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Abstract. We consider three types of Schottky spaces which consist of non-
Fuchsian classical Schottky groups of real type of genus two. This paper has the fol-
lowing two aims: (1) to represent the shape of the spaces by using multipliers and
cross ratios of the fixed points of two generators of marked Schottky groups; (2) to
determine fundamental regions for the Schottky modular group of genus two acting on
the spaces.

Introduction. In spite of works by Akaza, Bers, Brooks, Chuckrow, Marden,
Maskit, Rodriguez, Sato, Zarrow, and others, much less are known on Schottky spaces
and Schottky groups in comparison with Teichmiiller spaces. For example, the shape
of Schottky spaces is hardly known even in simple cases (cf. Keen [11], [12], Sato
[28]). It is important to consider Schottky groups and Schottky spaces in the following
simple cases: (1) classical Schottky groups and classical Schottky spaces (cf. Brooks
[4], Jorgensen, Marden and Maskit [10], Marden [14], Phillips and Sarnak [20], Sato
[28] and Zarrow [31]); (2) Schottky groups and Schottky spaces of genus two related
to discrete two-generator groups (cf. Matelski [17], Maskit [16], Purzitsky [21],
Rosenberger [24] and Sato [30]).

In this paper we will consider classical Schottky groups and classical Schottky
spaces of real type of genus two as a sequel to our previous paper [28], in which we
classified the groups and spaces into eight types, and considered the groups and spaces
of the first and fourth types. Schottky groups of the first and fourth types are called
Fuchsian Schottky groups. Conversely, a Fuchsian Schottky group of genus two is
either a group of the first type or of the fourth type (Marden [14], Sato [30]). Schottky
groups of these two types were studied by Rosenberger [24], Purzitski [21], Matelski
[17] and others in connection with discrete two-generator groups.

As far as we know, Schottky groups and Schottky spaces of the other types are
hardly studied. In this paper we will consider the groups and spaces of the second, fifth
and seventh types, which are related to each other. This paper has the following two
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aims: (1) to represent the shape of the spaces of the second, fifth and seventh types by
using the coordinates introduced in Sato [26] (Theorem 3); (2) to determine fundamental
regions for the Schottky modular group of genus two acting on the above spaces
(Theorem 4). Here the Schottky modular group is the group of all equivalence classes
of orientation preserving automorphisms of the Schottky space (see §§1 and 7), which
corresponds to the Teichmiiller modular group. That is, the Schottky space modulo
the Schottky modular group is the same space as the Teichmiiller space modulo the
Teichmiiller modular group, and is called the Riemann space.

As applications of the previous paper [28] and this paper, we mention the follow-
ing two results: (1) the non-classical Schottky group constructed by Zarrow [31] is a
group of the second type. Namely, the group is a classical Schottky group but not a
non-classical Schottky group (cf. Sato [29]); (2) On Jergensen’s inequality for purely
hyperbolic groups (cf. Jorgensen [9], Martin [15]). We can show the following: Let
G=<A, B) be a purely hyperbolic group generated by 4 and B. Then

(%) |tr?A —4|+|tr(ABA" 1B~ 1)—2|>4.

To be more precise, a purely hyperbolic two-generator group is either a group of the
first or fourth type. If we denote by I the left hand side of (*), then />16 or />4
according as G is of the first type or of the fourth type. Furthermore, both of the lower
bounds are the best possible. This gives a complete answer to the problem on Jergensen’s
inequality for purely hyperbolic two-generator groups studied by Gilman [6], [7]. The
second result will appear elsewhere.

The second result will appear elsewhere. (Notes added on August 27, 1991: The
same result with a different proof appeared recently in J. Gilman: A geometrie approach
to Jorgensen’s inequality, Adv. in Math. 85 (1991), 193-197.)

In §1 we will consider automorphisms of a free group on two generators and list
properties of the automorphisms in a series of lemmas. In §2 we will consider the
relationship among the spaces of the second, fifth and seventh types. In §3 we will
introduce some surfaces and consider the relationship among them in §3 through §5.
In §6 we will represent the shape of the classical Schottky spaces of the second, fifth
and seventh types. In § 7 we will determine fundamental regions for the Schottky modular
group acting on the spaces of the above types. The references listed in the previous
paper [28] are repeated here for the convenience of the reader.

Finally, we note the following: Schottky groups of real type are also studied in
Bobenko [2] and Bobenko and Bordag [3]; our results in §3 are related with Gilman [8].

Thanks are due to the referees for their careful reading and valuable suggestions.

1. Automorphisms of a free group on two generators.

1.1. In this section we will state some definitions and list properties of auto-
morphisms of a free group on two generators. See the previous paper [28] for the
definitions of Schottky groups, classical Schottky groups, Schottky spaces &, and
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classical Schottky spaces SJ.

Let M6b be the group of all Mobius transformations. We say two marked subgroups
G={A,, A,y and G=<{A,, A,> of Mob to be equivalent if there exists a Mobius
transformation 7 such that /ij= TA,T~! for j=1,2. We denote by I, the set of all
equivalence classes [{(A4;, 4,)>] of marked groups <{A4,, 4, generated by loxodromic
transformations A, and 4, whose fixed points are all distinct.

Let [{A4,, 4,>]eIM,. For j=1,2, let 4; (|4;/>1), p; and p, ., ; be the multipliers,
the repelling and the attracting fixed points of 4;, respectively. We define ¢; by setting
tj=1/2;. Thus t;e D*={z’0<|z|< 1}. We determine a Mébius transformation 7 by
T(p,)=0, T(p;)= o0 and T(p,)=1, and define p by p=T(p,). Thus pe C—{0, 1}. We
can define a mapping o of the space M, into (D*)?x(C—{0,1}) by setting
a([{A4,, A;>])=(t1, t,, p). Then we say [{A4,, A4,)] represents (¢, t,, p), and (¢4, t,, p)
corresponds to [{A,, A4,)>] or {A4,, A,>. Conversely, 4,, 4, and p, are uniquely
determined from a given point t=(1y, 1,, p) €(D*)* x (C— {0, 1}) under the normalization
condition p; =0, p;=co and p, = 1; we define 4; (j=1, 2) and p, by setting 4;=1/¢; and
P4 =p, respectively. We determine A4,(z), 4,(z)e M6b from t as follows: The multiplier,
the repelling and the attracting fixed points of 4;(z) are 4;, p; and p,, j, respectively.
Thus we obtain a mapping f of (D*)*x(C—{0,1}) into M, by setting B(r)=
[{A(2), A5(2))>]. Then we note that foa=oaf =id. Therefore we identify I, with o(N,).
Similarly we can define the mapping o* of S, or &9 into (D*)* x(C—{0, 1}) by re-
stricting o to this space (cf. Sato [26]), and identify &, (resp. %) with a*(S,) (resp.
a*(©9)). From now on we denote a(M,), a«*(S,) and a*(SI) by M,, S, and S
respectively.

DEerFINITION 1.1 (cf. [28]). Let (¢4, 5, p) be the point in M, corresponding to
[G]=[K4y, 42)].

(1) G is of the second type (Type II) if ¢, >0, ¢, <0 and p>0.

(2) G is of the fifth type (Type V) if ¢, <0, t,>0 and p>0.

(3) G is of the seventh type (Type VII) if ¢, <0, ¢, <0 and p <0.

For each k=11, V, VII, we call the set of all equivalence classes of marked groups
(resp. marked Schottky groups and marked classical Schottky groups) of Type & the
real space (resp. the real Schottky space and the real classical Schottky space) of Type
k, and denote them by R, I, (resp. R, S, and R,SY).

1.2. Let G=<{A,, A,) be a marked free group on two generators.

THEOREM A (Neumann [18]). The group ®, of automorphisms of G has the
following presentation:

¢2=<N1, Nz, Ns[(N2N1NzN3)2=1,
N3_1N2N3N2N1N3N1N2N1=1’ N1N3N1N3=N3N1N3N1> s
where Ny: (Ay, A3)—(Ay, A3Y), Nat (A4, Ay)—(Az, A;) and Ny: (4, A)) (A, A, A5).
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We call the mappings N, N,, and N, the Nielsen transformations.

DerFiNiTION 1.2, Let ¢4, ¢,€®P,. We say ¢, and ¢, are equivalent if ¢,(G) is
equivalent to ¢,(G) (cf. §1.1), and denote by ¢; ~¢,.

REMARKS. (1) We can regard N; (j=1, 2, 3) and so ¢ € @, as automorphisms of
the space of all equivalence classes of marked free groups on two generators (cf. [28]).
(2) From the above (1) and Definition 1.2, we have the following: If

(A, Az>~</‘i1, /‘iz> and ¢, ~ ¢, (¢, P, € P,), then ¢,({4,, A2>)~¢2(</‘i1, /iz>)

DErFINITION 1.3. Let ¢ € @, and let m; (j=1, 2) be the numbers of N; contained
in ¢. If m, +m, is even, we say that ¢ is an orientation preserving automorphism. The
Schottky modular group of genus two, which is denoted by Mod(S,), is the set of all
equivalence classes of orientation preserving automrophisms of S,. We denote by
[@,(3,)] the set of all equivalence classes of automorphisms of &,.

1.3. Let (¢4, t,, p) be the point in S, corresponding to a marked Schottky group
G={A4, A,). Let (t,(j), t,(j), p(j)) be the images of (¢, t,, p) under the Nielsen
transformations N; (j=1,2,3). We set X=p—1,—pt t,+t, and Y=p—t,+pt 1, —1,.
Then by straightforward calculations, we have the following.

LEMMA 1.1 (Sato [28, Lemma 2.1]).
(D) (=1, 1,(1)=1, and p(1)=1/p.
(2) 1,Q)=1;, 1,(2)=1, and p(2)=p.
. B) uB)=t1, 6LA)+(1/LQ)=Y?/tit(p—1)> =2 and p(3)+(1/p(3))=X>/t,p(1—
t1,)*—2.

LEMMA 1.2. Let N; (j=1,2,3) be the Nielsen transformations. Then (1)
N3N, N3N;~1,(2) N?=1and N3=1,(3) N\N,~N,N,, (4) N3N,N,N;N,N;'N,~ N3,
(5) Ny=N,N,N,N;'N,N,N,, (6) NyNysN,~N3N,N,N;.

2. Relationship among real Schottky spaces.
2.1. In this spection we will consider relationship among R;S,, RyS, and Ry;S,.
Throughout this section, let N; (j=1, 2, 3) be the Nielsen transformations defined in §1.

PROPOSITION 2.1. Let t=(ty, t,, p)€ RyM,. Then (1) N,(t)e RyIk,, (2) N,(r)e
RyM, and (3) Ni(t)e RyM,, where 6= +1 or —1.

PrOOF. (1) and (2) are easily seen from Lemma 1.1 and the definitions of R;I,
and RyIM,. We only prove (3). Set

I /1 0 1 p—t, p(t,—1)
A1=1—/2 <0 ) and A2=——1/2 .~l <1_ _1 .
i 51 13%(p—1) L Lp

Then {A,, A,) represents (¢, 15, p). We set N5(t)=(t}, t%, p*). Let p and g be two
solutions of the equation



CLASSICAL SCHOTTKY GROUPS 453

(*) t(l—1)22 —(p—t,—ptit3 + 1,)z+ p(1—1,)=0 .

Then p and ¢ are the fixed points of 4,4,. We assume that p and ¢ are the repelling
and the attracting fixed points of A,A4,, respectively. Since pg=p/t; >0 and p*=gq/p
we have p*>0. Furthermore, since

B+ 1/542=(p—t,+ 11,0 —1,)*[1,15(p—1)* <0,

we have 1% <0. Noting that ¥ =1¢,, we have N5(t) e R;I,. By the same method as above,
we easily see that N3 *(t)e RyIM,. q.e.d.

Similarly, we have the following:

PROPOSITION 2.2. Let t=(ty, t5, p)E RyYM,. Then (1) N, (t)e RyM,, (2) N,(t)e
RM, and (3) Ni(t)e RyyM,, where 5= +1 or —1.

PROPOSITION 2.3. Let 1=(ty, t,, p)€ RyyM,. Then (1) N,(1)€ RyyM, (2) Ny(1)e
RyyM, and (3) N(t)e RyM,, where 6= +1 or —1.

2.2. The following can be seen easily:

LEMMA 2.1. Let G={A,, A,) be a marked two-generator group. Then the image
&(G) of G under a mapping ¢ € @, is the same group as G except for marking, where &,
is the group of automorphisms of G defined in § 1.

COROLLARY. If t=(ty, 5, p)€S, (resp. S9), then ¢(t)e S, (resp. S9) for any
ped,.

Noting that N?=1and N% =1, we have the following from Propositions 2.1 through
2.3 and the above corollary.

THEOREM 1. Let N;(j=1, 2, 3) be the Nielsen transformations defined in §1. Then
(1) Ni(RyS,)=RyS,, Ny(R;S,)=RyS, and N;3(R;S,)=R;S,.

(2) Ni(RyS,)=RyG,;, Ny(RyS,)=RyS, and N3(RyS,)=Ry;S,.

(3) Ni(RyuS2)=RyS;, Ny(Ry;S;)=RyyS, and N3(RyyS,)= RyS,.

REMARK. For R;S9, RySY and Ry, &9, the same results as above hold.

3. Shapes of R;S9%°, RyS3° and R,;S%°.

3.1. Werecall that the sapce & ° consists of all equivalence classes of the following
marked classical Schottky groups G=<{4,, - - -, 4,) of genus g: G has defining curves
Ci, Cyiys -7 75 Cyy Cyy such that all C; (j=1,2, -+ -, 2g) are circles and 4(C)=C,,,
that is, 4,, -+, 4, is a set of classical generators (see [28]). In this section we will
determine the shapes of the spaces R;S%°:=&3° n R;&9, RyS3°:=&9°n RySY and
Ry &5°:=85%n Ry &)

Let t=(t,, t,, p)e(D*)* x (C—{0, 1}). Throughout this section we let
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A(z):=z/t;
and
A ={(p—t)z+plt; = DI{(1 = t2)z+ (pt2 = )} .
Then we note that {A4,(z), 4,(z)) represents t=(¢,, t,, p).

PrROPOSITION 3.1.  Fix t; with 0<t;<1.

(1) Let 1<p<l1/ty. If t,=(t}2p2—1))(p'2 —1}12), then AT'A% is a parabolic
transformation whose fixed point is p'/*t}/?. Furthermore G=<{A,, A,) is a discontinuous

group.

(2) Let ty<p<l. If t,=(t2—p'?))(1—1t}?p'?), then A,A% is a parabolic
transformation whose fixed point is p'/*t { V2. Furthermore G={A,, A,) is a discontinuous
group.

PrOOF. By straightforward calculations, we see that A7 *42 in (1) and 4,43 in
(2) are parabolic transformations whose fixed points are p'/?t}? and p'/?t;1/2,
respectively.

For case (1), the region bounded by the following four circles C,, C,, C; and C,
is a fundamental region for G:

Cy:lzl=pt2}?,

Catlz=p (1 +112)2|=p (1 —11P))2,
Catlzl=p"2/e}2,

Cat 12— p (1 +112) 20402 | = pU/3(1 — 112) 20112

For case (2), the following four circles C; (j=1, 2, 3, 4) bound a fundamental region
for G:

Cy:lzl=p" i,
Cy: lz—{(p"2[t1?)+p' 2} 2| ={(p"?/t1?)— p'/?})2,
Catlzl=p'/1}2,
Cat [z (0" +p 21122 = (o112~ p 2112
Hence G is a discontinuous group. q.ed.

3.2. Similarly, we have the following.

PrROPOSITION 3.2.  Fix t, with —1<¢,<0.

(1) Let 1<p<1/t? If t}2=(1+1t,p")/(p**+1t,), then A72A, is a parabolic
transformation whose fixed point is — p'/*t,. Furthermore G={A,, A,) corresponding to
(t1, t5, p) is a discontinuous group.



CLASSICAL SCHOTTKY GROUPS 455

(2) Let ti<p<l. If t3?=(p"?+1)/(1+1,p"?), then A?A, is a parabolic
transformation whose fixed point is —p*/?/t,. Furthermore G={A,, A,) corresponding
to (14, t5, p) is a discontinuous group.

ProoF. (1) The region bounded by the following four circles (j=1, 2, 3,4) is a
fundamental region for G:

Cyilz+p (1 +1,)2|=p (1 —1))2,
Cytlz—(@—p'1)2|=(a+p'"1)/2,
Cs: | z+p 21+ 1/1))2|=p (1 —1/2,))2,
Coilz—=(B—p"?/1)2]1=(=p'?|t; = B)/2,

where a=T(—(pt; +p"?)/(t; +p'?), B=T(=(p+1,p"?)/(1 +1,p?) and T(2)=p(z—
D/(z—p).

(2) The region bounded by the following four circles C; (j=1,2,3,4) is a
fundamental region for G: C, and C; are the same circles as in (1);

Cyilz—{a—(p"?/1)}/21=(—p"2[t; —0)2,
Coilz=(B—1:p"")2|=(B+1,p"%)2,

where a=T(—(p+1,p"?)/(1+1,p'2), B=T(—(pt,+p')/(t,+p"?) and T(z)=p(z—
D/(z— p). ‘ g.e.d.

ProposiTION 3.3. Fix t; with —1<t¢,<0.

() Let 1jt,<p<—1 If (1" ={1—(=1,)"*(= p)"2}/{(=p)"2 +(—1,)"2},
then A7 'A, is a parabolic transformation whose fixed point is (— p)*/*(—t,)}/2. Further-
more G={A,, A,) corresponding to (t,, t,, p) is a discontinuous group.

@) Let —1=p<ty. If (—1)"2 = {(—p)"2 = (= 1,2} /{1 +(—p)/*(— 1,)!/2)}, then
A, A, is a parabolic transformation whose fixed point is (— p)*'?/(—t,)*'2. Firthermore
G={A,, A,) corresponding to (t, t,, p) is a discontinuous group.

PrOOF. Assume that t=(z,, t,, p) satisfies the condition of (1). Let (4,, 4,) be
the marked group corresponding to 7. Set {A¥, A¥>={A4,, A;A,). Let t*=(t%, t%, p¥*)
be the point corresponding to (A%, A%>. Then t*e Ry, by Proposition 2.3. By
straightforward calculations, we see that (1%, t%, p*) satisfies the equation in Proposition
3.2, (1). Let p* and ¢* be the repelling and the attracting fixed points of 4%, respectively.
Set S(z*):=z*/p* A,:=SA*S™' and A,:=S5A4%S"'. Then we note that <(4,, 4,
represents the same point (¢7, %, p*) as (4%, A%) does, and that the repelling and the
attracting fixed points of 4, are 1 and p*, respectively. Let C,, 6 and f be the circle
and the points for (4, 4,) corresponding to C,, o and f for (4,, 4,) in Proposition
3.2, (1). We set C¥=S8""(C,), a*=S"!(d) and p*=S"'(f). We choose four circles C*
(j=1,2,3,4) as follows: C,=C¥=A%"1(C}); C,=AF"1C¥); C3: |z—{(a*+p*)2+
S (= p* )2 ] = {(o* + B*)2— ST (= p*1 )}/ Cy=AF"HCy)=A;(C3). Then C,
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(j=1,2,3,4) bound a fundamental region for {A4,,4,> and so (A4;,A4,) is a

discontinuous group.
(2) follows similarly from Proposition 3.2, (2). q.e.d.

3.3. We set

My(1)={(t;, 13, p)e R?|(1}*p' > = 1)/(p** = 1}*) < 1, <0,
O0<p<l/t;,0<ty<1},

My(—1)={(t;, 13, p)e R*| (11> = p*»)[(1 = 11p"?) < 1, <0,
Lh<p<l,0<it, <1},

My(1)={(1}, t, PeR*|0< 13> <(1+1,p")/(p? + 1)),
l<p<l/ti—1<1t,<0},

My(—1)={(t;, 15, P)GR3|0<ti/2<(P1/2+11)/(1 +1,p'?),
ti<p<l, —1<t,<0}

and
Myy(0)={(t;, 1,, p)eR’ | (1=(= 1) (=)A= ) *+(—1)"?)
<(=)'?<(=p)* = (= 1)"I/(A+(=p) (= 1)),
l/t,<p<ty, —1<t;<0}.

From Propositions 3.1, 3.2 and 3.3, we have the following:

THEOREM 2.

(1) RyS9%°=My(1)u My(—1).
(2) Ry&S3°=My(1)u My(—1).
(3) Rvne(z)0= Mv11(0)~

Proor. We will only prove this theorem for Type V, since the proof is similarly

for the other types.

(i) First we will show that M(1)c Ry&9°. Let t=(t,, t,, p)e My(1). Let C;
(j=1,2,3,4) be circles perpendicular to the real axis such that 4,(C,)=C; and
Ay(C,)=C,. For j=1,2, 3,4, we denote by a; and b; (a;<b;) the intersection points of
the circles C; with the real axis. It is easily seen that if a; and b; satisfy the inequality

(%) az;<a;<0<b,<a,<l<b,<a,<p<b,<by,

then e RySJ°. It suffices to show that a; and b; (j=1, 2, 3, 4) are chosen in such a
way that the above condition () are satisfied.

We take a; and b; (j=1,2,3,4) as follows: a,=—p'?+¢, b, =—1,(p'*—¢/2);
ay=—p'?t;, by=(1+p)2; a3=—p'* +¢/2, by=(—p'* +&)/ty; ay=A,(1+p)/2), by=
A,(—p*'?t,), where
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1 p (2 4 1) = (14210
2 pPhy(p' P+ 1) —(1+p'%1)

Then we easily see that 4 (a,)=b;, A,(b,)=a;, A,(a,)=b,, A,(b,)=a, and that the
inequality

az<a,;<0<b;<a,<l<b,<a,<p<b,

holds. Thus it suffices to show that b, < b, that is A,(—p'/?t,)<(—p'? +¢)/t;. We note
that ¢ is positive by the condition 0<ti?<(1+1,p'?)/(p''*+1,). The inequality
(—p?+e)/t; — Ay(—p**t;)>0 is equivalent to

1/2 _ t%p”z(p_t2)_t1p(t2_ 1)
(1=1)(—p't) +(pt, 1)

By straightforward calculations we see that the right hand side of the above inequality
is equal to 2e.

Similarly, My(—1)c Ry&9°, hence we have My(1)u My(— 1)< R,G%°.

(i) Next we will show that My(1)u My(—1)> RyS3°. Let t=(ty, 15, p)€ RyIM,. It
is easily seen that if te Ry&9°, then I <p<1/t?and 1<p<l1/t,for p>1,and t3<p<1
and 1,<p<1 for 0<p<1. We will show that if & M(1)u M(—1), then 1§ RyS%°.
We only consider the case p> 1, since the case 0<p <1 is similar.

Since & My(1) and 1 <p<1/t2, we have t32=(1+t,p?)/(p*? +1,). If (1 +¢,p"/%)/
(pY?+1,)=13/?, then A] 24, is parabolic by Proposition 3.1, (1), and so & Ry&3°. If
(1+1,pV))(p'? + 1) <t3?<(1—1,p?)/(p** —1,), then A[2A, is elliptic and so &
Ry&9°. Furthermore if 1/p!/? <t}/2, then 1§ RyS%° by the above remark 1<p<1/t,.
Since 1/p'? <(1—t,p'?)/(p**—1t,), we see that if T& My(1) and p>1, then 1& R,S9°.

<p

q.e.d.
4. Surfaces.
4.1. In this section we will introduce some surfaces in R3. We set
Tty p, I =(12" V2p12 1)/ (p1/2 — 1~ V12)
for 0<t;<1, p>0 and n=+1, +2, ---. Let n=2 be an integer. For fixed ¢, with

0<t, <1, we denote by P,(t,:1I)=(¢,, t, ,(,:1I), p,(¢, :II)) the intersection point of the
following two curves K;f(n) and Ky (n) in —1<1,<0:

Ki(n):t,=T(t,, p:1I),
Ky(n):ty=—T,_(t;, p:1I).

We set P(t,:I1)=(ty, 15 1(t;: 1), py(2,:II)), where ¢, ((¢;:II)=—1 and p,(¢;:1I)=1.
Let n=2 be an integer. For fixed ¢, with 0<t,<1, we denote by
P_(t:ID)=(ty, t5,_,(t;:1I), p_ (2, : II)) the intersection point of the following two curves
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Ky (—n) and K;j(—n)in —1<2,<0:
Ki(=n):t,=T,(t, 1/p:1I),

Ky(=n):t,=—T,_(t, 1/p:11).

We set P_ (¢, :1I)=P,(¢,:1I). We note that ¢, (¢, :1)=1¢, _,(¢t;:1I) and p,(t, : I)p_,(¢,:
I)=1.

We define the following sets in R3. For the sake of simplicity, we write t for a
point (¢,, t,, p)€ R? in the following definitions. We set

Hym)={t|1,=0,17" V<p<t @Y 0<t, <1} n=2)
Hy(—n)={t|1,=0, 13" '<p<tI"73,0<t,<1} (n22)
Hy()={t|1,=0,1<p<1/t;,0<1t, <1}

Hy(—1)={t|1,=0,1,<p<1,0<t;<1}
Fi(n)={t|ty=Ty(t,, p:1), pft, : M) <p<1/t2""1,0<t,<1}  (n22)
Fi()={t|t,=Ty(ty, p:1), 1<p<1/t;,0<t, <1}

Fi(=D)={t|t,=Ty(t1, 1/p:1D), t;<p<1,0<t, <1}

Fii(—m)={t|t,=Tyt;, 1/p:1D), 13" < p<p_,(t;:1]),0<t, <1} (n=2)
Fym={t|ty=—=T,_(ty, p:II), 1/13" 3 <p<p,(t,:11),0<t, <1} (n=2)
Fy(—nm={t|ty=—T,_(t;, 1/p:1), p_,(t;:ID)<p<t3""3,0<t,; <1}  (n22).

4.2. Similarly, we define the following sets for Types V and VII. For an integer
n, we set

Ton-r(ty, p:V)={1=(=1,)"p" )} [{p"> = (—1,)"} (nz1)

for —1<t, <0 and p>0, and

l_ —t (2n+1)/2¢ 1/2
Tyt p: VI == =0)

(__p)1/2 +(—[1)(2”+ 1)/2 (n__>:0)

for —1<t,<0 and p<0.

For fixed t; with —1<t, <0, we denote by P,,_(t;:V)=(ty, 3, 2,-1(t;:V),
Pan—1(t1:V)) (resp. P,,(¢t1:VID)=(2, t,,(t,:VID), p,,(t,: VII)) the intersection points of
the following two curves Ky(2n—1) and Ky(2n—1) in 0<t,<1 for an integer n=>2
(resp. Kyy(2n) and Kyy(2n) in —1<t,<0 for an integer n=1):

K;(2n—— 1) : té/z = T2n— l(tl’ PV)
Ky@2n—1):t3?=—Ty,_5(t;, p:V)

Kyu(2n) 1 (—=1)' 2 =T,(t,, p :'VII)
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Kau(@n) (= 1)"2= =Ty (t,, p: VID).

We set Py(t,:V)=(t1, t5,1(21:V), p(t,:V)) and Pyt : VII)=(t,, 15 o(t;: VII), polty:
VID), where 1, ,(1;:V)=1, py(ty:V)=1, 15 o(t,:VID = —{(1 (= £,)"2)/(1 +(—1,)"*}2,
po(ty:VID)= —1.

For fixed ¢; with —1<¢, <0, we denote by P_,,_1y(t;:V)=(t1, t2, —2n-1)t:: V),
P-n-1)t1:V)) (resp. P_,(t;:VI))=(t, t5 _5,(t,:VID), p_,,(¢;: VII)) the intersection
points of the following two curves Ky (—(2n—1)) and Ky(—(2n—1))in 0<¢,<1 for an
integer n>2 (resp. Kyy(—2n) and Ky, (—2n) in —1<1, <0 for an integer n=1):

Ky(=@2n—1):t3?=T,,_(t;, 1/p:V)
Ky(—@2n—1)): 132 = —T,,_5(ty, 1/p:V)
Kyu(—2n)  :(—t)"2=T,,(t,, 1/p:VI)
Kyn(—=2n) (=)= =Ty y)(t1, 1/p: VID).

WC note that t2,2n—l(tl:V)=t2,-(2n—l{t1:v)’ tz’zn(tl:VII)=t2’_2n(tl:VII),
P2a-1(t1:V)p_2n-1(t1:V)=1 and p,,(t,: VID)p _,,(t,: VI))=1.
We set

Hy@2n—1)={t|1,=0, /13" V< p<1/13", —1<1,<0} (n=1)
Hy(—@2n—1)={t|1,=0, t}"<p<t}"™ Y, —1<t,<0} (nz1)
Fy@n—1)={t|1}?=Tp_1(t1, p:V), pan_1(t;:V)<p<l/1}", —1<t; <0}  (n21)
Fy(—@n—1)={t|13*=Tp_1(t1, p: V), t13"<p<p_zn_1t1:V), —=1<t; <0} (n21),
where p_,(¢;:V)=1.
Fy@n—1)={c|[t3?=—Ta_5(ty, p: V), 1/13" "V <p<pj,_1(t;:V),
—1<1t,<0} (n=2)
Fy(=@n—1)={t|t3%= —Tap_3(t1, p:V), p2u-1(t1:V)<p <1377,
—1<1t,<0} (n=2).
Furthermore for Type VII, we set
Hyy(2n)={t|t,=0, 1/13"" <p<1/t}""*, —1<1, <0} nz1)
Hyy(—2n)={t|t,=0, 13" '<p<t"*!, —1<1,<0} (n21)
Hyy(0)={t|t,=0, 1/t;<p<t;, —1<t; <0}
Fu@n)={z|(—1,)"2 =T, (t,, p: VID),
1/13"* < p<p,,(t,: VL), —1<t, <0} (n=0)



460 H. SATO

Fiu(—2n)={t|(—1,)'?=T,,(t,, 1/p: VII),
Pty VID<p<t?*l _1<1,<0}  (n20),
where po(t,: VII)=p_(t,: VI))= —1;
Fyy(2n)={z | (=)= — Ty-1)(t1, p: VI,
Pt VI <p<1/t3" 1, —1<1,<0} (n=1)
Fyu(=2m)={t|(=1,)""= = Ty y(t,, 1/p: VII),
13" < p<p,,(t;:VID), —1<t, <0} (n=1).
We call the surfaces defined in §§4.1 and 4.2 surfaces of length one.

4.3, There are some relationship among the surfaces of length one. We have the
following proposition by straightforward calculations.

PROPOSITION 4.1. Let N5 be the Nielsen transformation. Then

(1) () Ny(Fg(m)=Fi(n+1) (n21)

N3 U(Fi(—n)=Fi(—(n+1) (nzl)

(i) N3(Fy()=Fy(n+1) (nz22)

N3 Y(Fy(=n)=Fy(—(n+1) (nz22)
Ni(Fp (=2)={(t, —1, 1)|O<tl<1}.

(2) () Ni(Fy(2n—1)=Fyy(2n) (nz1)

N3 Y(Fy(—=(2n—1))=Fyy(—2n) (nz1)

(i) N3(Fy(2n—1))=Fyy(2n) (nz2)

N3 (Fy(—(@2n—1))=Fyy(—2n) (nz2).

(3) (i) N3(Fvu2n)=Fy(2n+1) (n20)
Ny(Fyu(—0)={(z,, 1, 1), — 1<, <0}

N3 Y(Fyy(—=2n)=Fy(—(2n+1) (n20)

(i) N3(Fyn(2n)=Fy(2n+1) (nz1)
Ny(Fyn(—2)={(t1, 1, 1)| =1 <1, <0}

N3 (Fyu(—2n)=Fy(—@2n+1)) (nz1).

Combining Proposition 4.1, (2) with Proposition 4.1, (3), we have the following.

COROLLARY.

(1) () NIFY@n—-1)=Fy@n+1) (nz1)
N%(F{r(_ 1))={(tl’ 1’ l)l - 1 <t1 <0}
N3(Fy(=1)=Fy(3)
N3 A (Fy(—(@2n—1)=Fy(—(@2n+1) (nz1)

(i) N3(Fy2n—1)=Fy(@2n+1) (nz2)

NYFy(=3)={(, 1, 1)| —1<1t,<0}
N3(Fy(=3)=Fy(1)
N3 Y Fy(—(2n—1)=Fy(—(2n+1) (nz2).
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2) (i) N3FVu2n)=Fu2(n+1) (n20)
N g(F \J/ru( —0)=Fyu(2)
N3 (Fyy(—2n)= Fyy(—2(n+1) (n20)
(i) N3(Fyn(2n)=Fyn2n+1) (nz1)
N(Fyn(—2))=Fyu(+0)
N3 *(Fyy(—2n))= Fyy(—2(n+1)) (n21).
For simplicity, we introduce the notation ¢=+ or —. By straightforward cal-

culations, we have the following two propositions.

PROPOSITION 4.2. Let N, be the Nielsen transformation. Then for an integer n,

(1) Ny(Fi(n)=Fi(—n) (n==%1, £2,---).
(2) N(Fy2n—1)=Fy(—(2n—-1)) (n==+1,+2,---).
(3) Ny(Fyn(2n))= Fyy(—2n) (=20, +£1, £2, ---).

ProPOSITION 4.3. Let N, be the Nielsen transformation. Then

(1) N(Fy()=Fy(1), Ny(Fj(=1)=Fy(-1).

() NAFy())=Fi(1), N (Fy(=1)=Fi(-1).

() NoFyy(0)=Fyn(0), No(Fyy(—0))=Fyy(—0).

4.4. We will construct many surfaces out of F§i(+n), F5(+(2n— 1)) and F%,(+2n),
where ¢e=+ or —. Let N, be the Nielsen transformation defined in §1. For n,=
1,2,3,--- and my=2, 3,4, - - -, we set

Fy(1,n0):=Ny(Fy(no), Fy(—1, —ng):=Ny(Fj(—ny)),

Fy(1, mg):=Ny(Fy(mo)), Fy(—1,mg):=N,(Fy(—my));
Fii(1,2ng—1):=Ny(Fy(2no—1)), Fy(=1, —(2no—1)):=N,(Fy(—(2n,—1))),
Fi(1, 2mo—1):=Ny(Fy2mo—1)),  Fy(—1, =Qmo—1):=Ny(Fy(—(2mo—1)));
Fyu(1, 2(ng—1)):= Ny(Fyy(2no—1))),  Fyy(—1, —2(no—1)):= Ny(Fyy(—(2n,— 1)),
Fyu(1, 2mo— 1) := Ny(Fyn(2(mo— 1)),  Fyn(—1, —2(mo — 1) : = No(Fyn(—(2mo—1))).

We define the following surfaces by using the Nielsen transformation N;. For

n=0,1,2,---,n,=1,2,3, -+, my=2,,3,4, - - -, we set
Fij (en, e(2no—1): = N5" " (Fj (e1, &(2n,— 1)),
Fyj (en, e2mo —1)):= N5"" U(Fy (el, e(2mo—1))) 5
Fi(e2n+1), eng):= NP"(Fy (el, eny)), Fy(en+1), emg): = NP (Fy (€1, emy)) ,
Fy (€0, e2(ng— 1) := N3 *!(Fyy(el, e2(no — 1)) ,
Fy (60, €2(my— 1)) : = N3 *!(Fynlel, e2(mo— 1)) ;
Fyn(e2n+1), e2(ng— 1) := N¥"(Fyy(el, £2(no— 1)),
Fyn(e(2n+1), e2(mo — 1)) : = N (Fyyel, e2(mo— 1)) ,
Fyu(e0, eng):=N3°1(Fy(el, eny)) ,  Fyy(e0, emg):= N3 *'(Fy(el, emy)),
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where e=+ or —, and —e¢ denotes + or — according as ¢ is — or +.
Furthermore, for n=1,2,3, - -+, n,=1,2,3, --- and my=2, 3,4, - - -, we set
Fy(e2n, £2(no—1)):= N5 (Fyn(e(2n—1), e2(no — 1)),
Fy (€2n, £2(mo — 1):= N5 (Fyy(e2n—1), e2(mo — 1)) ;
Fyu(€2n, eng): = N5 (Fy (e2n—1), eng)),  Fyy(e2n, emg):= N5 (Fy (e2n—1), emy)) .
We call these surfaces surfaces of length two.
4.5. Inductively we now define the following surfaces. Let ¢= + or —. We assume
that the surfaces Fi(en,, - - -, eny, eny) (/=11, V, VII) have been defined. We let
Fi(L,ny, -y ny,ng):=Ny(Fy(ny, -+, ny, ng))
Fi(n, my, -+, ny, o)1= N3 H(Fi(1, ny, -+, ny, ng)) 5
Fi(—=1, =n, -, —ny,—ng):=Ny(Fy(—my, -+, —ny, —ng))
Fi(=n, —m, ==+, —ny, —ng):=N3 " NFy(—=1, —ny, -+, —ny, —np)) .
Furthermore, for Types V and VII we let
Fy(1,ny, -+ o, nq, no) = Ny(Fiy(my, =~ -, ny, ng)),
Fun(L, my, -+, g, ng)i=No(Fyp(ny, * -+, ny, no)),
V=1 =m, o, —ny, —ng):=Ny(Fi(—ny, -+, —ny, —np)),
Fol—1, =m, =+ —ny, —ng) :=Ny(Fyy(—ny, -+, —ny, —ng)) ;
forn=1,2,3, ---,
Fyln+1,n, -+, ny,ng)i=Ny(Fyy(n, ny, - -+, ny, np)) s
Fou(n+1,n, -+, ny,ng):=N3(Fy(n, n, - -+, ny, ng))
Fy(—(n+1), —ny, -+, —ny, —ng):=N3 (Fyy(—n, —my, ==+, —ny, —ng)),
Fyl(—(n+1), =ny, -+, —ny, —ng):=N3 (F(—n, —my, ===, —ny, —n));
Fy(0,ny, -+, ny, no):=N3 (Fiu(1, my, =+, ny, mg)) s
Fiu0, my, -+, ny,no):= N3 Y(FY(1, ny, - -+, ny, mg)),
FiY(—0, —ny, - -+, —ny, —ng):=N3(Fyu(—1, —=ny, ==+, —ny, —ny)),

Fyn(—=0, —ny, ==+, —ny, —ng):=N3(Fy(—=1, —my, -+, —ny, —nyp)) .

5. Relationship among surfaces.

5.1. In this section we will consider relationship among the surfaces defined in
the previous section. Let ¢= + or —. From now on, we use the notation Fi(n,, - - -, ny, n)
and Fi{(—n,, - -, —ny, —ng) ({=11, V, VII) only when they are defined. We have the

following two properties by definition.

PROPOSITION 5.1. Let N, be the Nielsen transformation. For I=11, V, VII, and for
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integers n; 20 (j=0,1,2; - - -, k),
(1) Ny(Fi(ny, - - -, ny, no))=Fi(—ny, -+, —ny, —ng).
(2) Ny(Fi(—=ny -+, —ny, —no))=Fi(ny, - -, ny, no).

PROPOSITION 5.2. Let N5 be the Nielsen transformation. For =V, VII, and for
integers n;20 (j=0,1,2, - -, k),

(1) NiFino n—y, - > no) = Film+2,m_y, - -, ng).

() N3AFi(—mo —me_y, -, —no)=Fi(—(m+2), —m_y, =+, —ny).

5.2. PROPOSITION 5.3. Let N; be the Nielsen transformation. Then the following
hold:

(1) NyFi(=1)={(t;, =1, D][0<zt; <1}

) Ns(an(—l,—(2no—1))=Ff1(1, 2,2n,-2) (no21).

(3) Ny(Fi(—1L,—1, —=m_y, ==+, —no))=N3(Fi(—me_2, * —no)) (me-220).

4 Ni(Fg(—1, 2 Mg, —ne)=Fi(Lm o+ 1, me_3, -1, mg) (e 21).

(5) Ny(Fi(—1, =2, =0, =my_3, -+, =no)=Fii(My_3, M_g, ~* ", o) (M3 20).
(6) Ni(Fi(—1, — nk =Mz s =) =Fiu(l, 2, me_ =1, my_p, -+, np)
(me-123).

ProoF. (1) is a consequence of straightforward calculations.
(2) By Lemma 1.2, (4),
N3(Fi(—1, —=(2no—1)))=N,N3N,N3 ' N,Ny(Fi(—1, —(2n,—1)))
=N,N3N,N3 ' Ny(Fi(1, 2no— 1)) = N, N3N, N3 H(F3(2ne — 1))
=N N3No(Fyn(2no —2))= N, N3 (Fyy(1, 2ny —2))
= N,(F/(2, 2ny—2))=F§(1, 2, 2n,—2) .
(3) follows from the equality N3 (Fi(—1, —1, —n_,, -+, —ng))=Fa(—n._,,
-, —np) and N3=1.

(4), (5) and (6) can be proved similarly. q.e.d.
PROPOSITION 5.4. Let N, be the Nielsen transformation. Then the following hold.
(1) N3(Fy(—0, —@2no—1)))=Fi(2, 2, 2n,—2) (no21).
(2) N3(Ffl(—0, _1’ M2, — N3, ", _"o))

=N3(Fi(—(m—,— 1), —=my_3, =+, —nyp)) (n_,21).
(3) N3(F:l(—05 _19 _05 —Ng_3, """, _no))

=N§(Ffl(_0, —M—3, """, —Np)) (ny-320).
(4) N3(Ffl(—0’ _2’ Mgz, — M3, ", —nO»

=Fi2, 2+ 1, m_5, -, np) (-2 21).
(5) N3(Ffl(—0, _2’ _0, M3, =gy, ", —nO))

=Fi(m—3+1,m_4 -, no) (e _3=0).
(6) Ns(Ffl(_Oa TMlg—1s T2, "7, _nO))

=Fi(2,2,m_—1,m_y -, ) (-1 23).

Proor. (1) By Proposition 5.3, (2), we have
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N3(Fi(—0, —(2no—1))= N3(N3(Fi(— 1, —(2n,—1))
=N5(Fi(1,2, 2no—2)) = F}(2, 2, 2n, —2).
(2) By Proposition 5.3, (3), we have

Ny(Fi(—=0, =1, —=my_p, —my_3, = -+, —ny))
=N3(N3(Fi(—1, =1, —=my_5, —my_3, = -, —ny)))
=N§(Ffl(‘nk—2, —M_3, 0 —Ne))=N3(Fi(— (e, — 1), —m_3, =+, —nyp)).

(3) N3(Fi(—0, =1, =0, —ny_3, - -, —ny))
=N3(N3(Fi(—1, =1, =0, —n_3, == -, —nyp)))
=N§(Ffl(_0> —My_3, ", —H)).
(4), (5) and (6) can be proved similarly. q.e.d.

5.3. By Lemma 1.2, (1) and Proposition 5.3, we easily see the following:

PROPOSITION 5.5. Let N; be the Nielsen transformation. Then the following hold.
(1) N3ETO)={t, 1, D]0<n <1}

(2 N3'FR(, 2n—1)=Fj(—1, =2, —(2n,—2)) (no21).
(3 N;I(Ffl(L Line s " ,ng)=Nj I(Ffl(nk—b "ty M) (no20).
4) N;l(Ff,(l, 2,3, "7, M)

=Fi(—1, —(m_2+ 1), =m_3, -+, —ny) (-, 21).

(5) N3MFu(1,2,0,m_3, -, no))=Fi(—m_3, =My, * -, —Ng) (e -320).
(6) N:‘a_l(F:l(lﬁ nk—19 nk—2’ Y no))
=Fi(—1, =2, —=(m_— 1), =my_5, "+, —ny) (-1 23).

By Lemma 1.2, (1) and Proposition 5.4, we easily see the following:

PROPOSITION 5.6. Let N5 be the Nielsen transformation. Then the following hold:

(1) N3 '(Fi(0,2no—1))=Fj(—-2, =2, —(2n,—2)) (no21).
(2) N3_ I(Ffl(oa 1, Ny, nk—3’ T no))

=N;3(Fi(e—2—1, me_3, "+, np) (ne—,=1).
(3 Ns_l(Ffl(()’ 1,0, M3, " no))zNg(Ffl(O’ Ne_3, " " "5 o)) (nk—32—0)-
(4) N3'FH0,2,m— g 3, "= *, 1))

=Ffl(_2s _(nk—2+1)5 —Mg-3, "7 _nO) (nk_zgl).
(5) N:; 1( fl(O’ 2’ 0’ M3, Mk—q5 "> no))

=Fi(—(M-3+1), =My, "+, —1y) (n—53=0).
(6) N3 '(FiO,m— 1,1z, =, ng))

=Fi(—2, =2, —(m—1— 1), =3, "+, —np) (-1 =3).

5.4. The proofs of the following Propositions 5.7 through 5.10 are similar to

those of Propositions 5.3 through 5.6. Let 6 denote the number +1 or —1, and let —¢
denote —1 or +1 according as § is +1 or — 1. For simplicity, we write
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(nln"'sno) lf 5=-+-1

(e, ...,no)={(_nk, e —ny) if 6=—1.

PROPOSITION 5.7.

(1) NA(FH{—(1, o)) = Fiu(d(1, 2, no—1)) (1o22).
(2 N‘;(Fi,(—é(l, Ling_p oy no)))=N§(F§'(—5(”k—z’ ) (n—»20).
() NFU—=0(1,2,m_ 5, m_3, * = *, 1g)))

=Fun(0(L, g, +1,m_3, -+, ng)) (m_,21).
4) N‘;(F‘V(—é(l, 2,0,m_3,n g, "+, 1p)))

= Fyn(0(mi—3, Mk— 4> * " "5 Mp)) (ne-320).
(5) NYFY—0(1, m_y, iy, =~ , 1))

=Fum(0(1, 2, =1, m_5, -+, ng)) (-1 23).

PRrROPOSITION 5.8.
(1) N3(Fy(—9(0, 0))) = Fyy(d(2)).

2)  NS(F(— (0, 2np))) = Fiy((2, 2, 2no — 1)) (no21).
(3) N‘;(Fﬁ,(—é((), Ln_ g M3, " 7, 1))

=NYFH(—=0(m—5—1,m_3, -+, ny)) (me—,21).
(4) NY(FY(—000, 1,0, n_3, - - -, np)))

= N‘;Z(Fi,"( —0(0, ny_3, -+, np)) (n-320),

where 62 denotes +2 or —2 according as 6 is +1 or —1.
(5) Ng(Ft\:/(—é(O’ 2’ Moy M3, ") "0)))

=Fyn(0(2, m_,+1,m_3, -+, ng)) (g, 21).
(6) Ng(F‘\:/(_a(()’ 2: O’ N3, Ng—q, """, no)))

=Fun(0(m—3+1,m_y, = -+, np)) (m-320).
(7) Ng(Fil(—é(Os M- 15 Mi—25 ** "5 No)))

=Fu(02,2,m_—1,m_5, - -, ng)) (M1 23).

ProPOSITION 5.9. »

(1) N3(Fu(—d(1,0)={(z,, 1, 1)| =1 <z, <0}.

(2) NFu(—0(1, 2n0)) = F(d(1, 2, 2ny— 1)) (no21).
(3) Ng(Fﬁ,"(—é(l, Lime_s o, no)))=Ng(F§ru(—5(”k—2, 1) (M-, 20).
(@) NYFu(—0(1,2,m_5, -+, ny))

=F€/(5(1’ nk—2+1ank—3a ”'ano)) (nk—zgl)'
&) Ng(Fevu(’é(l, 2,0, M3, Me_g, * 5 Np)))

=FY(0(m—3+1,m_y4, ", o)) (nx—320).
(6) NFyu(—0(1, me_y, s, = - -, 1g)))

=F§/(5(1’2a nk—l_l’nk—z’ ”"no)) (nk—lg:;)-

REMARKS.
(1) () Fyn(—1, —0)=Fyy(—0) and Fyy(1,0)=Fy,(0).
(11) Fi(a(nk’ T, Ny, 1))=Ff(5(nka R nl)) for l=II, V> VII.
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(2) Thecases n,_, =0 in Propositions 5.3, 5.4, 5.6, 5.8 and 5.IQ will be treated in §6.

ProrosiTION 5.10.
(1) N3(Fyu(—60, D) ={(t;, 1, 1)| —1 <1, <0}.

() N3(Fiu(—0(0, no)))= F5(0(2, 2, no— 1) (no=2).
(3) Ng(Fi'll(_é(O’ 1’ M2, M3, ° 7 no)))

= N3(Fyu(—0(me—,— 1, me_3, - - -, 1)) (me—,21).
@ N3(Fu(—0(0, 1,0, m_3, - - -, 1))

=N§2(F§z(—5((} Me-3, """, No))) (m-320),

where 62 denotes +2 or —2 according as § is +1 or —1.
(5) Ng(Ft\:/ll(—é(O, 2, N2, """ nO)))

=Fy02, e+ 1, m_3, -+, ng)) (e, 21).
(6) Ng(F‘\:/ll(_é(Oa 2’ Os nk—3> g4, "7 nO)))

=Fy(0(n—3+1,m_4, ", no)) (m—3=0).
() NYFu(—000, m_y, m_5, -+, o))

:Fﬁl(é(zaz’nk—l'"l’nk—zs "',no)) (Ylk_1;3).

6. The domains of existence.
6.1. In this section we will determine the shapes of the real classical Schottky
spaces RS9, RyS9 and Ry;,S9 in R3. Let ¢ and § be the same symbols as in §5.

PROPOSITION 6.1. Let N5 be the Nielsen transformation. Then the following hold:
(1) NSFR—060, me—y, ==, no)) =Fi(0(1,2,0,0,m_y, -, 1p)) (M- Z0).
() NSFHU—=00,m—y, -+, no))=Fi(8(1,2,0,0,m_y, ==, 10)) (M- Z0).
(3) N‘;( ‘\:/"(—5(0, My—q, sno)))=F€’(6(l’2’ 090’ Mg—1, '”9n0)) (nk—lgO)'

ProOOF. We only prove (1), since the proofs for (2) and (3) are similar. First we
will consider the case 5 = + 1. By Lemma 1.2, (4) we have N;~ N,N,;N,N; !N,N,. Hence
N3y(Fi(=0, —=m_y, ==+, —=ng))=N,N3N,N3 'N,Ny(Fi(=0, —my_y, -, — 1))
=N,N3N, N3 ING(F§(0, my_y, - -+, o)) = NaN3yNoN 3 H(FY(1,0,my_y, -+, 1))
=N,yN3Ny(Fyn(0,0, my g, - -+, o)) = NoN3(Fyy(1, 0,0, m g, - - -, 1))
=N2(F§’H(2a 0,0, M1, "7 nO))=F;;l(1’ 2,0,0, Mg—1, """ nO)'

In the case d=—1, we have the desired result by Lemma 1.2, (1) and
N;~N,N3;N,N;!N,N, by the same method as above. q.e.d.
6.2. We set

Ry={(t;, 1, p)eR?|0<1, <1, —1<1,<0, p>0},
R3={(t), 12, p)eR?| —1<1,<0,0<1,<1, p>0},
Ryu={(t1, 1, p)eR?*| —1<1,<0, —1<1,<0, p<0} .

We denote by M,(8(ny, n,— 4, - * *, 1)) the three-dimensional manifolds in R} bounded
by F;" (6(ne, m_ 1, - > no)) and Fy (8(ny, ny—_ 4, - - -, ng)) for [=11, V, VII, where
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Fi()=Fy(—1)={(t,, 12, peR}|0<1, <1, —1<1,<0,p=1},
Fy()=Fy(=1)={(t;, 1, p)eR}Y| —1 <1, <0,0<t,<1,p=1},
F;,,(()):F{,'"(—O), F;ll(_0)=F{/'—ll(0) and Mvn(O):Mvu(—O)'

REMARK. For each /=11, V, VII,
(1) Fio(- - -, Njy1, 1,1, Rj_a, *° ) =Fio( - -, Nit1,Nj—n, *° ),
(2) Ml((s( : "nj+la l, l’nj—2’ o ))=Ml(6( ) nj+1’nj—2’ . ))

The following proposition is an easy consequence of Propositions 4.1, 4.2, 4.3, 4.4,
5.1 and 6.1.

PROPOSITION 6.2. Let N; (j=1,2,3) be the Nielsen transformations. Then the
following hold:
(1) N(M(0(ny, - -, ny)))=M{(—(ny, * -+, ngy)) for I=11, V, VII, where My;(0)=
Myy(—0).
(2) () NMy(O(ny, -~ -, no)))=My(S(1, ny, - - -, ny)).
(i)  Noy(M(S(ny, -~ -, ng))=My(6(1, ny, - - -, ng)).
(i)  Noy(Myy(S(ny, = - -, no)))= Myy(8(1, ny, - - -, ny)).
() () N3My(—3)= M),

N5(Myy((no)) = My(8(ng + 1)) (ne==1, £2, -+ ).
(i) N5(My(—0))=My,(0),
NS (M(3(2no — 1)) = Myy(8(2n,)) (no=+1, £2,---).
(i) N(My(0(2no)) = My(6(2ny + 1)) (no=0, £1, £2, ---).
4 () NYMy(ny, n—y, -+, ng))
=M(0(ne+1,m_y, = -, ng)) (me=0, +1, £2, ---).
N‘;’;(Mu(—é(nk, M—15 * " "5 No)))
=Mll(5(1, 2, Oa My Ag— 15, " 7 nO)) (nk=0’ +1, +2, - )
(i) Ng(Mv(é(”k’ M1, " " 5 M)
=Mvn(5(nk+ Ln_y, ", np)) (=0, £1, £2, -~ ).
NY(My(—d(my, m—y, =+, ng)))
=Myy(6(1,2,0, ny, n_y, - *, ng)) (=0, £1, £2, - ).
(iii) Ng(Mvu((S(nk’ Mi—1, """ Ng)))
=My + 1, me_y, -+, ng)) (m=0, £1, £2, ---).
N‘;(MV"(—(S(nk, Mg_1, """ M)
=MV(5(1’ 2, 0, N, Bg—q5 *° 7 no)) (nk=0a +1, £2, - )

6.3 Noting that R;S%= U, P(RyS3%) n Rii, RyE9=(U, H(RyS9%)n R and
Ry €9 =(U, (RS 9%n R3,, where ¢ runs through the Schottky modular group of
genus two Mod(S,), we have the following theorem by Theorem 2 and Proposition 6.2.

THEOREM 3.
Rlleg= U My(ny, gy, - -5 1) 5
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Rv6(2)= UMV(nka M_1, "5 M)

and
Rvn@g= UMvn("k, M1, " "5 o) s

where M (ny, 1, ** *, no) (=11, V, VII) are as defined in §6.2.

7. Fundamental regions.

7.1. In this section we will determine fundamental regions for [¢,] and Mod(&,)
acting on RS9, RyS9 and Ry;S9, respectively. We denote by Mod(R;S9) (resp.
[R,®,]) the restriction of Mod(S9) (resp. [®,]) to R,S9, that is, the set of all equiv-
alence classes of orientation preserving automorphisms (resp. the set of all equivalence
classes of automorphisms) in R,&9 for /=11, V, VII.

Throughout this section, let N; (j=1, 2, 3) be the Nielsen transformations. We
denote by [¢] the equivalence class of ¢ € ®,. We write ¢ for an element [¢] in [D,]
or Mod(S,) when there is no fear of confusion. We denote by W(¢,, ¢,, -, ¢,) a
word in d’ls 4)29 T ¢n' We denote by SW(¢1’ d)za T d)n) (resp. S[W(d)l’ ¢21 Y ¢n)])
the set of all words in ¢, ¢,, - -, ¢, (resp. the set of all equivalence classes of words

in ¢1’ ¢2’_ ) d)n)

We easily see the following two lemmas.

LEMMA 7.1. If¢pe Mod(RySY9) (resp. p € [Ry®P,]), then N,¢p N, e Mod(R,S?) (resp.
Ny¢N,e[Ry®,]) and N3 '$ N3 Mod(Ry;S?) (resp. N3'¢N;e[Ryy®,)).

LemMa 7.2. (1) If yeMod(RyS9) (resp. ye[RyP,]), then there exists ¢pe
Mod(Ry&Y) (resp. ¢ € [Ry®P,]) with Yy =N,¢pN,.

(2) If y eMod(RyySY) (resp. Y € [Ryy®,]), then there exist ¢ e Mod(RyS3}) (resp.
P e[Ry®,]) with y=N3'¢N;.

PrOPOSITION 7.1. (1) Mod(R;&9)=N,(Mod(RyS9))N, and [R,®,]=
N3 [Ry®,]N,.

(2) Mod(Ry;S9)= N3 (Mod(Ry&3)N; and [Ryy®,]=N3 '[Ry®,]N;.

Proor. This follows from Lemmas 7.1 and 7.2. q.e.d.

By straightforward calculations, we have:

LemMa 7.3. (1) Ny(RyS9)=RSY.
(2) (NzW(NxaNs)Nz)(Rve(z))=Rv6g~
() (NF'W(Ny, Na)N3'YRyS9=RyES.

PropoOSITION  7.2.  The set [Ry®,] consists of all equivalence classes of words in
Nl’ NzWaNz, NsilWﬂNgl with WaESW(Nl, N3), WBGSW(NI, Nz).

Proor. This follows from Lemma 7.3. q.e.d.
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LEMMA 7.4. The group {[N, WuNz]] W,e SW(N,, N3)} is generated by [N,] and
[N2N3N,].

PrROOF. Let W(N,, N3)=¢,¢," - ¢,, where ¢; (j=1,2,--,n) are N, or Nj;.
By noting that N3=1, we have N,W(N,,N3))N,=N,d,¢, ¢,N,=
Ny¢p NyN,p,N,- - - N,p,N,. Since N,N,N,~N,, we have the desired result. q.e.d.

LemMAa 7.5. (1) The group {[N;W,N,]|W,eSW(N,, N,)} is generated by
[NiN32N,1(=[N3?]), [N3N,N3] (=[N,]) and [N3N,N3].

(2) The group {[N3'W,N;]|W,e SW(Ny, N,)} is generated by [N3*N N,] and
[N3'N,N;].

Proor. (1) First we note that W(N,, N,)is 1, N, N, or NN, (~N,N,). Since
N3;IN;=N2% N,;N,N3~N,,and NyN,N,N;=N,;N,N;N3*N;N,N,, we have the desired
result.

(2) Since N;'IN3;=1 and N;!N,N,N;=N;'N,N;N;'N,N;, we have the
desired result. q.e.d.

7.3. ProposiTioON 7.3. (1) [Ry®,] is generated by [N,], [N%], [N,N;N,] and
[N3IN,N3].
(2) Mod(Ry&Y) is generated by [N%] and [N,N;N,].

Proor. (1) First we note that N,N,N;=N3N3;!'N,N,. Since N,N;N,~
N3N,N,N3=N3;N,N;N;2N;N,N; by Lemma 1.2, (6) we have N,N,N;~
N3(N3;N,N;)"Y(N,N;N,). Hence noting that N;'N,N;=N;2N,N,N, and
N3W(N,, Ny))N3'=N3N3'W(N,, N))N;)N3 2, we have the desired result by Proposi-
tion 7.2, and Lemmas 7.4 and 7.5.

(2) We have the following by Lemma 12: (i) Ni=1, N;'N,N;N,~
N;z, N1N3_1N1N3~N§, (N3_1N1N3)2=1§ (ii) N1N§N1~N§2’ N1N§N3_1N1N3~1,
NiN,N3N,N, ~(N2N3N2)_1, N1N2N3N2N3_1N1N3~(N2N3N2)_1N§, N3_1N1N3N§Nl
~N3_4, N3_1N1N3N§N;1N1N3~N3_2, N3_1N1N3N2N3N2N1~N3—2(N2N3N2)_1,
N;1N1N3N2N3N2N3_1N1N3~N3—2(N2N3N2)_1N§. '

Since an element of Mod(Ry&9) is an orientation preserving automorphism, the
cardinality of totality of ¥, and N3 'N,;N; contained in each element of Mod(R,S9)
is even. Therefore by noting N} =1, we have the desired result. q.e.d.

ProrosiTiON 7.4. (1) (i) [Ry®,] is generated by [N,], [N,N3N,] and [N;].
(i) Mod(R,SY) is generated by [N3] and [N,N2N,].

(2 @ [Rvu®.] is generated by [N,], [N,N,] and [N3] (=[N,N32N,]).
(i) Mod(Ry,SY) is generated by [N%] and [N,N,].

Proor. (1) (i) First we note that N,(N3'N;N3)N,=N,N3;2 N3;N,N;N,=
NyN32N,N,N3N N3N, ~(N,N3N,)"!N,. Since N,N,N,~N, and No(N,N3N,)N,=
N3, we have the desired result by Propositions 7.1, (1) and 7.3, (1).
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(ii) is seen by Propositions 7.1, (1) and 7.3, (2).
(2) (i) Wehave Ny'N,Ny~N,N;N;=N,N3; N;'N3N;=N% N3 (N,N3sN,)N;5~
N3 YN3N{N,N;)N3=N;N,N3; N3 (N3 *N,N3)N;=N3>N,N3. Therefore noting that
N3pN3;=N3iN3'¢N, for ¢ e[Ry®,], we have the desired result by Propositions 7.1,
(2) and 7.3, (1).
(ii) is a consequence of Propositions 7.1, (2) and 7.3, (2). q.e.d.

7.4. We set
By ={(t1, t2, p)Ee Myy(0) | t=1,, p< —1}
By={(ty, 13, P)EMvu(O)|tz=’1’ p=—1}.
By Lemma 1.1, (1), we have:
LEMMA 7.6. N N,(B,)=B,.

LEMMA 7.7. The set Fyy(S9)={t=(t,, 15, p)e Myy(0)|1,<t,} is a fundamental
region in My, (0) for the group (N N,) generated by N,N,.

Proof. Since Myy(0)={Fyy(89)} ™ U{N Ny(Fy(83)}~ and N N,(Fyy(€9)n
Fy(©9) =¥, we have the desired result, where {S}~ denotes the closure of a set S.
q.e.d.

PROPOSITION 7.5. Fyy(S9) is a fundamental region in Ry;S9 for Modyy(S9).

Proor. This follows from Lemma 7.7, Proposition 7.4 (2), (ii) and Corollary (2)
to Proposition 4.1. q.e.d.

PROPOSITION 7.6. The set Fyy([9,1)={(ty, 15, p)E Myy(0)| 1, <1y, p<—1} is a
fundamental region in RyyS9 for [Ryy®,].

PrROOF. Set S:=N,;N32N; (~N3% and T:=N,;N,. Then Mody,(S9) (resp.
[Ryu?,]) is generated by S and T (resp. S, T and N;) by Proposition 7.4, (2). Since
FVII(G(Z))le(FViI([q)Z]))U Fuu([2:Du({(ty, 2, p) I p=—1}nFyy(S9),
we have the desired result. q.e.d.

We denote by Fy(S9) the set in My(1) bounded by Fy (1) and Fy(1/2), where Fy(1/2)
is the set

{(tl’ Iy, p)eR3[12=(1_ptl)/(p_tl)a 1<p<1/t§, _1<t1<0} .

Set F¥=N,({(t1, 1, p)€ R*| t,=1,} n Ryy). Let Fy([P,]) be the set in My(1) bounded by
Fy(1), Fy(1/2) and F%. Similarly we define the sets Fy(S9) and Fy([@,]) as follows:
F(S9) is the set in My(1) bounded by Fji (1) and Fy(1/2), where

Fy(1/2)={(t1, 2, )€ R®| 1 =(1 = pt1D)(p— 11/, 1< p<1/1,, 0 <1, <1} ;
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Fi([®,]) is the set in M (1) bounded by Fyj (1), Fy(1/2) and Ff = N,(F¥). Then we have the
following:

THEOREM 4. (1) For each =11, V, VII, F/(S9) is a fundamental region in R,S9
for Mod(R,&Y9).
(2) For each [=11, V, VII, F,([®,]) is a fundamental region in RS for [R,®,].

PrOOF. The case /=VII follows from Propositions 7.5 and 7.6. We only prove
this theorem for /=, since the proof for /=1I is similar.

We denote by F¥,(S9) the set in Ry, bounded by Fy,(0) and {(¢;,,, p)e
R3|p=—1}nMyy(0). Then F¥,(S9) is also a fundamental region in Ry;S9 for
Mod(Ry;&9), since the image of the set Fyy(S9n{(ts, 15, p)eR?*|p=—1} under
the mapping NN, is the set in My,(0) bounded by {(,,1,, p)eR>|p=—1},
{(t1, 12, P)ER?| 1, =1,}, Fyy(0) and Hy,(0). Since Ny(F¥u(©9)=F(S9), Fy(SY is a
fundamental region in Ry&9 for Mod(Ry&9) by Proposition 7.1, (2). We can similarly
prove that F([®,]) is a fundamental region in RS9 for [Ry®,]. q.e.d.
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