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Abstract. The author proved earlier that, a Lagrangian H-umbilical submanifold
in complex Euclidean n-space with n>2 is either a complex extensor, a Lagrangian
pseudo-sphere, or a flat Lagrangian H-umbilical submanifold. Explicit descriptions of
complex extensors and of Lagrangian pseudo-spheres are given earlier. The purpose of
this article is to complete the investigation of Lagrangian H-umbilical submanifolds in
complex Euclidean spaces by establishing the explicit description of flat Lagrangian
H-umbilical submanifolds in complex Euclidean spaces.

1. Statements of theorems. We follow the notation and definitions given in [2].
In order to establish the complete classification of Lagrangian H-umbilical submanifolds
in C" we need to introduce the notion of special Legendre curves as follows.

Letz: I— S?" ™! = C" be a unit speed Legendre curve in the unit hypersphere S2" !
(centered at the origin), i.e., z=2z(s) is a unit speed curve in $2"~ ! satisfying the condition:
{z'(s), iz(s)) =0 identically. Since z=z(s) is a spherical unit speed curve, {z(s), z'(s)> =0
identically. Hence, z(s), iz(s), z'(s), iz'(s) are orthonormal vector fields defined along

the Legendre curve. Thus, there exist normal vector fields Ps, ..., P, along the Legendre
curve such that
(] . l) Z(S)’ iZ(S), Z’(S)a izl(s)’ P3(S)a iP3(S)a DRI P"(S), an(S)

form an orthonormal frame field along the Legendre curve.

By taking the derivatives of {z'(s), iz(s)>=0 and of {z'(s), z(s)> =0, we obtain
{z",iz)=0 and {z", z) = — 1, respectively. Therefore, with respect to an orthonormal
frame field chosen above, z”' can be expressed as

(1.2) Z(s)=iMs)z () —z(s)— Y, a;(s)P;(s)+ Y bi(s)iP(s),
j=3 j=3
for some real-valued functions 4, as, ..., a,, bs, ..., b,. The Legendre curve z=z(s) is

called a special Legendre curve in S?"~ 1 if the expression (1.2) reduces to

n

(1.3) 2"(s) = iA(s)z'(5) — z(s) — Z a;(s)P;(s),

j=3

for some parallel normal vector fields P;, ..., P, along the curve.
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By a Lagrangian cylinder in C" we mean a Lagrangian submanifold which is a
cylinder over a curve whose rulings are (n— 1)-planes parallel to a fixed (n— 1)-plane.

The following result provides an explicit description of flat Lagrangian H-umbilical
submanifolds in complex Euclidean spaces.

MAIN THEOREM. Let n>2 and A, b, as, ..., a, be n real-valued functions defined
on an open interval I with A nowhere zero and let =: I — S*"~' = C" be a special Legendre
curve satisfying (1.3). Put

(1.4) Sous, oo u)=bt)fuy+ Y a;(t)u; .

j=3
Denote by M"(0) the twisted product manifold AXE"1 with twisted product metric
given by

(1.5) g=f2dt* +du?+ - +du?.

Then M"(0) is a flat Riemannian n-manifold and
n t
(1.6) L(t, Uy, .., u)=t,z()+ Y, uij(t)—i-f b(t)='(t)dt
i=3

defines a Lagrangian H-umbilical isometric immersion L: M"(0)— C".

Conversely, up to rigid motions of C", locally every flat Lagrangian H-umbilical
submanifold in C" without totally geodesic points is either a Lagrangian cylinder
over a curve or a Lagrangian submanifold obtained in the way described above.

Clearly, every unit speed Legendre curve in S? is special. The following result
shows that special Legendre curves in S?"~! do exist abundantly for n>3.

EXISTENCE THEOREM. Let n be an integer >2. Then, for any given n—1 real-valued
functions A, as, ..., a, defined on an open interval I with ) nowhere -ero, there exists
a special Legendre curve z:1—S?"" 1< C" which satisfies (1.3) for some parallel
orthonormal normal vector fields P, ..., P, along the curve -.

2. Proof of the main theorem. Let A, b, a,, ..., a, be n functions defined on an
open interval I with A nowhere zero and let z: - S?"~! < C" be a special Legendre
curve satisfying (1.3) for some parallel orthonormal normal vector fields P, ..., P,
defined along the Legendre curve. Then, from the definition of parallel normal vector
fields, we have

(2.1) Pi(t)=n;(1)="(1), j=3,...,n,

for some functions 73, ..., n,.
Let L=L(t, u,, ..., u,) be given by (1.6). Then, by taking the partial derivatives of
L with respect to ¢, u,, ..., u,, we get respectively
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L=u,="(t)+ i u;Pi(t)+b(t)z'(¢)

J
(2.2) L., ==(1),
L,=P{t), j=3,....n.

From (2.2) and the definition of special Legendre curves we find

(2.3) Ly Ly»=0, <L,,L,>=03, jk=2,....n.
Since ='(t) and P;(t) are perpendicular, (2.1) yields

(2.4) Pit)y=a;(t)='(t), j=3,....n.
Combining (2.2) and (2.4) we get

(2.5) L,=fz'(t).

(1.4), (1.5), (2.3) and (2.5) imply that L=L(t, u,, ..., u,) is an isometric immersion
of M"(0)in C". Moreover, from the definition of special Legendre curves, L is Lagrangian.
Using (1.3), (2.2), (2.5) and the definition of special Legendre curves, we find

(2.6) L= f='(O)+ f="(t), Ly,=ait)='(t), L, =0, k=2 ...,n.
Applying (1.3), (2.2), (2.4), (2.5) and (2.6), we obtain

0
/;(i, a):,{(t)J<f-> i 11(6_’ i>=h<i, A(?_):o . i k=2....n,
ot ot ot ot Ou; Ou; Ouy

which implies that L: M"(0) - C" is Lagrangian H-umbilical.

Conversely, assume that L: M"— C" is a Lagrangian H-umbilical isometric im-
mersion of a flat Riemannian n-manifold M” into C" without totally geodesic points.
Since M is flat, the second fundamental form /1 of L satisfies (cf. [2])

2.7 he,,e)=¢Je,, hie, e))=hle;, e)=0, Jk=2,...,n,

for some nowhere zero function ¢, with respect to some suitable orthonormal local
frame field e, ..., e,. Without loss of generality, we may assume ¢ >0.
From (2.7) and Codazzi’s equation, we find

(2.8) e;Inp=wile,), wie)=0, 2<jk<n.

Let ¢ and * denote the distributions of M spanned by {e,} and {e,,...,e,},
respectively. & is clearly integrable, since it is 1-dimensional. From (2.7) and (2.8)
it follows that & is also integrable and the leaves of &+ are totally geodesic submanifolds
of C". Because ¢ and Z* are both integrable and they are perpendicular, there
exist local coordinates {x;, x,, ..., x,} such that d/dx, spans & and {3/0x,, ..., 0/0x,}
spans *. Since & is 1-dimensional, we may choose x, such that 6/dx, =¢ 'e,.

With respect to 9/0x,, ..., 0/0x,, (2.7) becomes
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2.9) /,<_@_,L>= J<L> h(i,i>=h<i,i>=o
0x, 0x, 0x, 0x; Ox; Ox; 0x;

Jk=2,...,n.

Let N"~! be an integral submanifold of 2*. Then N""! is a totally geodesic
submanifold of C". Thus, N"~! is an open portion of a Euclidean (n— 1)-space E" .
Therefore, M is an open portion of the twisted product manifold ,/x E"~ ! with twisted
product metric [1] (see also [4])

(2.10) g=f2dx{+dx?+dxi+---+dx?,

where f=¢ ! and I is an open interval on which ¢ is defined. (2.10) implies

Ja fy 0 " 0
2/ox, ox, = I ’a—q fkg,sz—a";,
(2.11)
o f; 0 0
o)xs A T T A dox; =0,
ox, f ox, T 0xy
for 2<j, k<n, where f;=0f/0x;, i=1,...,n. Using (2.11) we obtain
0 0 0 n 0
2.12 Rl —, — = o —— j=2,...,n.
(2.12) (6)61 axj> 0x, fkg'z T 0x,, /
Since M is flat, (2.12) yields f;, =0, j, k=2, ..., n. Therefore, f is given by
(2.13) f=B(x)+ Z aj(xl)xja
ji=2
for some functions f3, «,, ..., a, By (2.13), (2.11) reduces to
0 1 U 0 ul d
Ve, —=—| B'(x)+ ) aj(x)x; | ——f o — ,
ple oxt f(ﬂ( ) j:zz J( 1) ,) 0x1 fk§2 k @xk
(2.14)
0 .
\Z % 0 0 =0, Jk=2,...,n.

=t Vi,
ox; f 0x, “ T Ox,

Combining (2.9), (2.14) and the formula of Gauss we obtain

1 n n
(2.15) Lo = B0+ ¥ afc)l =/ % sl il
. ji=2 k=2
(2.16) Lo,=2L,,
I
(2.17) Low=0, jk=2,....n.

Integrating (2.17) yields
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2.18) L= 3, Pfory D).

for some C"-valued functions P,, ..., P,, D of x,. Thus

(2.19) L. = Z Pj(x))x;+ D'(x,),
=2

(2.20) L,=Pix), j=2,...,n

From (2.10) and (2.20), we know that P,, ..., P, are orthonormal tangent vector fields
on M". By applying (2.16), (2.19) and (2.20), we obtain

(2.21) o;(x)D’(x,) = (x1)Pj(xy)
(2.22) (xj(xl)PlL(xl)=“k(x1)Pj/'(xl)7 Shk=2,...,n

Case 1. a,=---=0a,=0. In this case, (2.21) yields Pj(x,)="-- - =P,(x;)=0, since
B+#0 by (2.13). Hence, P,, ..., P, are constant vectors in C". Therefore, (2.18) becomes
L(xy, ..., x,)=D(x)+> =2 ¢jX;, for some function D = D(x,) and orthonormal constant
vectors ¢,, ..., c,€ C". This means that L is a Lagrangian cylinder over the curve
D = D(x,)whose ruling are (n — 1)-planes parallel to the totally real x, - - - x,-plane in C".

Case 2. At least one of «,,...,«, is nonzero. In this case, without loss of
generality, we may assume a, #0. By making the following change of variables:
(2.23) t:f (X )dXy, Uy=X,y, ..., Uy=X,,

0
we obtain
(2.24) g=F2dt* +du? + - - +du?
where
(2.25) f=b(t)+u, + Z ,
Jj=

for some functions b(t), as(t), ..., a,(t). From (2.9) and (2.23) we obtain

220 (. 6>_/1(r)./<i>, h<i,i>=h<i,i>=o, k=2,
ot 0ot ot ot Ou; Ou; Ou,

where A=(a,)"! is a function of . By applying (2.11), (2.24), (2.25), (2.26) and the
formula of Gauss, we get

(2.27) L,,=%( )+ Z aj(t)u; >L —f Z aL, +ilL,,

j=3
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a:
(2.28) L,,,j=71 L,
(2.29) L,.=0, L k=2,...,n
where a,=1. By solving (2.29), we find
(2.30) Z P,(t)+D(1),
for some C"-valued functions P,, ..., P,, D of t. Thus
(2.31) L= ) uPj(t)+D'(t), L,=Pit), j=2,....n.
j=2

(2.24) and (2.31) imply that P,, ..., P, are orthonormal tangent vector fields on M".
By applying (2.28) and (2.31), we obtain

(2.32) D'(t)=b(t)P5(t), Pit)=alt)P5(t), k=2,....n.
Substituting (2.32) into (2.31) yields
(2.33) L,=fPiyt).

(2.24) and (2.33) imply that P5(t) is a unit vector field.

If we put z(t)=P,(t), then z=z(t) can be regarded as a unit speed spherical
curve z: I - S*"~ ! = C" defined on some open interval /. Since L is Lagrangian, (2.31)
and (2.33) imply that z=z(t) is a Legendre curve in S2"~!. Moreover, by (2.31) and
(2.32) we know that z(t),iz(t), z'(t), iz'(t), P5(t), iP5(¢), ..., P,(t),iP,(t) form an or-
thonormal frame field where P, ..., P, are parallel normal vector fields along the
Legendre curve. Furthermore, (2.30) and (2.33) imply that, up to rigid motions of C”,
L is given by

(2.34) L(t, uy, ... u)=trz(t)+ Y u,(Pk(r)+J b(t)z'(t)dt .
k=3
Finally, from (2.27), (2.31), (2.32) and (2.34), we know that z=z(t) satisfies (1.3).
Therefore, z=z(t) in (2.34) is a special Legendre curve in S$2"~ 1. O
3. Proof of the existence theorem. Let A(t), as(t), ..., a,(t) be n—1 functions of

t defined on an open interval 7 with A nowhere zero. Put

3.1 fltuy oo u)=1+u,+ i a;(t)u;
j=3

Consider the twisted product manifold M"(0) with twisted product metric

(3.2) g=f2dt> +du?+ - +du? .



FLAT LAGRANGIAN H-UMBILICAL SUBMANIFOLDS 19

Then M"(0) is a flat Riemannian #-manifold. Define a symmetric bilinear form ¢ on
M"(0) by

3.3) a(i,i>=/1-a—, a(i,-i):O, a(i,i>=0, Jk=2,...,n.
ot ot ot ot Ou; Ou; Ouy

Then <{a(X, Y), Z) is totally symmetric in X, ¥ and Z.
From (3.2) and (3.3) it follows that (Vo)(X, Y, Z) is totally symmetric in X, ¥ and
Z and, moreover, ¢ and the Riemann curvature tensor R of M satisfy

(3.4) RX, Y)Z=0(o(Y, Z), X)—0(a(X, Z), Y) .

Theorems A and B of [2] imply that, up to rigid motions of C”, there is a unique
Lagrangian isometric immersion L: M"(0)— C" with second fundamental form given
by h=Jo.

(3.1)-(3.3) and h=Jo imply that L satisfies

1 n n )

(3.5) L,,:—f FZ3 aj(tyu;L, ——fkglz aL, +ilL,,
a:

(36) Ltuj=7}-Lt7 Lu]uk:()s j,k=2,...,n,

where a,=1. Solving (3.6) as before yields
(3.7) L= u;P,(t)+D(t),
j=2

(3.8)  Li=/Pyt), L,=P(t), Dt)=Pyt), PU)=a(t)Py(t), k=2,....n,

for some C"-valued functions P5, ..., P,, D.

From (3.2) and (3.8), it follows that Pj(t) is a unit vector field and, moreover,
P,(t), ..., P(t) are orthonormal vector fields. Put z(t)= P,(t). Then z: [->S*" ' C"
is a unit speed curve defined on some open interval I. Since L is Lagrangian, (3.8)
implies that z(t), iz(t), z'(t), iz'(t), P5(t), iP5(¢), ..., P,(t), iP,(t) form an orthonormal
frame field with P, ..., P, being parallel orthonormal normal vector fields along z and
z=z(t) is a Legendre curve in $2"~!. Finally, from (3.5) and (3.8), we conclude that
z=P, is a special Legendre curve in S$2"~! satisfying (1.3) for some associated parallel
normal vector fields P, ..., P,. |

4. Examples of special Legendre curves. Legendre curves in S3c C? are special
Legendre curve automatically. Here, we provide some examples of special Legendre
curves in §2"" ' <= C" for n>3.

ExamPLES. Let 4, as, ..., a, be n—1 real numbers with A>0. Put
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4.1) y=1+ ) a}, p=(A*+4)""?
=3
—Af 2 .
4.2) z(s)=—~—'u (4)} ,as, ..., a,,)e"”“"s/2
2uy \p—4
A 2 . 1
+——+” <———y ,1,a,, ..., a,,)e“““"s/z—-(O, 1—y,as,...,a,),
2uy Atu Y
4.3) c3=(0,a5, —1,0,...,0),...,¢,=(0,a,0,...,0, —1).
Then, z=z(s) is a (unit speed) special Legendre curve in S$?"~ ! < C" satisfying
4.4) z"(s)=iAz'(s)—z(s)— Z a;Pi(s),
j=3
where
4.5) Pi(s)=a;z(s)—c;, j=3,...,n,

are the associated orthonormal parallel normal vector fields.
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