1, -+, n, are real symmetric for ve 7,

(3.3), Bi(v), 1, 5 =1, «++, m, are real symmetric for ve?, and in ad-
dition Bi(v) = B¥(v) for ve?, and 4,5 =1, ---, n.

(3.3), B, @) = X2 ;-, B¥(v)w,w; is real symmetric and non-negative
definite for ve 2, and w = (w,, -+ -, ®,) €S"%

We introduce here the definition of what we call the normal form.

DEFINITION 3.1. The system (3.1) is said to be of the normal form
of the symmetric hyperbolic-parabolic system, if (3.3),_, are satisfied and
in addition there exists a partition {I, II} of the standard basis {e,, - - -, €.}
of R™ such that, A°v), B¥(v), i, j =1, -+-m, and §(v, D,v) are decomposed
as follows: .

— o [ANW) 0
® 4= ( 0 ‘w)) ’
Namely, A°(v) is block diagonalized.
(b) E”(v)z(o _(.) >, Bhi=1 -, m,
0 Bf(v)

where, 337, BH(v)w,w; is positive definite for ve 77, and w = (w,,***, ®,) €
S,

(c) g(v, D) = (§,(v, D,v11), §ri(v, D0))"

where v = (v, v;;)". In other words, g, does not depend on D,v,.

Let the system (3.1) be of the normal form in the sense defined
above. Let

B = (B0 By
Afrn(v) frul(v)
Then (3.1) is written as
(3.4), A, + S, Ab )y, = kv, Do)
=1
(3:4), A1 = 3, BiOWi1,00; = Frslv, Do) -

Here v = (v, v;;)" and the right sides of (3.4),, are given explicitly by

El(v’ D,v,;) = g,(v, D,v;;) — g{ Z;II(O)UII,ZJ' ’

}:II(,U, Dn:’v) = gII(v, Dmv) - zll{A—{II(v)vI,xj + Zglll(v)vll,xj} .
i=
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The system (3.4),, can be regarded as a coupled system of a symmetric
hyperbolic system for v, and a symmetric strongly parabolic system for
v;;. Hence, for the initial value problem, the existence and the unique-
ness of solutions local in time are proved in an appropriate function
space. (See Theorem 2.9 of [12].) This implies that, if (1.2) is symme-
trizable and the corresponding (2.1) can be written in the normal form,
then the initial value problem for (1.2) is well posed. For such systems,
several sufficient conditions that guarantee the existence of solutions global
in time are known also. The reader is referred to [8], [12].

We shall show that the symmetric system (2.1) can be put into a
normal form if the following condition is assumed to hold.

Condition N. The null space of B(u, w)=>7; B¥(u)w,w; is independent

of ue”, and we S™.

It is clear that this condition holds if (2.1) itself is of the normal form.

THEOREM 3.1. Suppose that the symmetric system (2.1) is derived
from (1.2) which is symmetrizable on a convex open set «7,CR2, by change
of the dependent variable. Let Condition N hold on 27, that corresponds
to ©&,. Then there exists a diffeomorphism v —u from an open set 2,
onto &, such that, by rewriting (2.1) with v as the dependent variable
and then multiplying by (D,o(u))”, the resulting system (8.1) is of the
normal form. Furthermore, (¢) of Definition 8.1 is satisfied with g, = 0.

PrROOF. We may assume without loss of generality that B'(u) are
of the form

0

(3.5) Bii(u) = (0 Bi(u)

), 1, J=1 -, n.
Here we denote by {I, II} the partition of the standard basis {e, - -, €}
of R™ defined as I =1{e, ++-, ¢}, Il = {e,4y, **+, €n}. To see this, suppose
for a moment that this is not the case. Let R be an orthogonal matrix
with constant elements and let #' = R"u. Then, w = Ru'. Substituting
this into (2.1) and then multiplying by R”, we obtain again a symmetric
system which is equivalent to (2.1). It is easily seen that, by virtue of
Condition N, (38.5) is realized with «’' in place of w by a suitable choice
of R.

Now we define a smooth mapping # — v by utilizing the diffeomorphism
# — w that symmetrizes (1.2) on #,. Namely,

(3'6) v = (wl(u)’ ] ws(u)i g1y **° u’m)T .

Here w,(u) and u, denote the k-th components of w(u) and u, respectively.



456 S. KAWASHIMA AND Y. SHIZUTA

The domain of definition of the above mapping is <’,. But, to show that
this mapping is a diffeomorphism, some care must be taken. Once this
is proved, we shall see that the inverse mapping of the mapping (3.6)
put the symmetric system (2.1) in a normal form.

We note that >.7;., Bi(u)w;w; is real symmetric and positive definite
by Condition N. Let ,
71(u) 7rr(u) )
Srr(w)  Afrr(u) )
Since A%u)= D.w(u), we have A}:(u) = ow,/ous, Afri(u)=0w:/0%r;, Abri(u)=
oW fouy, A%ri(u) = ow;/ou,;. Here uw = (u;, u;)", w = (w;, w;;)*. These
partial derivatives may be understood in the sense of Fréchet derivatives.
Let us define a smooth mapping w — v by

3.7 A(u) = (

(3.8) V= Wr, V= U (Wy, W) -

We show in the following that this mapping is a diffeomorphism. First
we note that D,w(u) = A%u) is positive definite. This implies that D,u(w)
is positive definite. Hence, o0u;;/0w;; is positive definite also. Since ~,
is a convex open set, the mapping w;; — u;; is one-to-one for arbitrarily
fixed w;. We deduce from this fact that the mapping w — v is one-to-one
from ~, onto ¢7,. To show that D, v(w) is nonsingular on #,, we notice
that D,v(w) is lower triangular as a block matrix, i.e., ov;/0w;; = 0. Since
ov;/ow; = E;, we obtain det(D,v(w)) = det(ou,;/ow;;). But oujow;; is
positive definite as we noted above. Therefore, det(D,v(w)) does not
vanish on ©7,. We conclude that the mapping w — v is a diffeomorphism
from ©, onto an open set 7,

Let us form the product of the mapping # —w and the mapping
defined by (8.8). Namely,

(3.9) vy = WUy Urr) » Vir = Ugg -

This is a diffeomorphism from <, onto 7,. Differentiating (3.9) with
respect to u, we get

_ 7r(u)  Afi(w)
(3.10) D,v(u) = ( 0 B, > .
Consequently,

_ (An(w) —Af(u)T A (u)
(3.11) Du(v) = ( 0 £, ) .

It is easy to see that the mapping defined by (8.9) coincides with that
defined by (3.6). Now we rewrite (2.1) with v as the dependent variable.
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Substituting u = u(v) into (2.1) and then multiplying the resulting equation
by (D,u(v))?, we obtain (3.1) where A°(v), Ai(v), B“(v) and §(v, D,v) are
defined as in (3.2),,. Clearly, (3.3),_, are satisfied. The properties (a),
(b), (¢) of Definition 8.1 can be verified by using (8.5), (8.7), (8.11). In
particular, (¢) of Definition 3.1 holds with g, =0. The system (8.1) is
therefore a symmetric hyperbolic-parabolic system of the normal form.
The proof of Theorem 3.1 is completed.

4. Hydrodynamical equations. In this section we treat the system
of equations for compressible fluids as an application of the general
theory. The equations are given as

(ow'), + 32;: (ou'n? + DOyj).;

4.1) - 2 {p(uzj +oul) + p(kzz. u’;k)aij}z , i=123.

)

(oe + [uF/2) + 3 lowile + uf/2) + pui,

3 3 . .3
=3 {yZ‘: u'(ui; + ui) + p'u? kZ us, + Icﬁ,,j} .
= Ui =1 2]
Here, o, u = (4!, 4* %°) and @ are the mass density, the fluid velocity and
the absolute temparature, respectively. The pressure p and the internal

energy e are given smooth functions of o > 0 and ¢ > 0 satisfying
(4.2) po = 00(0, 6)/00 >0, e, = de(p, 6)/06 > 0 .

The viscosity coefficients g, ¢ and the heat conduction coefficient £ are
also given functions depending smoothly on 0 >0 and ¢ >0. We consider
in the following the four cases listed below.

(i) o 2+ ¢, £>0.

(i) p=p=0,£>0.

(iii) g, 2+ ¢/ >0, £=0.

(iv) pu=p=k=0.

We take o and 6 as the two independent thermodynamical variables and
set

(4.4) V=_{(0u06).

V ranges over the open convex set &2, = (0, o)X R*X (0, ) in R°. Next
we set

(4.5) W = (0, ou, ple + [ul*/2))" .

(4.3)
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We regard W as a function of V defined on &,. The range of the
mapping V—W is denoted by £2. A direct computation shows that the
Jacobian matrix of the mapping V—W is given as follows.

1 0 0
(4.6) D, W = u? ol, 0
e+ [ul’/2 + pe, pu ey

Here, ¢, = 0e(po, 6)/00 and I, denotes the 3 x3 unit matrix. We note that
op(e + |ul*/2)/060 = pe, > 0 by (4.2). Hence p(e + |ul*/2) is a monotone in-
creasing function of ¢ for arbitrarily fixed o and w. It is evident that
the mapping (0, u) — (0, pu) is one-to-one. Combining these observations
we see that the mapping V — W is one-to-one on &,. On the other hand,
D, W is nonsingular on &, as is seen from (4.6). Hence, V—W defines
a local diffeomorphism at every point of the domain of definition. We
conclude therefore that the mapping V— W is a diffeomorphism from <&,
onto 2. (It follows from this fact that £ is a simply connected open set
in R’.) We rewrite (4.1) with W as the dependent variable and obtain

@D Wet 33 P, = 33 (GHWIW.),s
where
(4.8) z FIWE; = (o(u-8), oulu-8) + pe, Ole + [ul*2)w-8) + plu-g))*

for £ = (&, &, &) € R’. Note that u-£ stands for the standard inner product
of v and £ in R®. We omit the explicit forms of G#*(W).

Let us denote by s the entropy of the fluid. It is assumed that s
is a smooth function of 0 >0 and ¢ > 0. We recall here the identity
de = 6ds—pd(1/p) which is an expression of the first law of the thermo-
dynamics. From this follow the relations

(4.9) e = (D — 0D9)/0°, 8o = —Do/0®, o= €0 .

Here the subscripts 0 and 6 refer to the partial differentiations with
respect to these variables. We set

(4.10) 7= —ps.

Then 7 can be regarded as a function of V, and hence, of W. We shall
show that the Hessian D}7 is symmetric and positive definite on 2. The
gradient of 7 with respect to W, i.e., V,7 can be computed by using the
relation V,n = V,p(D, W)™ and (4.6), (4.9). We obtain

(4.11) U= (Vo))" = (=8 + (¢ — [ul’/2 + p/0)/6, w/6, —1/6)" .
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We regard (4.11) as the definition of the mapping V—U. The domain of
this mapping is &,. We denote the range by &,. The Jacobian matrix
can be computed by using (4.9) as follows.

pol0 —u  —(e — [u*/2 + pe,)/0
(4.12) D,U = % 0 I e
0 0 1/0

We observe that o{—s + (e — |u|*/2 + p/p)/0}/00 = p,/00 > 0 by (4.2). Hence
—s + (e — |u|*/2 + p/p)/6 is a monotone increasing function of p for arbi-
trarily fixed » and 6. It is readily seen that the mapping (u, §) —
(uw/8, —1/6) is one-to-one. From these observations follows that the
mapping V —U is one-to-one on &,. On the other hand, V—U defines
a local diffeomorphism at every point of the domain of definition, because
D, U is nonsingular on &, as is seen from (4.12). Therefore, the mapping
V—-U is a diffeomorphism from <, onto &,. As a consequence the
mapping W—U defined also by (4.11) is a diffeomorphism from 2 onto
Zy. Since Din = D,U = D, UD, W)™, we get (D;n)™ = D,W(D,U)™.
Let us set

(4.13) AV) = (D, Uy (Din) "D, U .

Then, A%V) = (D,U)"D,W. Hence the explicit form of A(V) is obtained
by using (4.12), (4.6) and (4.9). Namely,

po/0 0 0
(4.14) A(V) = _;_ 0 pI, 0
0 0 ‘080/0

It is clear by inspection that AYV) is symmetric and positive definite on
Z,. Hence by (4.138) D7 is symmetric and positive definite on 2. In
other words, » is a strictly convex function on 2 in the sense defined
in §2.

Since the inverse mapping U — W of the mapping W—-U = V7 is a
diffeomorphism from <2, onto 2, we may substitute W = W(U) into (4.7)
and rewrite the equation. Then we obtain the following equation with
U as the dependent variable.

(4.15) AU, + 3, AU, = 3% (BHU)U,,},,

3
g k=1

Taking into account of the relation D, W = (Di%)™*, we see that the
coefficient matrices are given by
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AU) = Dy,
(4.16) AU = DyfW)Dim)™ s §=1,2,3,
BHU) = GHW)YDi)™, G k=1,23.

Now we shall prove that (4.15) is of the symmetric form in the sense of
Definition 2.2. The positive definiteness of A°(U) is easily seen. We set

(4.17) =090, @ =pul6, =123,

and regard these quantities as functions of V, and hence, of U. A direct
computation using (4.12), (4.9) shows that

(4'18> VUﬁ = WT! vajj = fJ(W)T ’ .7 = 1: 27 3 .

In particular, it follows from the latter relation that A/(U) = D:q’ for
7 =1,2, 3. This implies that A/(U) are real symmetric matrices. (We
omit the concrete forms of A(U).) Let us consider the case (iv) of (4.3).
Since the right side of (4.15) is identically zero in this case, we may
conclude that (4.15) is a symmetric hyperbolic system. We owe this result
to Godunov [5]. We consider next the other three cases of (4.3). The
right side of (4.15) can be computed by using the expressions of the right
side of (4.1) in terms of u/#, —1/0, and their space derivatives. We omit
the explicit forms and only note that

(4.19) B*U)Y =B%U), j,k=1,23.

(4.20) BU, ¢ = 3 BXU)ss
0 0 0
=010 plelL + (p+ e puTlgl + (0 + p)(u-8E"
0 pulel + (¢ + )w-8¢ (K0 + plullel + (¢t + p)(u-&)
Here, ¢ = (¢, &, &)ER’. Let ze R® and let Z = (2, 2, 2)€ R*. Then it
follows from (4.20) that

4.21) <QA/0)BU, &7, Z) = plel*lz + uzl + (£ + )}z + uz)-&f + £0lE['2E

where {, ) denotes the inner product in R°. Note that the inner product
appearing in the second term of the right side is that of R®. By inspection
of (4.21) it is seen that B(U, &) is nonnegative definite for any Ue &,
and £€ R® in all cases of (4.3). We conclude therefore that (4.15) is of
a symmetric form. This means that 7 can be regarded as an entropy
function despite of the fact that we are unable to show the convexity
of 2. Now we recall the arguments in §2 and set
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by abuse of notation. We define also

qj=<fi(W)rU>—aj’ j=17278'
Then it turns out that this 7 coincides with that defined by (4.10). We
obtain

(4.22) ¢ =—puis. 7=1,2,8.

These assertions are verified by making use of (4.5), (4.8), (4.11) and (4.17).

Finally we examine whether Condition N is satisfied by the symmetric
form (4.15) or not. Let we S* and let _#"(B(U, w)) be the null space of
B(U, w). In the case (i) of (4.3), .#"(B(U, w)) consists of vectors Z such
that z = 2, = 0 and hence has one dimension. Condition N is satisfied in
this case. By the arguments in §3, (4.15) can be put into a normal form.
In fact this is realized by using the diffeomorphism V —U. Let us set
U=U(V) in (4.15). Then we obtain the following equation.

423) AV, + X AV, = S\ BHV) V.., + 3V, D,V) .

Jrk=1

Here, AYV) is given by (4.14) and

. (PolP)(%+&) Po& 0
(4.24) sz Ai(V)g; = -;;-( DoE" o(u-&)1, Dok" ) ,
0 Dok (0eo/0)(u- &)

(4.25)

3
3rk=1

0 0 0
BMV)&e, = %(0 Ll + (e + e 0 ) ,

0 0 (£/0)|e]*
for ¢ = (g, &, &) € R®. Furthermore,

gV, D,V) = %(0, b, b,

(4.26) h= {F:l s (UL, + ul) + /1(2:. 0]
—1{r=3 i i E A 8
ho= 2L S o+t 4 p(Sod) + et}

It is easily seen from (4.26) that g,=0. We turn to the case (ii) of (4.3).
By (4.21), 4" (B(U, w)) consists of vectors Z such that z, = 0. Hence
A (B(U, w)) is a four dimensional subspace. Condition N is satisfied.
We can get the corresponding normal form by setting ¢ = ¢/ = 0 in (4.23).
Since » = 0 in (4.26), we see that g, =0. Now we treat the case (iv) of
(4.3). We have #"(B(U, w)) = R® in this case. Hence it is evident that
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Condition N holds true. The corresponding normal form is obtained by
setting ¢t = ¢/ = £k = 0 in (4.15), or equivalently, in (4.23). Briefly, the
right side vanishes in this case. Let us consider the case (iii) of (4.3)
that remains. _# (B(U, w)) is a two dimensional subspace consisting of
vectors Z satisfying z 4+ uz,=0. Hence, in this case, +#"(B(U, »)) depends
on U. (It does not depend on weS%) Consequently, Condition N does
not hold. Despite of this fact, we see that (4.23) with £ = 0 gives the
normal form for this case. We note that g, = 0 is violated in this normal
form.

PROPOSITION 4.1. Suppose that the conditions (4.2) and (4.8) are
satisfied for the system of equations (4.1) for compressible fluids. Let W
be defined as in (4.5). Then, with W as the dependent variable, (4.1) can
be written as (4.7). This system of equations has an entropy function
7 defined by (4.10). The corresponding ¢°, j =1, 2, 3, are given by (4.22).
Let U be defined as in (4.11). Then, tf we rewrite (4.7) with U as the
dependent variable, the resulting system of equations is of the symmetric
form. Condition N holds except for the case (iii) of (4.3). Furthermore,
(4.15) can be reduced to the normal form (4.23) for all cases of (4.8).
This 1s realized by using V as the dependent variable, where V is defined
by (4.4). (In the case (iv) of (4.8), (4.23) is a symmetric hyperbolic system.
This case can be regarded as a limit case.)

5. Application to the discrete kinetic theory. We discuss the Navier-
Stokes equation derived from the discrete velocity models of the Boltzmann
equation. Let us consider an n-dimensional N-velocity model. Let v,,---,
vy € R" be the velocity vectors. The discrete Boltzmann equation for this
model is written in the following form:

(5.1) e ¢ 0oVF = QUF,F) i=1 -, N.
Here each unknown F(¢ =1, .-+, N) is a function of the time { = 0 and
the space coordinate x € R", and denotes the density distribution of particles
with the velocity v,. The right side of (5.1) is given as

(6.2) QF, F) = -% jEk]l (AGF.F, — ABF.F;), ©=1,---,N.

A¥ is a positive constant if the quadruplet ¢, j, k, [ corresponds to a col-
lision and, if otherwise, Al is zero. It is assumed also that AY = A¥ =

it and that A} = A¥.
We recall here two basic concepts in the discrete kinetic theory. One
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is summational invariant and the other is Maxwellian. An element ¢ =
(¢ *++, ¢v) of RY such that

(5.3) A+ 65— — ) =0

for any 14, j, k, I is called a summational invariant. The set of all sum-
mational invariants forms a subspace of RY and is denoted by _#Z We
write dim _# =m. Let F = (F, .-+, Fy)" € R" satisfy FF>0, i.e., F;>0
forv=1, .---, N. If

(5.4) AMF.F; — F,F)) =0

holds for any 4, 7, k, I, F' is called a Maxwellian. F is a Maxwellian if
and only if Q,(F, F) =0 for + =1, -, N, provided that F > 0. The set
of all Maxwellians will be denoted by I'. Then I" is a m-dimensional open
manifold in R?.

We apply the method of Chapmann-Enskog to (5.1) and obtain the
Euler and the Navier-Stokes equations. These equations are the equations
of hydrodynamics derived from the discrete kinetic theory. Let 4, k=
1, -+, m, be a basis of _#Z and let Fe R¥. We set

(5.5) w=(wy, -, W), W=y FY, k=1, -+, m,

where <, > denotes the standard inner product in RY. The w, are called
the hydrodynamical moments or the macroscopic variables. The unknowns
of the Euler and the Navier-Stokes equations obtained by using the
Chapman-Enskog expansion are the w,. The Euler equation takes the
form of (1.1), while the Navier-Stokes equation is written in the form
of (1.2).

Now let us regard (5.5) as the definition of a mapping from (R,)¥
into R™ which sends F to w. We set

(5.6) Q={w=@w, -, w7 w,={d, F), k=1, -++, m, for some F>0}.

It is known that the mapping F'— w defined by (5.5) can be regarded as
a diffeomorphism from I" onto 2. This result is due to Gatignol. (See,
for the proof, Appendix 2 of [4]). As a consequence, 2CR™ is an open
set. We shall see that 2 is convex. Let w, w' €. Then there exist
F>0and F’">0such that (Y, F) =w,, 4, F') =wi k=1, -+, m. It
follows that for 0 = A =1, (Y, NF+ A = NF') =z, + A — Nws, k=
1, ---, m. Since AF + (1 — A)F’ > 0, this implies that xw + 1 — AM)w’' € 2.
Hence, 2 is convex. Briefly, 2 is a convex open set. The unknown w
of the system of hydrodynamical equations takes values in Q.

It can be shown that the system of the Navier-Stokes equations with
w as the dependent variable is symmetrizable on 7, = 2. In other words,



464 S. KAWASHIMA AND Y. SHIZUTA

there exists an entropy function defined on 7, = 2. Hence we can
transform the system in a symmetric form by introducing a new de-
pendent variable % in place of w. Let us consider Condition N for the
symmetric system with % as the dependent variable. This condition can
be verified under an additional assumption, i.e., the existence of a par-
ticular basis of _# Therefore, applying Theorem 3.1 and a result of
Kawashima (Theorem 2.9 of [8]), the initial value problem for the system
of Navier-Stokes equations is solved locally in time. The additional as-
sumption can be checked for various concrete models among which we
mention the 14-velocity and the 82-velocity models introduced by Cabannes
[1], [2]. (See in this respect [10], [12].) The detailed proofs of the results
presented in this section as well as the global existence theorems will be
given in the forthcoming paper [9].
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