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Abstract. Let G be a real rank one connected semisimple Lie group with finite center.
As well-known the radial, heat, and Poisson maximal operators satisfy the L”-norm inequali-
ties for any p > 1 and a weak type L! estimate. The aim of this paper is to find a subspace of
L'(G) from which they are bounded into L' (G). Asan analogue of the atomic Hardy space on
the real line, we introduce an atomic Hardy space on G and prove that these maximal operators
with suitable modifications are bounded from the atomic Hardy space on G to L LG).

1. Introduction. The study of Hardy spaces H” originated in the 1910’s in the set-
ting of Fourier series and was developed by the so-called complex variable methods. In the
1970’s these spaces were completely characterized by various maximal operators without us-
ing complex variables and the study was advanced by the so-called real variable methods.
Atomic characterization of H” was also given at the same time. Since the real variable meth-
ods have no need for the complex structure, the Hardy space theory cound be generalized to
one on locally compact groups G such as compact Lie groups and the Heisenberg groups.
Nowadays, this fruitful H” theory has been extended to the spaces X of homogeneous type
in the sense that they satisfy the so-called doubling condition: There exists ¢ > 0 such that
foreachx € X and? > 0

[B(2t, x)| < c|B(t, x)],

where B(z, x) is the ball with redius ¢ centered at x and |B(x, r)| is the volume of the ball.
Roughly speaking, on X Hardy spaces H”(X) are characterized by the radial maximal op-
erator, and the heat and Poisson maximal operators are bounded from H”(X) to L”(X) for
any 1 < p < oo (cf. [3]). However, when the space is not of homogeneous type, little work
has been done. In this paper, looking at the example of semisimple Lie groups G, we shall
consider the Hardy space theory on G of nonhomogeneous type. Actually, on G, |B(t, x)|
has exponential growth order (cf. Lemma 2.1 below), hence G is not of homogeneous type.
Our goal is to introduce an atomic Hardy space H ,')’O(G) on G and show that the modified
radial, heat, and Poisson maximal operators are strongly bounded from H,!.O(G) to L'(G)
under suitable conditions.

This paper is organized as follows. We suppose that G is a real rank one connected
semisimple Lie group with finite center and G = K exp p the Cartan decomposition of G. For
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eachg=kexpX (k € K, X € p) let 0(g) denote the norm of X with respect to the Euclidean
structure of p induced from the Killing form. Let dg be a Haar measure on G, dk the one
on K with total mass 1, and ds the Lebesgue measure on the Lie algebra a of A. Then dg is
decomposed as dg = A(s)dkdsdk’ relative to the Cartan decomposition G = KCL(AT)K
of G. We identify A = exp a with R. Let B(¢) denote the ball with redius ¢+ > O centered at
the origin: B(t) = {x € G;o0(x) <t}and |B(t)| = for A(s)ds the volume of the ball.

The Hardy-Littlewood maximal operator Myp, on G is defined as follows.

My f (x) = sup 1B 1 * X (x)
>

) - sup|B(r>|—'/Gf(xg“>x,<g)dg

t>0

=sup|B(r>|—‘/ 1f g~ )Idg.
B(t)

>0

where x; is the characteristic function of B(¢). As well-known, My satisfies the maximal
theorem: For any 1 < p < oo, MyL is of type (p, p), and is of weak type (1, 1), that is,
it maps L?(G) into itself and L' (G) into weak L' functions on G (see [7]). In §3 we shall
obtain a pointwise estimate: If a is a function on G supported on B(r) with ||lals < |B(r)|™',
then

) Myra(x) < |B(o(x))|7!.

We fix a smooth and compactly supported K -bi-invariant function ¢ on G and, identify-
ing it with an even function on R, we define the dilation ¢, (¢ > 0) of ¢ by

1 -1 s s
ws)=-a607"'a(3)e () GeR),
where A is the density of the Haar measure dg related to the Cartan decomposition of G.
Then, a radial maximal operator My is defined as

My f(x) =sup|f * ¢ (x)].

t>0

As shown by [4, Theorem 3.4], My f (x) is dominated by c(MuL f (x) + | f| * E(x)), where
E(x) = e 2*?™® and hence, the radial maximal operator M, is also of type (p, p) for any
1 < p < 00, and is of weak type (1, 1).

We now introduce an atom on G. Let 1 < p < oo. We say that a function a on G is a
(1, p, 0)-atom provided that

(i) ais supported on B(r) for some r > 0,

(i) ifr <1, then |lall, < |B(r)|"/P~ and f; a(g)dg=0,

(iii) ifr > 1, then ||a||, < |B(r)| ™.
In the Euclidean case the moment condition fR a(g)dg = 0 of an atom a on R essentially
yields the integrability of a radial maximal function of the atom (cf. [3, Theorem 2.9]). How-
ever, in our case Mya is not integrable on G, because the density A(x) cancels the order of
decay obtained in (2) (see Remark 4.7). In §4, by using (2) we shall obtain some pointwise
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estimates of a * ¢, (x) and thereby deduce the following weak equi-integrability of Mga: For
eache >0

(3) fc Mga(g9)(1 +o0(9) *dg=<c,

where c is independent of the (1, p, 0)-atom a on G. As an easy consequence, a refinement
of [4, Proposition 4.1] follows: If we define a modified radial maximal operator M ; on G by

M f(x) = sup(1 + DS * (),
t>

then for each ¢ > 0 we have

/ Mga(gdg < c,
G

where c is independent of the (1, p, 0)-atom a on G. In §5 we shall consider a left translation
of each (1, p, 0)-atom a on G: ax(g) = a(xg), (x, g € G). Then we shall introduce an atomic
Hardy space H ;'O(G) as a collection of these translations. The above estimate implies that
M; is bounded from H;,O(G) to L! (G) (see Theorem 5.3).

We shall treat the same problem for the (modified) heat and Poisson maximal operators
My, and Mg on G, which are defined respectively by

Mg f(x) = sug(l +O7F|f *h(x)] and Mpf(x) = sug(l + 07 * pr(0)],

> t>

for each ¢ > 0, where h; and p; are the heat and Poisson kernels on G/K, respectively.
We denote Mﬁ (resp. M](,)) by My (resp. Mp) for simplicity. As shown by [6, Chap. III]
and [1, Corollary 3.2], My and Mp also satisfy the maximal theorem. In §6, applying the
sophisticated estimates for 4, and p; obtained in [1], we shall prove that the inequality (3) for
My (resp. Mp) holds for &€ > 1/2 (resp. & > 0). This implies that My; and Mg are bounded
from H ;_O(G) to L1(G) provided ¢ > 1/2 and ¢ > 0, respectively (see Theorem 6.1 and
Theorem 6.4).

The author wishes to thank the referee for many valuable and helpful suggestions.

2. Notation and preliminaries. Let G = KAN be a connected semisimple Lie
group with finite center and suppose that dimA = 1. Let a be the Lie algebra of A and
a* the dual space of a. Let y be the positive simple root of (G, A), and m;, m, the multi-
plicities of y and 2y, respectively. We put 2p = m; + 2mj and 2 = m| + my — 1. Let
H be the element in a such that y (H) = 1. In the following we identify A, a, and a* with
R as s — a; = exp(sH), sH and sy, respectively. According to the Cartan decomposition
G = KCL(AN)K, At = {a5; s > 0}, we defineo : G — R by g € Kay(gK. Then o is
K -bi-invariant and

4) lo(x) —o(¥)| <o(xy) <ox)+a(y)

for x, y € G (cf. [8, 8.1.2]). Let d g be a Haar measure on G normalized as

Q) / flgdg= / / - / f(kask) A(s)dkdsdk’
G K JO K
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where dk is the Haar measure on K such that [, dk = 1, ds is the Lebesgue measure on
R, and A(s) = (sinhs)™!(sinh2s)™2 (cf. [2, (2.4)]). We use the notation L?(G) to stand for
the space L”(G, dg) and we denote the norm by || - ||,. Let C2°(G) be the space of all C*°
functions with compact support on G. We denote by L”(G//K) and C°(G//K) respectively
the subspaces of L”(G) and C2°(G) consisting of all K -bi-invariant functions on G. Then we
identify each K-bi-invariant function f on G with an even function on R, which we denote
also by the same letter:

f(9) = flagg) = f(o(9) (g€ G).

We recall some basic facts on the spherical Fourier analysis on G. For a survey of this
subject we refer to [2] and [8, Chap. 9]. Let £2 be the Laplace-Beltrami operator on G/K
and let ¢y (x) (x € G,A € a*) be the spherical function on G such that ¢, (¢) = 1 and
R¢¢p(x) = —(Az +,02)¢>,\ (x). Foreach f € L' (G//K), the spherical Fourier transform f()»)
is defined by

foy = /G f(@di(dg (. €a*).

Then f(wk) = f(k) for w € W, the Weyl group of (G, A). Since dim A = 1, this means
that f(A) is an even function on R. When f belongs to C°(G//K), the spherical Fourier
transform f +— f has an inversion formula of the form

(6) fl9 = Cf* fOe(@IC)I2dr (g€ G),

where ¢ is a constant and C(A) is Harish-Chandra’s C-function. This transform
has an L2-extension, that is, it gives an isometric isomorphism between L%(G//K) and
L2, (R, |C(1)|~2d), the space of even functions in L2(R, |C ()| ~2dA).

In the following, we follow the custom of using the letter “c” to denote a constant which
might be different at each occurrence.

Let B(s) denote the open ball with radius s > 0 centered at the origin and | B(s)| the
volume [ A(u)du of the ball.

LEMMA 2.1. The density A(s) and the volume |B(s)| have the following properties.

() A@s) ~ e (s= 1),

(i) Als) ~s*H (s <1,

(i) |B(s)| ~e** (s = 1),

(iv) B(s)| ~ @t (s < 1),

V) |B®)| = A(s),
where the symbol “~” means that the ratio of the left hand side to the right hand side is
bounded below and above by a positive constant, and the prime in (V) means the derivative
with respect to s.

LEMMA 2.2. Suppose thatx,y € RY and x — y > 1. Then for each q > 1

/ A(a(axkav_]))_qdk < ce 2Pax2p(q= Dy
X )
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PROOF. Ifx—y > landy < I, then (4) and Lemma 2.1(i) imply that A(a(axka;'))“/ <
e~ 2P =Y) < ce=204% for all k € K, so we may assume that x, y, x — y > 1. We recall the
kernel form of the product of spherical functions ¢, (see [2, (4.2)]):

¢A(gl)¢x(gz)=LK(gn,gz, 93)®:.(g3)dgs (g1, 92,93 € G).

Applying (6), we see that for f € C°(G//K),

f Flgrkgadk = ¢ / 7o ( /K ¢A<glkgz>dk)|c<x>r2dx
K a*

I

¢ / S99 (92)1C )

I

fG K(91. 92, 93) (c / .f<x>¢x<g3>|cmr2dx) dg
a*

=/GK(91,92,93)f(93)dg3-

Here K (g1, g2, 93) = 0if o (g3) satisfies 0(g3) < |o(g1)—0(g2)loro(g3) > o(g1)+o(g2)
(see [2, (4.17)]). Therefore, approximating A(o (g))~%, g > 1, by functions in C°(G//K),
we may replace f in the above equations with A(o(g))™9. Then it follows from (5) and
Lemma 2.1(i) that

/ A(U(axka\T'))_"dk=/ K(ax,ay, 9A(o(9) Ydg
K ' G

xX+y
< / K(a_x,av,a:)ezf’“_"):dz.
x—y ’

Since K (ay,ay,a;) = O(e P t¥*)) provided x,y,z > 1 (see [2, (4.14)]), the desired

result follows. O

3. The Hardy-Littlewood maximal operator. We keep the notation in the previous
sections. We shall treat the Hardy-Littlewood maximal operator My, on G defined by (1) and
prove the estimate (2).

PROPOSITION 3.1. Suppose that a function a on G is supported on B(r) and ||a||co <
|B(r)|~". Then
Mypa(x) < min(|B()|™!, [Be()I™) (x€G).

PROOF. Without loss of generality, we may assume that a(x) = |B(r)|~! x,(x), where
Xr is the characteristic function of the ball B(r). We shall show that the supremum over ¢ > 0
of
F(t) = Fy, (1) = [BOI BOI™ xr % x:(x)

is dominated by min(|B(r)|~", |B(o (x))|™"). Clearly, F(t) < |B(t)|"! and |B(r)|~", and
hence we may assume that o (x) > r. Since F(t) = 0 fort < o(x) — r, to obtain the desired
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estimate it suffices to prove that F(¢) is increasing on the interval o(x) —r <t < o(x). If
we put

™ IGer, y)=f xky Nk (x,y € G),
K

then we see that
t

F@) = IB(r)I_IIB(t)I'I/ I(x,r,a5)A(s)ds .
o(x)-r
Here we note that, as a function of s, /(x, r, ay) is increasing on o(x) —r < s < o(x).
Therefore, since |B(t)|" = A(t) and f; A(s)ds < |B(t)|, it follows that

(x)—r

t

|B(IIB®)IF'(t) = 1(x,r,a) At) — |B(t)[ IB(t)I_'/ I(x,r,as)A(s)ds

o(x)—r

A(s)ds)

t

> I(x,r,a)A(t) (1 - |B(t)|"[
>0

(x)—r

O

COROLLARY 3.2. Suppose that a function a on G is supported on B(z,r), the ball
with redius r centered at 7, and ||a||oo < |B(r)|”!.
(i) Forevery A >0,

{x € G; MuLa(x) > A}l <A~!,

(ii) Foreveryl < p < oo,

p 1/p | .
|MyLallp < (p——_1> [B(r)| /p=1

PROOF. Since b(x) = a(zx) is supported on B(r) and ||Vl < |B(r)|~!, it follows
from Proposition 3.1 that

MuLa(x) = MuLb(z™'x) < min(|B(r)|™", |Bo " o) ™).

Let S(A) = {x € G; MygLa(x) > A}. Obviously, if A > |B(r)|~!, then S(A) is empty,

and if A < |B(r)|”!, then S(\) C B(z,r:) = {x € G;|B(o(z 'x))|~! > A}. Therefore,

IS(M)| < |B(z, r)| = |B(ry)| = A~ L. Moreover, it follows that

|B(r)|~! p
f |MuLa(x)|Pdx = p / APTIS(ydr < ——|B(r)|'7P.
G 0 p—1

O

4. The radial maximal operator and atoms. Let ¢ be a K-bi-invariant, differen-
tiable function on G. We say that ¢ belongs to the class As (8 > 0) if it satisfies, as an even
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function on R,

(i) Cepo=IlloAl =1,
® (i) Cop1 = 1(AD&)IsIA+1sDlloo < 1,
(i) Cgo = (@AY ()IsI>(1+ |s))¥]loc < 1.

For each ¢ € As we define the dilation ¢; (t > 0) of ¢ and the corresponding modified radial
maximal operator My (¢ > 0) on G by

ao=1a07a(No() cem,

My f(x) = Sug(l +0 7 fx (0] (x €G).
1>
Then, as explained in §1, the maximal operator satisfies

Mg f(x) < My f(x) < c(MuLf(x) + |f| * E(x)),

and hence it satisfies the maximal theorem on G.
We first obtain some estimates for ¢; * a when a is supported on a ball B(r).

PROPOSITION 4.1. Let ¢ € As. Suppose that a function a on G is supported on B(r),
lalli <1, and ifr > 1, then |lall, < [B(r)|“lf0rs0me p > 1. Then

_ )
la * ¢, (x)] < #; (1 + ﬂ’%—”) Ao(x)™" (0(x) = 1),

whererg = 2r ifr < l,andro=r+ 1ifr > 1.

PROOF. Letr < 1ando(x) > 2r. Then it follows from (ii) of (8) that

IA

1 o (x)+r ¢ §\—8
la * ¢ (x)] —C¢,1/ —(1+-) A(s)_'f f la(xka; k') |dkdk' A(s)ds
t o t K JK

(x)-r §

-
<< (1 + 9("—),_1> Ao (x) =) all .

o(x)—r

Ifo(x) > 2,theno(x) —r > 1, and hence, A(o (x) —r)~! ~ =221 ~ A(o(x))~! by
(i) of Lemma 2.1. Moreover, if 2r < o(x) < 2,theno(x) —r > o(x) —o(x)/2 = 0(x)/2,
which implies that A(o(x) — r)™' < A(c(x)/2)"' ~ A(o(x))~! by (ii) of Lemma 2.1.
Therefore, the desired estimate follows.

Letr > 1l and o (x) > r + 1. We note that, if s < r, then by (4), a(a;'kx) >o(x)—s >
o(x) —r > 1forall k € K. Therefore, using Holder’s inequality three times, we see from
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(ii) of (8), Lemma 2.2, and (i) of Lemma 2.1 that |a * ¢, (x)| is dominated by

r N
1C¢,1f /fla(kask’)ldk’ ! (1+G(X) r) Ao (" k"))~ dk A(s)ds
t o Jx Jk o(x)—r t s

1 t o) —r\° [r N NP
;C¢,|0(x)_r<1+ . ) /O </K </K Ia(kask)ldk) dk)

1/q 1 1
x (/ A(a(a;‘k—'x))'qdk> A(s)ds (— 4 - = 1)
K P q
c ( o(x) —r)*‘s( r , , 1/p
1+ / / f la(kask’y|Pdk dkA(s)ds)
U(x)—r t 0 K JK

r 1/q
x e 2P0 (X) (f ez”(q_”sA(s)ds)
0

=4
. c o(x)—r 2or -2
< 1 Pr o=2p0 (x)
—c(x)——r( + ; ) llall e~ e

Since flall, < [B()[™' ~ 72" (r > 1) and e72°™) ~ A(o(x))~! (6(x) > 1), we are
done. O

REMARK 4.2. In the proof of Proposition 4.1, when r > 1, we used Holder’s inequal-
ity to divide the integral over K into the ones of fK la(kagk’)|dk’' and A(o (as"'k"x))“'. Ifa
is left K -invariant on G, then this process is not necessary and we can directly apply Lemma
22 withg = 1to [, A(o(a; 'k~'x))~'dk. In this case, [|a|| pe?" in the last inequality can
be replaced by |la|l; < 1, and therefore the assumption |ja||, < |B(r)|~! is not necessary.

PROPOSITION 4.3. Let ¢ € Aj;. Suppose that a function a on G is supported on B(r),
lalli < 1,and [;a(g)dg=0. Then

cr ox)—r -3
la * ¢r(x)] < 1+ MuyLa(x) (x €G).
o(x)—r t
PROOF. For simplicity we put @ = ¢ A and

A(x,y)://a(xky"k/)dkdk’ (x,y€G).
K JK

Clearly, as a function of s, the support of A(x, as) is contained in the interval [o (x) —r, o (x)+
r], and f(;x’ |A(x, as)|A(s)ds < |lall; < 1. Moreover, it follows from the moment condition
that

/ A(x,as)A(s)ds:[a(g)dg=0.
0 G
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Therefore, by integration by parts, we see that

a * ¢ (x)
1

= —/ @ (f) Als)~' A(x, ag) A(s)ds
t 0 t

;/Om (*(3) A(s)“)//os AGx, a,) Au)duds

o(x)+r 1 , (S _ 1 s , __2 s
/f;(x)—r <—t—2—(p <;) Als) + —t_¢ (;) A(s) Als) )/(‘) A(X,au)A(u)duds .

Here we note that

) |B(s)| ! ’fo A(x, a,) A)du| = |B(s)| " a * x5 (x)| < Myra(x).

Since |B(s)|A(s)™! ~ s/(1 + s) and A(s)’ A(s)~! ~ (1 4 s5)/s, it follows from (ii) and (iii)

of (8) that
() 5]+ lo () asmnace

o(x)+r 1
la % ¢ ()] < c/ (— @’

o(x)—r t2

cr O'(X) ) c com |
- a(x)——r (Cp2+ Cp.1)MyLa(x
< cr (1 N a(x) — r) M a(x).
o(x)—r

PROPOSITION 4.4. Let ¢ and a be as above, and suppose that r < 1. Then

-8
Ia*¢;(x)lsac(;)<l+o(x)t ’) B~ (@) = 2r) .

PROOF. Sincer < 1 and o(x) > 2r, it follows that | B(o (x) — r)|_l < c|B(cr(x))\_l
(see the proof of Proposition 4.1). Therefore, we can replace the estimate (9) by

|B(s>|“’f0 A(x, a)Aw)du| < |B(o(x) — )| Malillxslleo < c|Ble)I™".

The rest of the proof is the same as in the proof of Proposition 4.3. a

Let 1 < p < co. We say that a function a on G is a (1, p, 0)-atom provided that
(i) a is supported on B(r) for some r > 0,
(i) ifr <1, then [lall, < |B()|"/P~"and [;a(g)dg=0,
(iii) ifr > 1,then |lall, < |B(r)|” 1
Then, combining the estimates obtained in Propositions 4.1, 4.3, and 4.4, we can obtain
the following.
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THEOREM 4.5. Let¢ € Ay, e > 0,and 1 < p < 00. Then for every (1, p, 0)-atom a
on G,

f Mga(9)(1+0(g)~°dg <c,
G
where c is independent of a.
PROOF. Let rg be as in Proposition 4.1. Since My, is of type (p, p), it follows that
(10) Mga(9)dg < | Myallp| Bro)|'""/? < cllallp| B(ro)'™"/? < c.
B(ro)
Hence, Mya is equi-integrable on B(rg). Let us consider the integrability in the exterior

B(ro)¢ of B(rg). We note that |la||; < 1, and without loss of generality we may assume that

0 < e < 1. Ifr <1, then Proposition 4.4 with § = 0 yields that
®r 1 1+s
Mga(g)(1 + o (g) dg < c/ -
-/B(Zr)‘ : o S(I+s5) s

and if r > 1, then Proposition 4.1 with § = 0 gives

/ Mya(g)(1 + () dg < f°° L S f°° L
a g <cC —das < ¢C —das < C
B(r+1)¢ ¢ g g re1 S —r (1+5)8 1 s(1+s)°
0

COROLLARY 4.6. Let¢p € A, (¢ > 0)and 1 < p < oo. Then for every (1, p,0)-
atom a on G,

1
dze [ GO dsse,
2 S

/ Mga(g)dg < c,
G
where c is independent of a.

PROOF. We modify the proof of Theorem 4.5. Since the estimate (10) similarly holds
in this case, the equi-integrability of M ;a on B(rg) follows. Let o (g) > ro. Here we note that
ift > I,then (1+8)"*(1+(c(x)—r)/1) ¢ = t/14+)°(t+0(9)—r) ¢ < (14+0(9)—r)"%,
andift < I,then(1+#)"°(1+ (o(g9) —r)/t) ¢ < (1 +0(g) —r)~¢, and hence

I+ lax¢ (gl < (1 + %) (14 (a(9) —=r) " la*pi (9.

Then, applying Propositions 4.1 and 4.4 with § = ¢ to the right hand side, we see that for
a(g) = ro, Mja(g) < cra(9)”'Bo(9)~'(1 + (a(9) —r)N™*if r < 1 and c(o(g) —
N AW (9)~'(1 + (6(g) — r))~¢ if r > 1. Therefore, as in the proof of Theorem 4.5,
we have the equi-integrability of M ;;a outside B(rp). O

REMARK 4.7. (1) In the Euclidean case, each function a on R supported on [—r, ]
with ||a]leo < (2r)~! satisfies Mga(x) < cMyrLa(x) < clx|™!, and furthermore if a satisfies
the moment condition fRa(x)dx = 0, then Mga(x) < cr|x|~2. This estimate yields the
integrability of Mga on |x| > 2r (cf. [3, Theorem 2.9]). On the other hand, let a be a function
on G supported on B(r) with ||allee < |B(r)|~!. Then My a satisfies (2) and, if a satisfies the

moment condition fG a(g)dg = 0, then Mga(x) < cro(x)"'|B(o(x))|~! (see Proposition
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4.4). Since this estimate is not enough to obtain the integrability of Mya on o (x) > 2r, some
modification seems to be necessary to obtain the integrability of Mga on G.

(2) As pointed out in Remark 4.2, if we restricted to left K-invariant (1, p, 0)-atoms
on G, then we can replace |B(r)|~! in (iii) of the definition of the (1, p, 0)-atoms on G by
|B(r)|'/P~1 as in (ii).

5. Atomic Hardy spaces. We retain the notation in the previous sections. Since each
atom a on G is supported on a ball centered at the origin, in order to obtain a wide class of
functions which satisfy the estimates in Theorem 4.5 and Corollary 4.6, we need to translate
each atom. For a function f on G we define the translation and the average over K as follows.

fx(@ = fxg xeb),
o) = fK flghydk,

fb(g)=/ff(kgk’)dkdk’.
K JK

Then we introduce an atomic Hardy space H ;'O(G) on G as follows.

DEFINITION 5.1. Letl < p < oo. We define
H;,O(G) ={f= Zk,-a,;x,.;a,- isa (1, p, 0)-atom on G, x; € G, and Z Ai] < oo} s
i i

and || f|l1,p,0 = inf)_; |A;|, where the infimum is taken over all such representations f =
Y"; Aiai,x; . Furthermore, we define H Ii:g(G) and H ;IS(G) as the spaces consisting of f* and
fPof fin H ;’O(G), respectively, and we define the norms in the same way as in H ;,O(G)'

Leta bea (1, p, 0)-atom on G and x € G. Since ||(ax)*||; and ||(ax)" || are bounded by
llaxlli = llalli < 1, it follows that

H,ijg(G) C H)o(G) C LNG), H,((G) C LY(G),
and || fllt < IIfll1,p0 forall f € H;’O(G) (resp. H;:?)(G))- Here we note that

ax * ¢r(9) = a* x ¢y (xg),
and

(ax)” * ¢, (g) = /K a® * ¢ (xkg)dk .

In particular, for ¢ > 0, IIM;ax II1 and HM;(aI)blll are bounded by ||M;a”|h. Since a® is a
(1, p, 0)-atom on G, Theorem 4.5 and Corollary 4.6 yield the following.

THEOREM 5.2. Lete > 0and ¢ € Ag. Then the radial maximal operator My satisfies
/GM¢f(g)(1 +o(g)*dg=clfllipo

forall f € H} ((G) (resp. H;ZS(G)).
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THEOREM 5.3. Lete > 0 and ¢ € A;. Then the modified radial maximal operator
M, satisfies

f M5 F(9dg < cllfllp.o
G

forall f € H! ((G) (resp. H,'¢(G)).

We shall give a characterization for H Ii:(b)(G) without using the translation and the av-
erage over K of (1, p,0)-atoms on G. Let x € G and r > 0. We set the domain R(x, r)
as

R(x,r)={ge G;o(x)—r <o(g) <o(x)+r}

and for a function f on G supported on R(x, r) we put

1/p
”f”.r.r,p= (L|f(g)|”[(x,r0,g—l)l—Pdg> :

where / is given by (7) and rg is the same as that in Proposition 4.1. When p = oo, || f|lx.r.00
means || f(g)I (x, ro, g‘l)‘l lloo- Then we say that a function a on G is a (1, p, 0, b)-atom
provided that
(i) ais K-bi-invariant and supported on R(x, r) for some x € G and r > 0,
(i) ifr <1, then || fllrp < B()"/?~" and [;a(g)dg =0,
(i) ifr > 1, then || fllx..p, < |B(r)|~".
By using these f-atoms on G we define an atomic Hardy space HI'):(:)(G) on G as follows.

DEFINITION 5.4. Letl < p < oo. We define
H,::(E)(G) ={f= Zkiai; a;isa (1, p, 0, f)-atom on G and Z [Ai| <00y,
i i

and || fll1,p.0,y = inf Zi |A;|, where the infimum is taken over all such representations f =
> Aiai.
THEOREM 5.5. H,'((G) = H,0(G) and || f11.p.0 ~ I/ ll1.p.0.c.
PROOF. To prove H,i:g C HI‘,:g it suffices to show that each (1, p, 0, §)-atom a on G is
contained in H,::g(G) and |lall,p,0 < 1. Suppose that a is supported on R(x, r) and put
a(x~'g)

I(x,ro,(x" 19~ h
Since a and I (x, r, -) are K-bi-invariant on G, it follows that

[b(g)dg=/ 1—%(/ xro(xkg)dk)dg=/a(g)dg=0 if r<1.
G G I1(x,r0,97") \Uk G

Moreover, since

15117 =f
G

b(g) =

xro(9) (g€ G).

a(g)
I(x,rg, g7 1

P
f X (xkg)dkd g < f (@1 (x. ro. g™ "Pdg = llallv.p
K G
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and [|blloo < lla(@)1(x, 70, g7") oo = llallx.r.c0, it is easy to see that b is a (1, p, 0)-atom
on G. Here we note that

(bx)"(g)=/Kb(xkg)dk= “ I)Axm(xkg)dkza(g),

I(x,ro, g~
and thus, a € H,I):S(G) with [lall| p,o < 1.

Next, to prove H;Z C H,i:f) it is enough to show that (ay)® € H,l,:(q)(G) with
||(a_\-)b|||‘,,‘0_rJ < 1 for each (1, p,0)-atom a on G. Suppose that a is supported on B(r).
Clearly, (ae) is supported on R(x, r), and if r < 1, then

/(ax)”(g)dg=/ / a”(xkg)dkdg=/ a(gdg=0.
G GJK G

1/p 1-1/p
< ( / la”(xkg)l”dk) ( f xro(xkg)dk)
K K

and ||(ax)’ lloo < lla®llool (x, ro, g™ 1), it follows that

I/p 1/p
(/G|(ax>')(g>|"1<x,ro,g")""dg) s(/cf’(|a”<xkg)|"dkdg> < llal, < llall,-

Therefore, (a,)" € H,'§(G) with [[@)" Il p.0.5 < 1. O

Moreover, since

l(ax)’(9)] =

/ & (xkg) oo (xk g)lk
K

6. The heat and Poisson maximal operators. We define the modified heat maximal
operator My (¢ > 0) on G by

M f(x) = sup(l + 1) "¢1e"? f(x)| = sup(1 + 1) 6| f * h,(x)],

t>0 t>0

where ¢'¥? is the heat diffusion semigroup over G/K realized by the convolution with the heat
kernel h,, and we denote Mg by My for simplicity. As mentioned in §1, Mfl (¢ > 0) satisfies
the maximal theorem.

First we shall prove the following.

THEOREM 6.1. Lete > 1/2. Then

/G Muf @ +0(9)"dg < cll flipo
and
/;Mﬁf(g)dg <clifll.po
forall f € H) ((G) (resp. H,((G)).

PROOF. We note that the argument preceding to Theorem 5.2 is also applicable to M
with ¢, replaced by h,;. Therefore, to deduce the desired estimates it is enough to show that
for each (1, p, 0)-atom a on G, Mya and M,fla satisfy, respectively,

(1D fGMHa(g)(l-FU(g))_gngc‘,
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(12) | Ma@ag=c,
G

for some constant ¢ independent of a (cf. Theorem 4.5 and Corollary 4.6). Then, we need the
estimates for a * h;(x) corresponding to those in Propositions 4.1 and 4.4. In order to obtain
the estimates we shall use the ones for 4, and 4} obtained in [1, Theorem 3.1]:

2ol —pt—Is)2 /4 21 4 sl @< 1),
—2pls| ,—(2pt—|s|)* /4t @
= e e s () aso,

where n = dimG/K = m; +my+ 1 =2a +2and o; (1 <i < 3) depend on the three
regions in [0, o) x [1, oo) to which (|s|, ¢) belongs: explicitly, they are given as ¢; = 1/2 if
Is| < /t,ap = 1if 4/t < |s| <t, and a3 is the smallest integer > n — 1/2if 1 <t < |s| (see
[1, Fig. 5]) and when 1 < ¢ and |s| < /7, we used the fact that (1 + |s|)/¢ < 2. Similarly,

1721 + |spn] (1 + g) t<n,

Bi
Is|~1/2 ('f—') (1<n,

where B1 = a1, B2 = a7, and B3 = a3 + 1 according to the regions on which the «; depend.
Here we note that F(t) = ¢~ @pt=ls)?/4t (I > 0) has a maximum at tp ~ |s|/2p if |s| > 1
and at 79 ~ |s|? if |s| < 1. Moreover, F(¢) is increasing on (0, 7] and decreasing on [fp, 00).
Therefore, we can take constants Cs (8 > 0), Cs x (k =0, 1), and C so that

2
|1, (5)| < ce™2Plslg=(2pr=lsl)?/41

|s] o 2 2/4
— e GPsM < 05 1<ty =a;, B, 1 <i <3),

n+3$ k
(1—’:'—3') (H@) eGPV < oy < 11512 D),

n/2 n/2+1
(@) (1 4 ';‘_|) oI/ < 5|2 (1 4 L) ~ |s|~@+D

Is|

(t <1, |s| <3), where Cs and Cs i are independent of (|s|, #) and C of ¢. Hence, we have

Co,0t" (1 + s+ ¢ < 1,[s| > 1),

13) hi ()] < ce™2! B
( [he(s)] Csls|~1/2 ('j_') 1<,

Cls|=(+D (t<1,|s| <3),
Co1t"23 (1 + |s)~0+) ¢ < 1,15/ > 1),

(14) k) (s)| < ce™2PHsI i
Cs|s|~1/? (f—') (1<t).
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LEMMA 6.2. Letr > 1and$ > 0. Thenforo(x) >ro=r+ 1

(140 () —r)=+ ¢=D,
2p0(x) =6
la * hi(x)| < ce (0 (x) — r)~1/2 ("_(x)t;’> 1=<1).

PROOF. We shall recall the proof of Proposition 4.1 and note that
r
la * hy(x)] < / f / la(kask')|dk'|h; (o (a; 'k~ x))|dk A(s)ds .
0 JkJk

Since o (a; 'kx) > o(x) —s > 1 fork € K, we can substitute (13) into |, (o (a; 'k~ x))|
and hence
(1+0(x) —r)” 1+ k=<1,
hi(0 (a5 k)| < cA(o () —r)”! -\
[hs (o (ag | (x) (0 (x) — r)-1/2 (0()61 r) (<0,
The rest of the proof is the same as that in Proposition 4.1. g

LEMMA 6.3. Letr <1andé > 0. Then for o(x) > ro =2r
(o(x) —r)~+D (t<1l,0(x)<2)),
ooy | A +ox) —r)~(1H (t<1l,0(x)>2)),

)
(o(x) —r)~1/2 (M> 1<p.

la * hi(x)| < cre

t
PROOF. We recall the proof of Propositions 4.3 and 4.4. Integration by parts yields that

o(x)+r K
la * hy(x)] Sf th(S)If |A(x, ay)|A(u)duds .
o 0

(x)—r

Sinceo(x) —r<s<o(x)+r <3ifo(x) <2ands >o(x)—r > 1ifo(x) > 2, we can
substitute (14) into |A}(s)|. Then, replacing Is|=! (I > 0) with (o(x) — r)~!, we can deduce
the desired estimate from the same arguments as those in Propositions 4.1 and 4.3. O

Now, we return to the proof of (11) and (12). Since My is of type (p, p), 1 < p < oo,
My satisfies (10) instead of My and thereby Mﬁl (¢ > 0) is equi-integrable on B(rp). Let us
consider the integrals of Mya(g)(1 4+ o(g))~° and Mfa(g) in the exterior of B(rq). Clearly,
without loss of generality, we may assume that 1/2 < & < 1. Then we shall show the equi-
integrability for the local and global parts of the maximal operator My;:

Mupa(x) = sup |axh,(x)| and Mg a(x)= sup (14+1)"°la*h;(x).
O<t<l1 ’ 1<t<oo

Let r < 1. Then Lemma 6.3 with § = 0, &, together with the fact that A(s) ~ |s|?**! =

Is|"=1if |s] <2 and A(s) ~ e~ 2°Is!if |s| > 2 (see Lemma 2.2), yields that

2 [e9)
1 1
My pa(g)dg < cr f ——s2“+1ds+/ ——————ds
(15) /mr)c 94s o (5 —ryrt] , (+s—r)iee

<c+r%<c
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and

(16) fB(zr)(_MH..a<g)<1+o<g))‘ dgscrfh o

Let r > 1. It follows from Lemma 6.2 with § = 0 that

*° |

3/2—¢ ¢

®© 1
(17) [ My pa(g)dg < / ————ds<c
B(r+1)¢ r+1 (1+S_r)l+8

and

(18) ]BUW M,1a(g)(1 + 0 (g)” dgfcfm TG S ¢

Therefore, My 0a(g) and Mua(g)(1 + o(g)) ¢ are equi-integrable outside B(rp). This com-
pletes the proof of (11).

As for (12) it remains to show the equi-integrability of Mﬁl‘la(g) on B(rg)¢. Leto(g) >
roand 1 <t < oo. Since (1 4+ 1)¥((o(g) — r)/1)® > (o(g) — r)E, it follows that

o0 1

(I +0)"laxh(g)] < (%_—C) (0(9) —r) " flaxh(9)l.

Then, applying Lemma 6.3 and Lemma 6.2 with § = ¢ to the right hand side, we see that
if r < 1, then Mf; |a(g) < cre™*°9(o(g) —r)""/27¢ and if r > 1, then Mf ;a(g) <
ce"z”"(g)(o(g) — r)~1/2=¢_ Therefore, as in (16) and (18), the equi-integrability of Mf[‘la on
B(rp)“ follows. This completes the proof of (12) and finally, Theorem 6.1. O

Next, we shall consider the same problem for the modified Poisson maximal operator
Mg (¢ > 0) on G defined as

MSf(x) = sup(1 + 1)~¢1e'V? x £(x) = sup(1 + 1)~ | f % ps (x)],

t>0 t>0

where p; is the Poisson kernel of e’ ‘/5, and we denote Mg by Mp for simplicity. Then, Mf,
(¢ > 0) satisfies the maximum theorem.
We recall the estimates for p, and p; obtained in [1, Theorem 6.1, (6.3) and (6.4)]:

12+ s2)727 V2 (2 4 g2/ (< )5 < 1),

L (LIl —or —pisl

7 ‘ 1<t |s| </1),
Ip($)] <c ﬁ( t )e € (I<t,1s| <V1)

1 t 2, 2y1/2

i e PIslg—p(t°+s7) s| > 1,7

7 () 512 140

and for Ip; (s)| we replace the first line on the right hand side by (¢ + |s|)“‘"+l) and t/(t +|s])
in the third line by (1 +¢)/(¢ + |s]). Let § > 0 and we note that

(e +1sh™0FD < g7,

) <Is|7?% @<,

1 t
18] <t+ISI
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I
L(HM>GE>W%mW%%M”(um$ﬁ%

Vi ot t
7\ 8
Vll ! <’1++!tl>( tIS|> eI < cps Tl (1<t 15| > VD),
§ s

where C is independent of ¢ and we used the fact that the left hand side in the last inequality
takes a maximum at z ~ 4/|s|. Then, it easily follows that

532 (t=1Lls[=1)),

pe(s)| < ce™21! mq(Jﬁ)4

d=tlsl=1),

and
s| =D t<1ls| <1,

|s|=3/2 t<1ls| =1,
-8
|n—‘(1gj> (1<t ls|=1).

Then, letting § = 0 and § = ¢ > 0 and repeating the same arguments that yielded Theorem
6.1, we obtain the following.

|pi(s)] < ce™2PMs!

THEOREM 6.4. Ife > 0, then

.Lﬁhf@XLHﬂmY%gsﬂfm%m

and

/;Mf,f(g)dg <clfliip.o

forall f € H! ((G) (resp. H, 4(G)).

REMARK 6.5. It follows from (15) and (17), together with the corresponding esti-
mates for Mp o that the local maximal operators My o and Mp o are bounded from H ;l;,O(G)

(resp. H;:B(G)) to L1(G), that is,
IMuoflly <cllflli,p,o and [[Mpofil1 <cllfll1,p.0
forall f € H} o(G) (resp. H,'((G)).
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