Tohoku Math. J.
45 (1993), 555-563

WALSH FUNCTIONS AND UNIFORM DISTRIBUTION MOD 1
BRruUCE G. SLoss AND WILLIAM F. BLYTH

(Received June 1, 1992, revised October 19, 1992)

Abstract. A Weyl criterion using Walsh functions is established and the relation
between uniform distribution mod 1 and dyadic addition on the real line is investigated.
Further, we develop the relationship between the modified integrals of the Walsh func-
tions and uniform distribution mod 1: a “Walsh integrals” Weyl criterion is developed
and analogues of the LeVeque inequality and the Erdés-Turan inequality are obtained.
These bounds are easier to compute than the classical bounds.

1. Introduction. A major tool for the study of the uniform distribution mod 1
of sequences has been the classical Weyl criterion (see for example [1]). Uniform
distribution mod 1 is defined as follows. For a real number x let [x] denote the integer
part of x and I=[0, 1). Let w={x,;} be a sequence of real numbers, Ne N and Ec1.
Then, let the counting function A(E; N, ) be the number of terms

0<i<N-1, x;—[x;]€E.

The sequence of real numbers w={x;}, i=0,1,2,... is said to be uniformly
distributed modulo 1 (abbreviated u.d. mod 1) if for every pair of real numbers with
0<a<b<1 we have

N- o N

b—
A consequence of this definition is that {x;} isu.d. mod 1 if and only if, for any f eC°,
1A '
) lim — Y f(x)= f f(¥)dx
N-w N i=0 0

We use Walsh functions to derive a further necessary and sufficient condition (a Walsh
function Weyl criterion) for a sequence to be u.d. mod 1.

Dyadic addition on the real line, 4, was first used by Fine [2] and has proven to
be of fundamental importance when used in conjunction with Walsh function analysis.
However there has been no investigation of how sequences of real numbers are uniformly
distributed mod 1 when combined with this operation. One of the aims of this paper
is to initiate such a study.

A comprehensive treatment of uniform distribution of sequences is given in [1].
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The representation theory of compact Abelian groups could be used following [1] to
provide a proof of our Theorem 1. However the Walsh functions are not precisely the
characters of the dyadic group (see [3] for a discussion of the method required to form
these characters). So a proof of Theorem 1 following the classical Weyl method is more
natural than the alternative (using group representation theory) mentioned above. Our
theorems and Corollary all appear to be new results.

Section 2 of this paper briefly introduces the properties of the Walsh functions and
dyadic addition and we introduce the use of Walsh functions in the study of uniformly
distributed mod 1 sequences. In Section 3, we define the modified integrals of the Walsh
functions and obtain another Weyl criterion using these Walsh integrals. Further,
analogues of both LeVeque’s inequality and the Erdés-Turan inequality are derived.
These inequalities are of considerable interest in view of their ease of computation.

2. Walsh functions and a Weyl criterion. Since their introduction in [4], the
Walsh functions have been studied extensively. Following Paley [5], [6] we define the
Walsh functions in terms of the Rademacher functions {r,},. The Rademacher
functions were published in [7] and they form an incomplete (with respect to L?) set
of orthogonal functions. The Rademacher functions are defined as follows:

ry,: RoR, r(x+1)=r,(x), for neNu{0}
for xe[0,1/2
ro(x)={ [0, 1/2)
—1 for xe[1/2,1)
r(x)=ro(2"x), for n>1.
The Walsh functions are complete with respect to L? and are defined as follows:

Wo)=1, Wy)=11r®).

i=1
where
n=[] 2", iy >0
i=1

is the unique decomposition of n into the sum of strictly increasing powers of 2.

The Walsh functions can be considered essentially as the characters of the dyadic
group, G. Let XeG so that x={x,, x,, ...}, x,€{0, 1} with group operation addition
termwise modulo 2. Fine [2] defined the function A: G—[0, 1] where

A=Y 27"x,.
n=1

Clearly 4 does not have a single-valued inverse because for each finite expansion
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> 27, x,€{0,1},
n=1

there is a corresponding infinite expansion. In such cases the finite expansion is taken,
and so for all real xe[0, 1), writing the inverse as y,

AMux))=x—[x] and pA(x)=x,
provided A(x) is a dyadic irrational.
Letting :— be the operation in G, that is, termwise addition modulo 2, we abbreviate

M Fuy)  as xty

for any real x and y.
It is straightforward (following the classical Weyl method) to establish the following
(which we state without proof):

THEOREM 1 (a Walsh function Weyl criterion). {x;} is u.d. mod 1 if and only if
. 1 N—-1
lim — Wy(x;)=0,  forany h>1.
N-o© i=0
This Walsh function Weyl criterion can easily be used to provide proofs (omitted
here) for the following two direct analogues of well known classical results [1].

THEOREM 2. If {x;} is u.d. mod 1, {a;} =1 is such that a,—0 as i— o0 and x;} a; is
a dyadic irrational for each i then {x;+a;} is u.d. mod 1.

We note that this theorem provides a new way to generate u.d. mod 1 sequences
from a known u.d. mod 1 sequence {x;}. There are two special cases of interest, namely,
when the x; are either all dyadic rationals or all dyadic irrationals. Similarly, Theorem
3 (following) can also be used to generate new u.d. mod 1 sequences.

THEOREM 3. If {x;}2, is u.d. mod 1, a;e R 0<j<N and Iy={x;+ Zfzoaj} is

a set of dyadic irrationals for each 0<K<N, then Iy is u.d. mod 1 where Y is defined
inductively as

o0 _ SK-1_ : vk
Yico@=ag and Y. ajtag=Y . _,a;.

3. The Walsh integrals and u.d. mod 1. The integrals of the Walsh functions,
defined by

J(x)= JX W (x)dx
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were investigated by Fine [2]. Here, the set of “Walsh integrals”, {/;}, with a slight
modification (see the Corollary below), is used to investigated u.d. mod 1.

We now establish a partial extension of the Weyl criterion for functions, possibly
discontinuous, which have a Walsh series expansion subject to a moderate regularity
condition. This result is used to prove our Corollary on the integrals of the Walsh
functions. This Corollary is used later as part of the “Walsh integrals” Weyl criterion.

THEOREM 4. If {x;} is u.d. mod 1, then

lim — z Fi(x;)=0

N— o i=0
with
9(K) 0
Fe)= 2, aW(x)+ Y, bWix), 16, <C—r s
k=1 k=g(K)+1 2

where Ce R and does not depend on i while g: N—N is arbitrary.

PROOF.
] N=t N—1 g(K) IN=1
~ & Felx) ’ z Z G+~ Y S bW
N i=0 k=g&)+1
g(K) N-1 M 1 Nzt
Z ak Z Wi(x;) + Z by— Y Wix)|+
=0 k=gx)+1 N i=o
9(K) ] N-1 M
<2 lagl|— Z UACHIEEDY Z Wix;) |+
k=g(K)+1
C
—»27 as N-ooo.

But M was arbitrary, so

lim

N-w

1 N-1
W igo Fy(x;)|=0

O
CoROLLARY. Let {x;} beu.d.mod 1 and h=2"+1,0<1<2". Then a partial analogue
of the Weyl criterion holds, namely:

llmﬁ Z Ji(x)=0  forany heN,

N- oo
where the modified Walsh integrals are
Jp=Jdy— 042”2 .
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Proor. From Fine [2], we have

Jh<x>=2-<"+2’{(W,<x)— 5 2"W2..~+,,(x)}.

r=1
Hence the result follows from Theorem 4. 0
We note that this result may also be obtained, via equation (1), from the symmetry
(about x=1/2) properties of the Walsh functions and the continuity properties of the J,.
In the following, integrals of the Walsh functions are used to devise an analogue
of the LeVeque inequality. From this the modified integrals of the Walsh functions are

used to obtain another Weyl criterion: the ‘“Walsh integrals” Weyl criterion whose first
part is stated as our Corollary above.

For use in the proof of the following lemma, we establish a preliminary result.
From Fine [2], we note that

1 1 &
x—[x]=?—: Z:o 27"W,n(X) .

Also, the series

i 27"W ,u(X)
n=0

is uniformly convergent, so

1 1 = 1 )
j xW,(x)dx = vy Y 2'"j WouWydx=— Y 270+25,, ..
n=0 0 =0

] n=

Now, suppose that xg,...,xy_, are N points in I. For 0<x<1, led Ry(x)=
A([0, x); N)— Nx. Then

LEMMA.
L N1 1\\2 o N-1 2
_[ R,%,(x)dx:( > (x,,.—>> + 2 (Nz_("+2)52",h— 2 J,,(x,,,)) :
° m=0 2 h=1 m=0

ProOOF. The proof is a modification of the proof of Lemma 2.8 in [1]. Since the
Walsh functions are complete in L2[0, 1), the Walsh Fourier series of Ry(x) converges
in L? to Ry(x). Also, for 0<m<N—1 we let C,(x) be the characteristic function of
the interval (x,,, 1]. Then

N-1
A([0, x); N)= ;0 Cul(x)

and so, letting
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0

Y aWix)

k=0
be the Walsh Fourier series of Ry(x), a, is obtained as in the classical proof, and for
h>1 we obtain

N-1 1 1

ay= Y | C()Wyx)dx—N f xW(x)dx
m=0 Jo (4]

1

_ Nz—:l

Wyx)dx+N Y, 2-m*25,. .

m=0 Jx,, m=0
N—-1 0
= Z—"o (D) —J(x) + N 2_:0 27 DG
N-1 0
=— 2_;0 Ji(Xm)+ N _02-""”)52,",,,

N-1
=N27CF D5, ,— 2 Jh(Xm) -
m=0

The result follows by Parseval’s identity. O

The discrepancy Dy is a measure of the deviation of a sequence from being uniformly
distributed mod 1 and is defined as

Ala,b); N)
N

THEOREM 5 (analogue of LeVeque’s inequality). The discrepancy Dy of the finite
sequence X, . .., Xy_ in I satisfies

w | N-1 2\1/3 12 © [N-1 2\1/3
DNS(lz > (2_("”)52",;.—— ) ‘]h(xm)> ) =<—2 ) < J;.(Xm)> ) .
h=1 N m=o0 N* k=1 \m=0

ProoF. The proof uses the above Lemma and follows the one given in [1]. The
details are omitted here.

Dy=Dy(Xq, ..., Xy-1)= sup
0<a<b<i

(b—a)\.

REMARK. The constant in the classical LeVeque inequality is the best possible.
To establish a corresponding result here, consider {x,,}-5={0} for which

0 1/3 o) 1/3 © 1/3
DNs<12 Y (2—<"+2>52n,,,)2> =(12 Y 2—2"—45”,,,) =<12 Y 2—2"—4> =1.
h=1 h=1 n=0

So the constant here, 12, is also the best possible.

THEOREM 6 (the “Walsh integrals” Weyl criterion). {x;} is uniformly distributed
mod 1 if and only if limy_, ,(1/N)Y. V! J4(x;)=0, for any he N.
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Proor. The “only if” part of the theorem is established as the Corollary above.
For the “if”” part assume {x;} is not uniformly distributed mod 1, then there exists a
sequence {N,} such that

lim Dy, =D>0.

k— o0

Now, for any N>1, from the analogue of LeVeque’s inequality, letting H=2M+ L,
0<L<2¥M,

0 1 N-1 2 H 12
Dy<12 Y <— ) J'h(xi)) <12 Z( Z Tilx ,)> it
n=1 \ N i=o h=1
Now choose M so that
12 |
<y P

and let ¢>0 be given such that N, > N, implies
D3—¢<D} <D*+e.
Thus,
H Ne—1 12
D3*—g<Dj <12 ), ( Z Ji(x l)> _T'
h=1
So
1 H Nik—1
»2—D3—£<12 Y < Y ——J,,(x))
h=1

Now choose N, so that
3 1 3
—D°—e>—D".
4
Thus

0<lpiciny ( ! Nk}le,,(x)>
4 h=1 Nk i
which implies that
0<— I D3<12 Z (hm —NkZIJ X ))
4 k— o0 Nk i=

So, for some A>1
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Ne—1

lim — ) Ji(x)|>

k— o0 Ah i=0

a

We conclude with:

THEOREM 7 (an analogue of the Erdos-Turan inequality). For any finite sequence
X, - - -» Xy—1 Of real numbers and any positive H, we have for H=2M+ L, 0<L<2M

H-1|N-1 l 2 3 1 1/3
(22| 5 ]+ (1w
PROOF.
) N-1 1 2\ 1/3
pu<(123 'Y Ly )
h=1|n=0 N
H—-1 |[N-1 1 2 © N-1 1 2 1/3
~(2(’% | 5ol + £ 'S el ))
h=1 |n=0 N h=H|n=0 N

2 o /N-1] 2\\ 1/3
+ 2 <Z —|J;(xn)|) ))
h=H \n=0 N
2 12 1 1/3
+ IM+1 (1_ IM+1 )))
2 3 1 1/3
+ M1 <1'— 2M+l>>

o 2i+1-1 @ ®
$ uwrsS Y viors § 2 () .
i=M  h=2i i=M i=M

h=1 n=0

h=1 | n=0

H-1 Nil 1
12 — Ji(x,
(5[5 e
H

N-1

1
% v )

n=0

(
(
<(12(’E 2] 5ot
(
(

since, for any x

ZM 2;+2 _i=ZM 22(i+2) 2M+ ; 2__7 4M+ ;
2

3 1 1 1 1
ToMT2 T 4 gMH1 1_1/4=2M+1 1_2M+1 :
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