Tohoku Math. J.
41 (1989), 43-64

A CLASS OF NON-KAHLER COMPLEX MANIFOLDS

GREGORY KUMAR SANKARAN

(Received July 14, 1987)

Introduction. In this paper we shall describe a class of non-algebraic manifolds,
which extends several previously known classes. In [15] I constructed a class of
manifolds Y of dimension » having n,;(Y)=~Z""!. Tsuchihashi ([18]) describes a class
with 7,(Y)=Z, one of which is an earlier example of Kato ([12]). All these reduce in the
surface case to the well-known Inoue-Hirzebruch (hyperbolic Inoue) surfaces ([10]). The
manifolds we describe in this paper have free abelian fundamental group with
l1<rkn,(Y)<n—1. Up to bimeromorphic equivalence they are, in the surface case,
precisely those occurring in [10] and, in the 3-fold case, precisely those occurring in the
union of [15] and [18]. We are really interested in bimeromorphic equivalence classes,
but what we shall do is take a convenient representative and do our calculations with
that.

The paper is divided into six sections. Section 1 covers the basic construction of
what we call the indecomposable manifolds. Section 2 is devoted to establishing that the
objects used in the construction really do exist. In Section 3 we construct one-parameter
degenerations and in Section 4 we explain what happens if the condition of inde-
composability is dropped. Section 5 is short and easy and calculates the Kodaira
dimension and the algebraic dimension. In Section 6 we calculate all the Hodge and
Betti numbers. The calculation of H(Y, ¢)y) is the main difficulty here (Theorem 6.3):
our method is quite different from the method used in [18] to prove the result in the case
rk,(Y)=1. The method we do use may be considered as an extension of an idea of
Freitag [6]. The patience and alertness of the referee in detecting mistakes in the proof of
Theorem 6.3 deserve much praise.

An earlier, incomplete, version of this paper dealt only with the case rkn;(Y)=
n—2, but receipt of a preprint of [18] alerted me to the arbitrariness of this restriction. I
should like to thank Professor Tsuchihashi for the preprint, Eduard Looijenga for
listening to me, and the Science and Engineering Research Council of the United
Kingdom for financial support.

1. Construction of the manifolds, indecomposable case. The outline of the
construction is similar to those in the papers mentioned above. We fix a free abelian
group M of rank n and another W of rank b <n— 1, together with an action of W on M
given by a faithful representation p: W—GL(M), so that M becomes a W-module. Then
we construct an (infinite) fan X which fills up a suitable part of M®R and is W-
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invariant. We form the (non-Noetherian) torus embedding X ,,, which has an action of
W induced by p, and show that a certain open (in the Hausdorff topology) subset X of
X u is such that Y= X/W is a compact complex manifold. For the toric geometry, we
refer to [4] and to [13].

We mention two notational conventions. We shall use multiplicative notation for
W but additive notation for M, and if we write G <G’ we mean that G is a proper
subgroup of G’ (otherwise we write G G’).

To begin with we make the following assumption, which is less restrictive than it
may appear.

ASSUMPTION A. M is a rationally irreducible W-module, i.e., M®Q is irreduc-
ible as a QW-module.

Manifolds constructed under Assumption A will be called indecomposable.

We also make, this time permanently, another assumption about the W-module
structure of M; it follows from Assumption A but we shall need it later in the absence of
Assumption A.

ASSUMPTION B. M®C has a basis consisting of eigenvectors of W.

Of course this makes sense because W is abelian. The construction of parabolic
Inoue surfaces ([9]) can be described by toric methods using an action of W (= Z) for
which Assumption B fails, and this is done in [13]. With Assumption B, W can be
thought of as a subgroup of GL(M)~GL(n, Z), diagonalizable over C. By passing from
W to W2, which amounts to taking an unramified double cover of Y, we can assume
W<SL(n, Z).

Assumption A enables us to apply the following standard result ([16, p. 23]).

PROPOSITION 1.1.  Under Assumption A there exist a number field K and embed-
dings ¢: Mc,Ox, ¢ Weo, OF such that ¢'(n)p(m)=p(n)(m) for any neW, meM.
Moreover, |Ok: ¢(M)| is finite.

Here Ok denotes the ring of integers of K and @} the group of units.

In view of Proposition 1.1 we can consider M as an ideal in a number field and W as
a subgroup of the group of units. In particular b<n—1, since the last clause of
Proposition 1.1 implies that |K: Q|=n.

Next we fix an isomorphism M@R=R" as follows. Suppose K has r real and s
complex places, so r+ 2s=n. Take these in some fixed order, the real ones first, and let
the corresponding embeddings be 0;: Ko R, 1<i<r and 7;,7;: Ko C, 1<j<s. Then
x —(0,(x), "+, 0,(x), T,(x), - - -, 7(x)) gives an embedding 6: Ko, R" x C*=R" (iden-
tifying C with R?), and o gives an isomorphism of M®R with R". ¢ is somewhat
arbitrary (we chose the order of the places and which complex embedding to call T and
which 7) but it respects the action of W on M.

In order to proceed with the construction we require W to preserve a degenerate
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convex open cone Q in ¥=M®R. Recall that a cone Q is degenerate if its closure Q
contains a line. Let H be the largest linear subspace of ¥ contained in Q, dim H=/>0.

LEMMA 1.2. H={x|o,(x)="--=0; _ (x)=0}. In particular h>2s.

ProOOF. Clearly H must be preserved by W. The linear subspaces preserved by W
are those given by the vanishing of some of the o;’s and 7;’s. But if 7;(x)=0 on H then
7;(Q) is a convex cone in 7(V)=C preserved by W. On 7,(V) an element ne W acts by
multiplication by 7;(n) € C. If in fact 7;(n) e R for all ne W then {me M| T(m)=1;(m)} is
a proper QW-submodule of M, contradicting Assumption A. So for some ne W,
7;(1)e C\R: but then 7;(2)=C because multiplication by a non-real complex number
preserves no proper cone in C=R? In particular, Oet (2),s0 HNQ# (F. But this, as is

easily seen, contradicts the convexity of Q. ]
We relabel the o;’s so that H is given by ¢,(x)="'-=0,_,(x)=0.
LEMMA 1.3. Q=HxL,, where L={0,_,,,(x)="-=06,(x)=1(X)="=1,(x)=

0} and L, is one of the orthants {xe L| +0,(x)>0, 1 <i<n—h}.

PROOF. Obvious. ]

We may as well suppose that L is the first orthant (¢,(x) >0 for all i). If it is not,
we simply multiply M by a suitable element of Ok and start again.

Next, we must have b=n—h, so that L,/W is (or could be) a compact real
manifold.

REMARK. If b>n—h the construction breaks down totally, but if b<n—h it
gives a non-compact Y. The case b=1, h=0 gives the resolution of a Hilbert modular
variety cusp.

REMARK. #h>2s, so b<n—2s, an inequality sharper than the b<n—s—1 of the
Dirichlet units theorem. Thus, in general we cannot take W= 0%.

We fix notation n;,=o0,(n) if i<r and n,=|t,_,(n)| if r<i<r+s. We make one
further assumption (and we shall need a genericity condition to ensure the truth of 1.4,
below).

ASSUMPTION C. If 1#ne W, either there is an i <b such that n;>n; for all j>b or
there is an i<b such that n;<n; for all j>b.

Clearly Assumption C is not true for a general W < 0% of rank . We shall see in § 2,
below, that such W do exist for any K. For the present we shall make do with a few
remarks.

REMARK. If Wis of finite index in 0%, so that b=r+s—1, Assumption C is
automatically true. However the bound » <#n—2s in the remark above shows that then
s§=0 (as in [15]) or s=1.
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REMARK. If =1 Assumption C implies that the condition of Definition 1.1 of

[18] is satisfied by either  or n 1.

PROPOSITION 1.4. For general W, the action of W on Q is free and properly
discontinuous.

PROOF. The precise meaning of the term “general” in this context will be
explained below. It is enough to show that the action of W on L, is free and properly
discontinuous, since the projection n,: Q=H x L, —»L, commutes with the action of
W. If neW has a fixed point (p, - -,p,)€L, then n,=1, since n(p,, -, pp)=
(M.P1> > MpPp); but 0y K—R is an embedding, so n=1. To prove discontinuity we go
to the logarithmic space . Here (see [2, Ch. II, §3]) £ <R""* is the linear subspace
defined by x, + - - - +x, ;=0 and Of (modulo torsion) is embedded as a full lattice in &
by Z: n—>(4(), - .4, +(n), where 7(n)=logn; for i<r and /(n) =2log|n;| for i>r. Let
n’: R""*— R" be the projection on the first b coordinates. We must show that n’(/(W))is
a lattice in R®. For a general real linear subspace ¥’ =% of dimension b, n": £’ —>R"is
an isomorphism: in particular the image of any lattice in %’ is a lattice in R®. So if the
real span of /(W) is such a“‘general’ linear subspace we are done. The subspaces £ are
parametrized by the Grassmannian %(b, r+s—1) of real b-planes in R"**! and the
subgroups W by the rational points of %4(b,r+s—1). The general ¥’ and W are
parametrized by a Zariski-open subset. [ ]

Suppose X is a fan which is W-invariant (that is no e X if 6€ X and ne W) and such
that X/W is finite and | 2 |=(Q\L,)U{0}=Q" (see Figure 1).

FIGURE 1

Let X; be the torus embedding corresponding to the pair (X, M). (I avoid calling it
a variety since X is infinite and X; is therefore non-Noetherian.) X; is a partial



NON-KAHLER COMPLEX MANIFOLDS 47

compactification of the big torus T),=Spec C[M ] (with the usual toric notation). T,
may also be described as follows: we complexify V'=M®R so that V is the imaginary
part of P=~C". Then M acts on ¥ by translation, and T), is ¥’/M. Write F= X, \.T,, and
denote by g: C"= V—T, =V/M the quotient map. H® x C*, where H denotes the upper
half-plane, is the preimage in Vof Q X= g(H®x C")UF is a connected subset of Xj,
open in the complex topology. W acts on X because of the W-invariance of X and Q and
W-equivariance of g. By a standard process ([1]) if a Z satisfying the above conditions
exists at all it can be chosen so that Xy is smooth and the action of W on X is free and
properly discontinuous. Then Y=X/W is a complex manifold, containing a distin-
guished analytic closed subset F= E/W of codimension one.

THEOREM 1.5. The complex manifold Y is compact.

PROOF. Assume that b<n—1; for the case b=n—1 we refer to [15]. Denote by
G =G(M, W) the split extension of M by W determined by p. From the discussion above
it is clear that Y is the disjoint union of F with Y,=(H"x C")/G. F has simple normal
crossings and is therefore a deformation retract of a tubular neighbourhood A . Write
¥ for /g \F. The first few terms of the Mayer-Vietoris sequence associated to the
couple {Y,, A ¢} are

0—H,,(Y) > Hyy (N E) = Hyy o (Y) @ Hyy (N )=

since YN A p=AN§ H,,_ (N p)=H,,_(F)=0 since the real dimension of Fis 2n—2.
Y, is a K(G, 1) so it is homotopy equivalent to a real #-torus bundle over a real b-torus.
So the homological dimension of Y, is n+b<2n—1, so H,,_{(Y,)=0, too. On the
other hand H,,_ (A §)#0, from the Gysin sequence ([5, VIII.12.1]) and the fact, which
follows from the finiteness of X/ W, that Fis compact. Thus H,,(Y)#0, so Y must be a
compact real 2n-manifold, by [5, VIIL.3.4] (Y is orientable because it is a complex
manifold). n

A more geometric idea of why Y is compact, and of the structure of Y, can be got
from the manifold with corners Mc(M, X) discussed in [13]. It is a real manifold with
boundary which is a partial compactification at infinity of ¥, whose structure accurately
reflects that of X as a partial compactification of T,,. Specifically Mc(M, X)= X;/CT),,
(in the notation of [13]) and the quotient map is proper and (in this case) W-invariant.
Consequently it would be sufficient to write down a fundamental domain for the action
of W on Qc V whose closure in Mc(M, X) is a compact fundamental domain for the
action of Won X/CT,,cMc(M, X): see Figure 2. Unfortunately this does not seem to be
practical in general, and we must have recourse to the topological argument above.

2. Existence theorems. In this section we shall prove the existence of W
satisfying Assumption C for any field K, and (using Assumption B and Assumption C
only) the existence of a fan X satisfying the conditions specified in the previous section.
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Fundamental domain

Mc(M, %)

FIGURE 2

THEOREM 2.1.  With the notation of the previous section, for given K, b and H there
exists a W <O¥ verifying Assumption C.

PROOF. Write g=r+s—b. To each ne©¥ we associate a point of R" by
n— (1), 1<i<b, 1 <j<g, where

zij=IOg('7i/nb+j) .

statement of Assumption C is that for any ne€ W (n# 1) there is an i, 1 <i<b, such that
n(n) e Q, where Q is + the open first orthant in R? (i.e., where the ¢; all have the same
sign). By abuse of notation we shall continue to denote by W and 0% the images of W
and 0% in R%.

If { € OF then obviously

(Cl/cb+1)g_l(Cb+2/§l)' o '(§b+g/Cl):(Cz/cb+1)g_1(cb+2/c2)' e '((b+g/C2)'

So —(g—Dty +1tp+ - +ly=—(g— Dl + 1+ - - + 1, similarly £, —(g— 1)t +
et ly=ty—(@—Dip+ o+ 1,4, and so on, so we get g equations relating (¢ ;) and
(t;), i#1. It is easy to see that g—1 of these relations are independent, and we can
therefore write down (g—1)(b—1) independent linear relations satisfied by the linear
subspace OX®R in R%. But dim(O(®@R)=b+g—1=bg—(b—1)(g—1), so these equa-
tions define O¥®R. From the equations it is clear that we do not get any relations
involving (¢;;) for only one i: that is to say, n(O¥®R) is the whole of R’.

We shall have shown the existence of W if we can exhibit a b-plane 4 in O¥®R
which is rational (generated as a linear space by points of 0%) and such that for any
p(#0)e A, n(p)eQ for some i; then W=ANO%.

Let %(k, n) be the Grassmannian of real k-planes in R", with the real topology.
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Write P=R9\.Q and P=(0(®@R)N (-, n; '(P). We require A4 to intersect P only at 0,
or, projectively, that the projective hyperplane of dimension 5—1 in RP®*9~2? miss the
projectivization of P. P is closed, and it is easy to see that the condition that 4 miss it in
this sense is an open one on ¥(b, b+ g— 1). Since the rational points of 4(b, b+g—1) are
dense it will be sufficient to exhibit an 4 missing P, as A can then be perturbed to make it
rational and to satisfy the genericity condition of 1.4.

The existence of 4 will be proved by induction on b. For b= 1 we can take for 4 the
line through the origin and any point of Q. Write U for OX@QR=R®*97!. Let T be a
codimension one linear subspace of R contained in P and let U’ =nr, *(T). For generic
T, U’ will have the property n(U")=R? 1<i<bh—1, so we can assume this. Then, by
induction, there is a hyperplane A" of dimension 6—1 in the (b+ g —2)-dimensional
space U’ meeting U'N(?2!n,”'(P,) only at the origin. Let mn,: U~R? be the
projection along A". n 47, ' : R>R?is an element of GL(g, R) and Q. =n 7, }(Q) an
open double cone in R,.. Let / be a line in Q ., and take A=mn ;!(/). It is easy to check
that 4N P={0}, and this completes the proof of Theorem 2.1. ]

The point of Assumption C is that it ensures that every infinite cyclic subgroup
of W collapses nondegenerate closed cones in Q onto L, and, as we shall see, ensures
the existence of X.

PROPOSITION 2.2. If C=QU{0} is a nondegenerate closed cone and ne W, then
nael ’7"C == L+ .

PROOF. CcCy={veQ|Y4_,v2=8Y,.,v7} for some 6>0, so it is enough to
show that [),.zn°Cs<L,. Without loss of generality, we may suppose that
m/m;>N>1 for all j>b. For ve C,;, 37, v})/0(} =, v} =1, s0

i ('1"17);'2/<Na5 > ('7”0)}>2('7"U)f/<Na5 > ('1“0),2>2N"vf/5 Yvi>1  for ax»0.
i=1 ! ! ,

j>b i>b j>b
So #ve Cyas for a»0. This proves the result. [ |
COROLLARY 2.3. W acts discontinuously and without fixed points on P=P(Q’).

Here and later we use P(A4) to denote the image of a subset 4 of Vin P(V)=RP"'.
Corollary 2.3 is not by itself enough for our purposes: we need a compact
fundamental domain and for this to exist Assumption C is essential.

THEOREM 2.4. The action of W on P admits a compact fundamental domain Z, and
the quotient P/W is homeomorphic with S"~' x (S1)?.

PROOF. The idea is to show that the choice of N and a in the proof of Proposition
2.2 can be made uniformly for all n and to use this to determine a subgroup of W of
finite index for which we can write down a fundamental domain.

With notation as for Theorem 2.1, it is clear that Assumption C is equivalent to
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“for all n(#£0)e W®R there is an i (1 <i<b) such that n,(n7)e Q. Let 4 be the ball of
radius 1/2 in W®R and 04 its boundary: for ¢>0 define

Qe)={t=(ty, -, t;,)eR?|1;>¢ Vjor 1;<e Vj}.

For 0#ne W®R write (uniquely) n=An,, 4A>0, n,e04. For each i there is a unique
&) given by &(1,) =sup{e l no€ Q(e)} or g(no)=0 if no¢ Q. Put e(r,) =max &,(1,). By
Assumption C, e(y,)>0. Clearly e: 04— R is continuous, so it is bounded below
by €,>0. If ne W then 4>0 so Assumption C also implies that for all ne W there is
an i (1 <i<b) such that m,(n) e Q(e,).

So in the proof of Proposition 2.2 we can choose N uniformly for all # such that
n:>n; for some i <b. Explicitly, we require that, for all such #, there be an i <b such that
ni/m;>N>1 for all j>b, and this can be arranged by choosing N=exp(e,). We may
suppose that #, >#; for i<b; then

1<y (v,-z/é Y vf)sb(ﬁ/é Y vf)
i<b ji>b j>b

s0v3/(6Y ;5 v})=1/band Nv}/(8Y ;. ,v?)>1as long as a>b/log N. Thus a can also be

chosen uniformly, so that #°C, < Cy., for all n such that 5, >n; for some i<b.

Consider now the group W= {11”]116 W3. It is of finite index in W and acts on
P(L.). Let U< W* be any group such that W/ Ux~Z. The action of U on P(L,) is
fixed-point free (W has no eigenvectors in L,) and discontinuous and is therefore
equivalent to the action of a full lattice in R® "' ~P(L,), so it has a fundamental domain
Z,.

Let W be the set of ne W* for which n;>n; for some i<b and all j>b. Put Z'=
P(C_",\U,,EW,1 nCy)Nn;(Z,). Z' is closed by its construction, clearly bounded and
hence compact. From the choice of W* and of Z,, it follows that Z’ is a fundamental
domain for W*. Since | W: W*| < o0 it is easy to see that there must also exist a compact
fundamental domain Z for W, namely Z=Z"\|J, nZ’ where 1 runs through those 7 for
which nZ'NZ'# @ or n°'Z'NZ’# & but not both. The last part of the theorem is
clear. [ ]

THEOREM 2.5. There exists a W-invariant fan ¥ with X/W finite and such that
|Z]|=Q =(Q\L,)U{0}.

PROOF. Let Z be a compact fundamental domain for W in P, as in Theorem 2.4,
so P= U,ewnZ. Because the rational points of P are dense and the action of W is
discontinuous, for each point p € Z there is an open rational polyhedron S such that pe S
and nSNS=F for n(#£1)e W. Let Sy, - - -, S, be a finite cover of Z by such polyhedra.
Put

SP=S,,  SW=s\Uns,, 1<isk.

new
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1S, N S;= ¢ for all but finitely many # so S{" is a rational polyhedron (neither open nor
closed). Inductively, we suppose that S% are polyhedra such that

k
SPeS,,  P=( UnS? and 789 nSP=g

new i=1

for all ne W if i</ and i#j. Then if we put

SUtV=80, i<j+l, and SUTV=SPNU nShy,  i>j+l,
new
{SY*DY satisfy the same conditions with i+1 in place of i. Consequently P=
Uyew Utz nS¥™" and the S~V are disjoint.

So=J¥, 8%V is thus a polyhedral fundamental domain for W in P. The
corresponding cone in Q can then be subdivided in such a way that it, together with its
translates, gives a fan X as described. If we want X to be basic, simplicial or whatever,
that can also be arranged. An explicit description of the subdivision process can be
found in [14, Theorem 3] (the proof of that theorem, as was pointed out to me by C. T.
C. Wall, is incomplete, but the correction is easy). [ ]

REMARK. The proof of Theorem 2.5 follows the argument of [17, Proposition 2],
with minor modifications to adapt it to the present context.

3. One-parameter degenerations. By a method similar to that of Makio, who
gave one-parameter degenerations of Inoue-Hirzebruch surfaces (described in [13]), we
construct one-parameter degenerations of the manifolds described above.

Put M=M@Ze, V=M®R, H=H®Re, L=LcVcV,[,=L,, 0=HxL, and
§’=(§§\L~+)U{O}. W acts on M by n: e e for all ne W (so the representation
p: WoSL(M )is p@1). According to Theorem 2.5 we can choose a rational polyhedral
fundamental domain S in P and a corresponding fan ¥ in V. Let A be the fan in Re
whose cones are R.,e, R,(—e) and {0}.

THEOREM 3.1. There is a W-invariant fan 3 with |5|=Q’, such that {ce
2|ac Vy=X and the projection M—Ze induces a morphism (£, M)—(A, Ze) of
fans, respecting the action of W.

PROOF. Let E={neW|SnnS# }. E is a finite set, by the choice of S, and E
generates W. For if not, let W’ be the subgroup generated by E: each coset of W’
determines a connected component of 13, but P is connected unless # =1 when it has two
connected components which are not equivalent under SL(M).

Let te X be a cone contained in exactly ¢ translates of S, say 1< NI & ,S. Pick an
me M and define 7, =Span(z, {{;m +e}). Let > = {faces of T, | teX}. Itis clear that X is
W-invariant, that {ce% | occV}=2%, and that the projection induces a morphism of
fans, as long as 2 actually is a fan. It remains to show that  is a fan and that | £ |=Q".
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The map 1 — E, ={ne W| t1=yS} is inclusion-reversing and defines a subdivision
of WQR into polyhedral cells (the dual complex arising from the decomposition P=
UnewnS). The cells are I',, where the faces of I', are the I', for o a face of 7. We must
check that for g, 0, € X, 0, No, is a face of both o, and ¢,. We may suppose that o, =17,
and ¢,=nf, for some 7,7,=S and some neW. Then o, No,=Span(t, NN1,,
(E;,NE, )m+e). Butsince Zisa fan, 7, (11, is a face of both 7, and 7,. (E, NE, ym+e=
{E,m+e|1, and 1, both faces of 6}, which is a face of I', , and the result follows. Finally,
|Z|=9’, as E generates W (so that {I',} defines a subdivision of the whole of W®R).

The construction is illustrated in Figure 3.

&(m+e)
&S
— < m+e
S
¢(m+e)
T < &S
éz(m"-(:’)
SN

FIGURE 3

COROLLARY 3.2. There is a complex analytic space % and a map ¢ : % — P! such
that
(1) ¢ is proper and flat
(i) ¢ '()=Y for t#0, ©
(ili) ¢ ~1(0) and ¢ ~(o0) are complete toric varieties with some pairs of disjoint
torus-invariant codimension one subvarieties identified.

PROOF. % is constructed from ¥ and M just as Y is from Z and M. ¢ is induced
by M—Ze and (ii) and (iii) follow from the construction of X [ ]

A more precise description of ¢ ~1(0) is this: let N=M/Z(m+e). E can be listed as
{¢+:]0<i<a} with & _;=¢&'. ITis a fan whose 1-skeleton is {e,;} U{f;}, where e, ; is the
class of £ (m+e) in N and f; is the class in N of the generator of M N, with 1;€ " and
1;,< S; the larger cones in I are similarly described. Then ¢ ~*(0) is got by identifying
orb(e;) with orb(e_;) in X ».

In general % and X,; y are not smooth. It can be arranged that they be smooth by
subdividing X (in a W-invariant way): if this is done without altering X (which is
possible) the effect is of a bimeromorphic modification of % which is biholomorphic
away from the boundary ¢ '(0)U¢ !(c0), so we get a smooth family in which the
special fibres have normal crossings.

% is the simplest example of a decomposable construction, i.e., without
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Assumption A. If we are interested only in degenerating Y we can of course look at 7,
only and get a family over the affine line.

4. The decomposable case. We now drop Assumption A and consider what
happens if p is reducible over Q. We retain Assumption B: according to this, p¢ splits
over C into a sum of characters. Therefore pg is completely reducible over Q, so suppose
po=Po®p,. For simplicity, we assume throughout this section that p, and p, are
irreducible over Q—the case where py, has more than two irreducible factors is
essentially the same. So pc: W-SL(M®C)=~SL(n, C) is the direct sum of not
necessarily distinct characters y; indexed by ieZ={1, - - -, n}. Z# is partitioned as # =
Ry LU R, with p,= P ;ca, L Z is also partitioned as Z =% 11 A, where {Y; | ie %} is a set
of real characters and Card #=»b. Put ,=%#N0R,, # ,=#NAR,, b,=Card B, etc. As
in§ 1 we take V=M ® R and define W (the image of the faithful representation p) and €,
L, and Q' from % and #. More precisely, V=@ ;.4 V:, where V; is a subspace of V to
which pp restricts and such that pg|,,=yx; when y; is real (and dim V;=1) or

Iy = Rey, —Imy;
Priv:= Imy;, Rey

if ¥, is not real (and dim V;=2). L=@;.4V;, L. is an orthant and Q=mn;(L.).

With the obvious notation, Assumption C asserts that for every # € W either there is
an ie % such that n,>|n;| for all je # or there is an ie # such that n, <|#;| for all je # .
From this it follows that W acts on P=P(Q’) freely and properly discontinuously with a
compact polyhedral fundamental domain, and the construction of X and Y goes
through exactly as in §§1 and 2.

Put W, =p (Ker p, _,), the subgroup of W which acts trivially on @;.»,_, V;. Since
Po=Po®p;, WRQ=(W,®Q)D(W,®Q).

LEMMA 4.1. W, has rank b,.

PROOF. Ifh>h,>0then W,, which clearly satisfies Assumption C, has a compact
fundamental domain on P,, so rk W,=b,. If h,=0, or if h,=h and b,=0, this breaks
down since P, is empty. If 1, =0 and b, <b the above argument works for W, _; if h,=0
and b, =b, which is the remaining alternative, W, _, must be zero since otherwise it fixes
L, pointwise and W does not act freely on Q. ]

LEMMA 4.2. The case h,=0 does not occur.

PROOF. If h,=0 then p, embeds W, in SL(b,, Z), since b,=r,. Hence, by Pro-
position 1.1, W, <% with | K": Q|=b,. But then rk W, <b,, contradicting Lemma 4.1.
|

THEOREM 4.3. If Y= Y(W) is decomposable then there exist a manifold Y, a
generically finite proper morphism ¢: Y- Y, and a morphism \y: Y— Y, with connected
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fibres such that
(i) Y, is an indecomposable manifold arising from W,, or Y, =P" if b; =0
(i) if pe Y does not lie on the exceptional divisor F, of Y, (F;={0, o0} if Y, =P"),
then Yy~ (p)=Y,, an indecomposable manifold arising from W,
(iii) if peF,, Yy~ (p) consists of toric varieties crossing normally.

PROOF. We assume that b, 50, interchanging the suffices if necessary. Write W’
for Wo@ W,. W’ is of finite index in W, and we can take a finite étale cover Y'—»Y
(Y'=X/W’ in the notation of §1) and work with W’ instead of W. We define V, =
@Pica, Vifor v=0,1, and look at Q,=QNV, and Ly=LNV,,.

In general {ce Z] o< Q,} will not be a fan, if ¥ is a W’-invariant basic fan in Q, but
it will be W’-invariant. Therefore we can subdivide X in a W’ -invariant way to X’ so that
Zo={0eZ’ | o<y} is a fan in V{,, basic with respect to M,= M N V,; note that M, is a
full lattice in V, since V, is defined over Q.

Next we want the projection m, to induce a W, -equivariant morphism of fans
2'—2Z, for some suitable fan X, in V. In general it will not and we shall have to
subdivide X again: the rest of the proof consists of constructing a suitable subdivision.

Let S” be a cone in V such that P(S’) is a compact fundamental domain for the
action of W’ on P. Let Z=P(n, (S")): 2 is a compact domain in P'=P(Q"), where
Q'=mn, (Q). Furthermore, |J ,.w, {2 = P! since if n=C(+&, ne W', Le W,, Ee W, then
Ny (S") = Eny (S7) s0

U &mp(8)= U nmy(8)= nvl< U nS')=nV1(Q')=QI’.
SeW, new’ new’
We can also find an open fundamental domain % for the action of W, on P!, by
Theorem 2.4. Since 2 is compact we can write < Jf_, &% for some finite set
{&, -, &< W,. Now for £e W,

k k k k
éﬂn@;é( U 5,-9’>ﬂ Ud&s=y U &snss=g
i=1 i=1 i=1i'=1
which is empty for all but finitely many &. So E2 N2 = unless £ #~ for some fixed
finite # < W,.

Because of the way X is constructed (Theorem 2.5) we can choose S’ to be a rational
polyhedral cone such that if 6eX’ and oNS #{0} (¢ relatively open) then o= .S".
Obviously this property will not have been harmed when we subdivided Z. The point is
that we can now work with just the set % of cones in ¥V, given by

% ={ny,(0)| P(ny (0)) NP # &} ={my (0)| aNES"# {0}, some {e W'}
={ny (0)|0<=ES’, some Le W'}

which is a finite set, indexed by 7, say.
We need a fan X, in V| with the obvious properties and a W’-invariant subdivision
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3" of £’ such that for all ¢ € X" there exists a 7€ X, such that n, (¢) = 1; see the definition
of morphism of fans in [4] or [13]. We first construct X, so that it is compatible with the
structure of X’ as far as possible, and then go back and amend X’. Obviously
Useew, Ujer&t;=Q". To build X, we start with

flz{n rj|J§I}

JjeJ

which is a set of closed polyhedral cones covering m, (S"). Then we take
T,=T,U{t|tis a face of T’ €7 ,}

and

73={1’ﬂ7r,,‘(5’)

Teg_z} .

These cones need not be convex and we shall have to subdivide them further to
ensure that they are: we must also ensure compatibility on 2n¢2 when this is non-
empty. We also want X, to be basic with respect to the lattice 7, (M) (not just M,, which
is in general a proper sublattice of finite index). All this is just routine subdivision (see
[4)). Figure 4 shows a simple case.

C,

Cone of X"’

F E

| [ | T
A F  C B E Cc' D
C{ B’, etc. cones of X,
FIGURE 4

To construct X”, subdivide X’ by replacing each o such that m, (d)e € by
{oNmy!(t)|Te Z,}, which is a finite set by the construction of ;. Actually it is sufficient
to do this for finitely many such o, namely a set of representatives for the W’'-
equivalence classes. Let Z” be the set of all W’-translates of such cones (or, what is the
same thing {oﬂn;|‘(r)|ae£’, teX,}) suitably subdivided so that X” is a basic W’-
invariant fan. Notice that the subdivision will not affect Z,, nor will it damage the
compatibility of 7, with the fans since it will only make the ¢’s smaller.

The proof of the theorem is completed by taking Y to be the decomposable
manifold constructed from X”, M and W’; Y, to be the indecomposable manifold
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constructed from X, n, (M) and W;; and Y, to be the indecomposabie manifold
coming from X,, M, and W,, with ¢ the quotient by W, of the toric morphism
Xy w— X5, w, induced by n, . The conclusions of the theorem ((iii) may call for a little
more subdivision of X”) are clear: see the diagram. |

Y0= Y( WO’ 2o, Mo) = Y0= Y(Wo’ 2o, Mo)

Y(W', 2, M) bimer Y(W’', 2, M) bimer V= Y(W', 2", M)
lﬁnitc ld’
YW, 2, M) Y, = Y(W,, 5, 1y (M)

REMARKS. 1. If neither b, nor b, is zero the suffices are interchangeable and we
can arrange for the fibre to be Y, and the base Y,. But if ;=0 then Q,=J and the
construction breaks down.

2. By an obvious induction argument the result can be adapted to the case of
more than two irreducible factors in py.

3. The degenerations described in §3 are just the special case b; =0 of Theorem
4.3. In that case W must always satisfy Assumption C, and 2, = A.

4. TItis not hard to check that decomposable p, neither of whose factors are trivial,
satisfying Assumption C, do exist at least sometimes: for instance, if rk Wy=rk W, =1
(except when both come from the same real quadratic field). I do not know necessary
and sufficient conditions for such p to exist.

5. Kodaira dimension and algebraic dimension. We keep the notation above and
assume Y to be smooth. We denote the canonical divisor of Y by Ky, the Kodaira
dimension by k(Y) and the algebraic dimension—the number of algebraically inde-
pendent non-constant meromorphic functions on Y—by a(Y).

PROPOSITION 5.1.  Ky= —F, where F is the distinguished cycle coming from the
non-dense torus orbits on X.

PrROOF. The top differential dz, A - - - A dz,, where (z, - - -, z,) are the obvious
coordinates on H® x C", is clearly M-invariant and therefore defines a global meromor-
phic n-form on X; with, as is easily seen, simple poles along F. It is also W-invariant,
since ne W acts on it by A"n=detp(n)=1. dz; A - - - Adz, therefore descends to a
meromorphic n-form on Y with simple poles along F. [ |

COROLLARY 5.2. The Kodaira dimension x(Y) is — 0.

Denote, here and later, the dual lattice of M by M. W acts on M via p", the
transpose of p (which, in the indecomposable case, is obtained in the same way as p—see
§ 1—but with 7; and 7; interchanged).
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THEOREM 5.3. If Y is indecomposable it has no non-constant meromorphic
functions.

PROOF. Suppose f: Y- P! is a meromorphic function. Then there is a function
£+ H? x C"— P! which is invariant for G(M, W), got by lifting to H® x C" the restriction
of f'to Yo=Y \F. Since fis M-periodic we have

fz)="Y, a,exp{2mip(2)}

peMY
for ze H* x C"<C"=M®C, and the series converges almost everywhere on H® x C*.
Since we have chosen a basis for M®@R, we can think of MY as a lattice in K and
therefore embedded in M@C=C". With respect to this basis, p=(p,, -, p,) and
(assuming K is not totally real, when the proof requires a trivial modification)
P (N Pu-1, P)=(Renp,,—Imnp,, Imnp,_,+Renp,). But o, 4,=0a, by the W-
equivariance of f, and, by convergence, for any 6, e>0 there are only finitely many
pe M with |p,|>e¢and |a,|>0; similarly for |p,_, |. Hence a,=0 unless p,_, =p,=0,
but then pe K and 7(p)=0 so p=0. Therefore £, and hence f, is a constant. ]

COROLLARY 5.4. For general (decomposable) Y, a(Y) is equal to the multiplicity of
the trivial representation in p. In particular, Y is not a Moishezon manifold.

PrROOF. This follows at once from Theorem 5.3 and Theorem 4.3. [ ]

6. Cohomological invariants. In this section we shall investigate the cohomology
of some of the more interesting sheaves on Y and the Betti numbers.

LEMMA 6.1. The fundamental group is isomorphic to Z°.

PROOF. X is simply connected by a result of Mumford ([13, Proposition 10.2]);
so, by the same argument, is X. Therefore n,(Y)= W, since Y= X/W and W acts without
fixed points. ]

Let w: X— Y =X/W be the quotient map. For a locally free sheaf & on X let # be

the subsheaf of w,# consisting of the images of germs of W-invariant sections (this is a
locally free sheaf on Y). According to [8] there is a spectral sequence

(S1) EY(F)=HP(W; H(X, %)) = H"*9(Y, ).

We shall want to consider the cases & =0y, # =0,(—logF) and & =Q¥{(logF). In
these cases we have =0y, F=0 x(— logF) and % = Q%(log F) respectively.

i

PROOF. We begin with some calculations about H'(X, (y), with a view to using
(S1). The fan X determines an open cover {X,},.y of X;. For e X, define X, =X,nX
and an open cover € ={ X} of X. One checks easily that X/ is Stein, so that Z is acyclic

THEOREM 6.3. dim H(Y, 00y)= < b ) where ( b > denotes the binomial coefficient.
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for any coherent sheaf, in particular for @y. Moreover 4 is closed under intersections, so
that Leray’s Theorem applies even though % is not locally finite ([7, I11.5.4.1,
Corollaire]). So

H (X, 00)=H (C(Z, 0))
where C'(Z, 0) is the usual Cech complex
- SreG, 05
Now if fe I'(X, 0) we can restrict it to X}y, and lift it to fon H?x C" as in 5.3 above.
Again we get
flz2)= ZM o, exp{2mip(z)}
peM>~

with certain restrictions on the a,’s (a,=0 if p¢ ¢ and obvious conditions to ensure
convergence). For a W-orbit pe MY /W, put

PI(X,, O)={feI(X,, 0)|a,=0 for p¢p}
so that

rx, o< [l IX;o0).
peEMY/W
The *C*(%, ©) which are thus defined form a complex *C" (%, O): that is to say, the Cech
differentials commute with the projection maps.
In view of (S1), H*(Y, Oy) is the homology of the complex

cC=CW,C,0))

where C'(W; —) is, say, the complex arising from the standard resolution ([3, III.1]).
Consider also the complex

C=cC <W; [T *C(z, (ox)>
peMY/W
which is equal to [[,cpm,w "C" with the obvious notation *C" = C' (W, *C"(Z, Uy)). The
inclusion C*—C" induces a map H (C')—H (C"), because the differentials involve only
Cech differentials and W-module operations in the coefficient modules. It is easy to see
that H' (C')=[[,cnvw H (°C’). Let K be the kernel of H (C')»>H (C").

Suppose that ye H (C") and *y#0 for some p# {0}. Then we may define, for any
reN, y[r] by ™y[r] ="y for all p,and *y[r]=0if p'#rp for any pe M~/ W. At the level of
I'(x.,0) it is given by f [r)(z)=f(rz), so the convergence is assured and y[rle H (C").
Clearly the y[r]’s are linearly independent. But then H*(Y, Oy) is infinite-dimensional, .
which is a contradiction since Y is compact.

I claim also that K" =0. Suppose € K. ¢ is determined by a (by no means unique)
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ZeC" which in turn is given by a collection {¢;};.; of sections &;e I'(X, ©). The index
set /is countable, because W and & are both countable. For notational convenience fix a
bijection N-MY/W and write of ‘I'(X,, 0) with teN instead of ™I'(X,, ©). The
statement that ZeC’ amounts to saying that the formal sums &(z)=) .y '¢i(2)
converge for all ze H® x C* and all ie I. Given a cocycle @ € C’ and a function g: N-R
we define g, @ by (g, ®)=g()('®P). ¢,P is also a cocycle.

FAcT. There exists g, : N— R, such that g,(f)— o0 as t— o0 but g,, € C’; that is,
Y ien 91(6)("E(2)) converges for all ze H? x C* and all iel.

Granted this, we observe that g;: t —(g,(1))!” has the same property for any je N.
Take g,=1, and write g; ¢ for the class of g;) = in H'(C") (which is abuse of notation,
since g; ¢ depends on the choice of Z). Since H*(Y, 0Oy) is finite-dimensional, there is a
relation

k
Z ﬁj(gj! &H=0
ji=0

in H'(C’), and therefore there exists a ¥ e C’ such that

k k
oY = '=Zo Bi(g; E)‘—‘(Z ﬁjgj)E.

Choose T so that | Y %_,B,g,(1)|>1 for 1>T. This is possible (unless k=0, when =0
immediately) because | 5_o B;g;(1)|— 00 as t—o0.

We may assume that ‘£ =0and 'Y =0 for all < T. To arrange this, we replace = by
E—Y,.r'E, and similarly for ¥. Obviously this does not affect the convergence of
Z,e ~'€A2), because we are changing only finitely many terms. It does not affect the
cohomology class of = or of g;, Z either. For we have already shown that £ =0 for p #0,
that is, ‘=0 for >0, by considering ‘£[r]; and the change in the cohomology class of
g, E caused by changing Z as stated is ), _ 1 ¢;(1)(‘€). But that is zero, because if I('®) =
‘Z then 0}, . r g, (PN =), .7 g;()('E) and Y, _ 1 g;(1)('®) is certainly in C".

But now ¥’ =(}4-08,9,) ) ¥eC, and 0¥’ = &, so ¢ =0.

The proof of the existence of g, is elementary analysis. Since ) .y '¢/(2) converges
uniformly and absolutely on any compact subset Bc H? x C" there is for each i a
function g ; such that gg ;(1)— 00 as - 00 but Y,y g5, (1)(‘¢(2)) converges on B. For by
uniform convergence we may choose R, so that Yz |'¢€/(z)| <27 2" for all ze B and all
R>R,; we may as well take R, <R, ,, for all ne N. Then it is enough to take gp ;(1)=2"
if R,<t<R,,,. For then, if n" is such that R, >R

n Ryeii~1

Zlgslmé(z»|<z > lgs e ="g _z’ )< 3 2o

t=R =n t=R, k=n

SO Y yen g, {1)('Ei(2)) converges.
In general, if (h;);€ N is a countable family of functions each tending to infinity,
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there is an #: N— R, such that h(f)— oo and h(t)/h(t)— co for all j. (But not uniformly!
There is no reason why inf4;(2), let alone inf#;(#)/A(t), should tend to infinity.) To see
that such an 4 exists, choose, for each ne N, N, such that A(t) > n? for all j<n whenever
t>N,. Again we can assume that N,<N,.;, and it is enough to take h()=n if
N, <t<N,,,.

Since H® x C" can be covered by countably many compact sets B,, and since I is
also countable, we can get a suitable g, by applying this construction to the family gp, ;.

Thus K'=0 and the only H (C") which can be non-zero is ‘“H (C’). So
H (C')~'YH'(C’), which amounts to saying that the H*(Y, ©y) can be calculated
entirely from the weight {0} pieces. “'I'(X., ®)=C, so in (S1) we have EPi=
HY(W; HY(Z, Cy)). But it is easy to see that H{(%', Cy) also calculates HY(Mc(M, X); C)
via the open cover {Mc(M, {faces of 0o})},.5. Mc(M,X) is contractible, so
HYZ, Cy)=C and H(Z, Cx)=0 for ¢>0 and the result follows from (S1). [ ]

The construction of y[r] from y has a geometric origin: it arises from the r-fold cover
of X defined by rMY ¢, MV,

[18, Proposition 4.1] is a version of Theorem 6.3 under the stronger conditions
(b=1) which prevail in that paper, but is proved by quite different methods, using
degenerations (cf. Corollary 3.2, above). A closer relative of Theorem 6.3 is [6, Satz 6. 1].
As the referee of the present paper pointed out, in the case 5=n—1 Theorem 6.3 can be
proved fairly simply using Freitag’s method, which makes use of the fact that (in our
notation) @,.mvw I'(X,, 0) is dense in the Fréchet space I'(X,, ). This is not
sufficient here: the extra complication comes from the use of the Leray Theorem, which
is not involved in the calculations of local cohomology in [6].

COROLLARY 6.4. For ¢=0 and p>0,
HYY, Oy(—logF))=HY(W; M®C)
and
HY(Y, Q5(log F))= HY(W; N*(M~ ®C)).
PROOE. These follow from 6.2, 6.3 and the universal coefficient theorem. [}

The term HYW; AP(M" ®C)) which occurs in Corollary 6.4 is dual to the E%"-
term of the Hochschild-Serre spectral sequence ([3])

(52) EY=HYW, H(M; C))= H""Y(G(M, W); C)
associated to the extension
0-M->GM, W)->W-0.

Since H® x C" is contractible, H(G(M, W); C)=~H'(Y,; C).
Henceforth we suppose that Y is indecomposable.
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PROPOSITION 6.5. For g=0 and 0<p <n, H(W; ANP(M®C))=0.
PROOF. Since M® C is completely reducible as a CW-module (by Assumption B),

AP(M®C) is also: the representation of W in GL(AP(M®C)) splits into a sum of< " )
14

characters given by the determinants of the p x p minors of p(). Non-zero cohomology
could only occur when one of these is 1 for all #e W, but if that were to happen for
some p x p minor with 0 <p <n it would define an invariant subspace of M® C defined
over Q, contradicting Assumption A. |

Clearly the same argument shows that H4(W; AP(M¥ ®C))=0 as well.
COROLLARY 6.6. For g>0 and 0<p<n,
HYY, Oy(—log F))=HYY, QY(log F))=0.
COROLLARY 6.7. Y is non-Kdhler.
PrROOF. H(Y, Q)< H(Y, QY(log F))=0, but b,(Y)=b>0 by Lemma 6.1. W
COROLLARY 6.8. There is a spectral sequence
(83) Ep=HY(Y, Q4(log F)) = H”*%(¥,; C)
which degenerates at the E, -term.

Corollary 6.8 is a standard theorem in the case of divisors with normal crossings on
a Kdhler manifold.

The weight filtration on the sheaf Q%(log ) (which contains Q% as a subsheaf) is
given, as usual, by

WQf(log F)=Q§ ™A QY(log F) .

Write F as the union of its irreducible components, F=F, U---UFy, and for
I={l, -, N} denote [);c; F; by F,. There are exact sequences

0~ W_,Q¥log F) » W,%(log F) TR @ Q3740
$I=k

where P.R. denotes the Poincaré residue map. Since dim F;=n—k>p—k and since we
may choose X so that every F; is a smooth complete toric variety, we have
HY(F,, Q8% =0 for g#p—k and H?"%(F}, Q} )= H**"¥(F}; C) by [4, Proposition
12.7]. (Actually we do not need F; to be smooth: it is enough that the fan of F; be
simplicial, which is automatically true if X is simplicial). Also, by Corollary 6.6,
HYY, W,Q}(log F))=0 for p#0, n.

THEOREM 6.9. For p#0 or n and q#p, HI(Y, Q%) =0.
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PROOF. Suppose first ¢>p. HI(Y, Q%)=HY Y, W,Q%(log F)) and from the long
exact sequences

- > HYY, W,_,Q%(logF)) > HYY, W,Q}(log F)) > @ HF, Q} ")~ -

#I1=k
and the above remarks it follows that
HY(Y, W,_,Qlog F)) = H(Y, W,Q(log F))= H(Y, W,Q}(log F)) =0
for all k>1.
The result follows in general by Serre duality, H{(Y, Q) ~H""4Y, Q}"7Y. N

In fact it follows from this argument that H4(Y, W,Q¥%(log F))=0 unless p=0 or
g=p—k, using Theorem 6.9 to deal with the case g <p—k. We are therefore left with
short exact sequences

0~ HPHY, W,QF(logF)) » @ H?** 9(F,;C)— H? " *" (Y, W,_,QF(logF)) —
#I=k
with 1 <k <p. Putting o’ =dim H? XY, W,Q%(log F)), B’ = 41 i b2 (p—1y(F1) (Where
b; denotes the i-th Betti number) and taking the alternating sum, we get

p
wgp)+(_l)p+1w;p): Z (—1)k+lﬁ;¢p)-
k=1

But o’ =dim H?(Y, Q}) and o?=dim H°(Y, Q{(log F))=0 unless p=0 or n by
Proposition 6.5. This enables us to write down a formula for H?(Y, Q¥%).

THEOREM 6.10. The dimension of H”(Y, Q%) is

hPP= 1P~ Jjtk—1 . n_j><1) .
kZUZ( ) (n—p L)

where a; is the number of W-equivalence classes of j-cones in X.

PROOF. B =Y ik brp-sF1=2 sestow b2p—1yF,, Where F,=orb(o), by the toric
description of F. Since dim F, =n—k, we may use Poincaré duality on F, to write B =
Y s b2n-p F, (this is optional and again it is sufficient that X be simplicial). Now

sz(n oFe Z Z (=1~ Peq, _i(F,)- (nip>

by [4, 10.8]), where a;(F,)=#{i-cones in the fan of F,}. But from the description of the
fan of F,, a,(F,)=4#{c’ e 2"*¥/W with ¢ a face of ¢’} and we get

n—k ;
pPr=y 3 (—1y"tr- < J > - #{(n—j)-cones ¢’ of which ¢ is a face}

g j=n—p n—p
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= ”i“ (—l)j—””‘( J ) Y #{k-faces of an (n—j)-cone}

j=n—p n—p o'eXn-Nw

5 e (o () e () (1) o

o) hP~P=Z:=IZ§1=k(_ 1ypitk-1. <"_]> . <J > “aj, as claimed. n

n—p k

In particular, 4! = a, =nnumber of irreducible components of F, as is in any case
obvious from the exact sequence

0—HO(Y, Q(log F))~ @ H(F; C)~H'(Y, Q})~0.

In principle we could now calculate the Euler characteristic of Y from the Hodge
spectral sequence, but there is a less laborious method.

THEOREM 6.11.  x(Y)=a,, the number of ordinary n-fold points of F.
PROOF. We use the Mayer-Vietoris sequence
o H(N - H(Y)@H(F)»H(Y)— - -

which we saw in §1, from which it follows that yx(Y)= — (N ¥)+ x(Yo)+ x(F).
1(AF)=0 from the Gysin sequence. Y, is a K(G(M, W), 1) so x(Y,)=x(G(M, W))=
1(M)- x(W)=0. Finally x(F)=a, by the argument of [15, Proposition 3.3]. n

REMARK. Theorem 6.11 applies to any Y, not just the indecomposable ones.

THEOREM 6.12. The Hodge spectral sequence EP= H(Y, QF) degenerates at the
E,-term and abuts to H?*(Y; C).

PROOF. Standard Hodge theory says that E abuts to H?*4(Y; C). Since EP1=0
unless p=q or p=0 and g<b or p=n and g=n—>b, the only differentials that can
possibly be non-zero are d,: E®°—E?"*1-r with r=(g+ 1)/2 and their duals. It is clearly
enough to show that s: HU(Y; C)—H4(Y, Oy) is surjective for g<b. By Theorem 6.3,
HY(Y, Oy)=HY(W; C). By Lemma 6.1, H'(Y; C)>H'(W; C) is an isomorphism. But
the cohomology ring H*(W; C) is generated by HY(W; C), so s is surjective in all
degrees (it is an isomorphism on the part of the ring H*(Y; C) generated by
HY\(Y; C)). |

The Betti numbers of an indecomposable Y are entirely determined by 6.3, 6.9, 6.10
and 6.12.

Finally, the method of [18] gives an expression for H(Y, @y).

THEOREM 6.13.  For indecomposable Y,

b
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H°(Y,0y)=0 and H(Y,Oy) =@, H(F, 0 (F)) for i>0.

j=1
PROOF. This follows exactly as in [18] from the exact sequence
0-8,(~log F)=0y~ @ Or,(F)—>0
and Proposition 6.5. [}
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