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PERIODIC SOLUTIONS FOR DISSIPATIVE-REPULSIVE SYSTEMS
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Abstract. It is proved that every dissipative-répulsive periodic system admits a peri-
odic solution, which is comparable with some well-known results due to Yoshizawa, Hale and
Lopes, and Burton and Zhang for dissipative systems.

1. Introduction. Consider an ordinary differential equation
(H x'= f(t, x),

where f : RxR" — R" is continuous and locally Lipschitz in the space variable x; moreover,
ft + w,x) = f(t,x) for all t+ and some w > 0. Denote by x(¢, t9, xo) the solution of (1)
with the initial value x(#9) = xo. Then (1) is said to be dissipative if there is a B > 0 such
that

lim sup |x(¢, to, x0)| < B
t—00

for all 79 and xg.

It is well-known that such systems (including more general systems, e.g., functional
differential equations and evolution equations) admit periodic solutions ([15], [6], [2], [13]
and the references therein). For the existence of periodic solutions of nondissipative systems,
the situation becomes more complicated ([14], [3], [4], [S], [9] and [11]).

There are some systems whose solutions exhibit the following regular behavior; some
components are dissipative, and other components are repulsive relative to some states. Nat-
urally, it is concerned whether the similar results hold for these systems or not. In the present
paper, we will provide a simple and clear conclusion; such systems also admit periodic solu-
tions, via the Brouwer degree theory.

The plan of the paper is as follows. In Section 2, we first consider ordinary differential
equations. Then in Section 3, we deal with functional differential equations. Finally in Section
4, we discuss the equilibrium problems, similar to Hutson’s one ([8]).

2. Ordinary differential equations. In the following, letx = (y,z),y € R",z € R/
with m +1 = n, and let x (¢, xo) = x(¢, 0, xo). We give the exact definition on the dissipative-
repulsive system as follows.

DIFINITION 1. The equation (1) is said to be dissipative-repulsive if there exist B, d,
ro > 0 and a continuous w-periodic function g : R — R! with | g(t)] < ro (t € R) such that
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forany a > d, b’ > rg, there are b > rg and T = T(a, b’) > 0 such that the following hold
for all |yg| < a:
1) |y(, x0)| < B, whenevert > T and |zg| < b;
ii) |z(t, x0) — g(t)| > 0, whenever0 <t < T and b < |z9| < b+ V;
|z(t, x0)| > b, whenevert > T and b < |z9| < b+ b'.
We have the following.
THEOREM 1. If equation (1) is dissipative-repulsive, then it admits an w-periodic so-

lution.

PROOF. Denote by S;(0) and S;(0) the open balls centered at the origin with radius
o, respectively in R™ and R'. Now we puta = B +rg + 1, b’ = h in Definition 1, and set
D = Si(a) x S(b), where h satisfies

|x(t,x0)] <h forany te[0,w] and xp€ D.
Consider the Poincaré map P(xg) = x(w, xp). Fix a prime number N such that Nw >
T(a,b’) + w. Since (1) is dissipative-repulsive, from i) and ii) we have
PN (x) #x forany x €dD.
We claim that for each fixed point p of PV in D,
P(p)e D.
If this fails, then there would be a fixed point p € D such that P(p) ¢ D. Write
P(p)=P"*'(p) =x((N + Do, p) =q = (q1,92).-
Clearly, (N + 1)w > T(a, b’) and a > B. Thus, by the definition of a, i) and the construction
of D, we derive that q; € S;(a), and hence b < |g2| < b+b’. From the choice of N it follows
that
Z(N — Do, q) ¢ S2(b),
which implies that
p=P""(@)¢D,

a contradiction. By a modular degree theorem ([16]),
) deg(id — P, D, 0) = deg(id — PN, D,0) (modN).

We have to prove

|deg(id — PV, D,0)| = 1.

Once this is true, then from (2) it follows that deg(id — P, D, 0) # 0. Hence P has a fixed
point p in D, and x(t, p) is an w-periodic of (1), as desired. To see this true, consider the
homotopy:

Hi(yo, z0, ) = (yo — uy(Nw, (1 — )y« + uyo, 20), uzo — 2(Nw, (1 — )y« + wyo, 20)) ,
where any y. € S)(a) is chosen and u € [0, 1]. By i) and ii),
0¢ Hi(0D x [0,1)),
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which implies

deg(id — PN D, 0) =deg(H(-, 1), D,0) =deg(H,(-,0),D,0)
= deg(—z(Nw, y«, -), S2(b), 0) .

To calculate that degree, we consider another homotopy

3

Hy(z0, ) = z(uNw, yx, 20) — g(uNw),
where @ € [0, 1]. From ii) we have
0 ¢ Hy(352(b) x [0, 1]),
which implies
deg(z(Nw, yx, -) — g(0), $2(b), 0) = deg(id — ¢(0), S2(b), 0) = deg(id, $2(b),0) = 1.
This together with (3) implies the desired conclusion. The proof is complete.

3. Functional differential equations. In this section, we will prove an analogous
result for functional differential equations. Since the phase space is infinite-dimensional for
such systems, the Poincaré type map looses compactness in case of larger delay. Hence we
have to treat the system under consideration as a finite-dimensional one.

Consider the functional differential equation

(4) x/:F(t,xt)a

where F : R x C — R" is continuous and locally Lipschitz in the second variable; moreover
F(t+w, p) = F(t, ) for all (¢, ¢) and takes any bounded sets in C into bounded sets in R".
Here w > 0 is given, x,(0) = x(t +60),0 € [—r,0] withr > 0; C = C([—r, 0], R") with
the usual supremum norm | - |. In the following, denote by x(¢, s, ¢) the solution of (4) with
initial value x; = ¢. For simplicity, we let x (¢, ¢) = x(¢, 0, ¢).

DEFINITION 2. The equation (4) is said to be dissipative-repulsive if there exist B, d,
ro > 0 and a continuous w-function g : R — S»(rg) such that for any a > d, b’ > rg, there
areb >rg, M = M(a), T = T(a, b’) > 0 such that the following holds:

i) |x(t,9)| < M,whenevert >0 and |¢p| < a + b;

i) |y(t,9)| < B, whenevert > T, ||| < a and |yr2| < b, where ¢ = (1, ¥2);

iii) |z(s, @) — g(s)|] > O, whenever 0 < s < T, ||| <aand b < |¢(0)| < b'; and
|z(¢, ¢)| > b, whenevert > T, |{| <aand b < |y, (0)| < b'.

THEOREM 2. If equation (4) is dissipative-repulsive, then it admits an w-periodic so-
lution.

PROOF. Puta=B+rog+1,b=b(B+ro+1),My=M(B+rop+1)andb’ = M, =
M (Mg + 2). Since F maps any bounded sets in C into bounded sets in R”, there is a constant
L > 0O such that for any ¢ € R and |¢| < 2M|,

|F(t,p)| <L —1.
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Set
S={peC:lpl =Mo,le(s1) —e(s2)| < Llsi —s2l, 8 € [-r,0],i = 1,2},
and
S'={peC:lp| <2Mi,lo(s1) —@(s2)| < Llsi — 52|, si € [-r,0],i = 1,2}.
Then S and S’ are compact. Take any partition
to=0>t > >t =—-r, ti—tiyl =£—=A, i=0,...,k—1.
Given ¢ € S, define

_ s —1 .
@*(s) = o(t;) — T[fp(ti+1) -], seltiv, ], i=0,...,k—1;

(5) ¢ = (o), ..., 1)) € R
Note that for each ¢ € S, there is an i such that
(6) lo — @*| = max,,, ,le — @¥| <2LA — 0,

as k — oo uniformly on S.
Define f(t, 3) = F(t, $*) and consider the delayed equation

@) @)= f@,x@t+t%),...,x(t+1)).

Denote by xx(t, s, @) the solution of (7) with initial value (xz),, = @* and let x; (¢, g*) =
xk (2,0, §). Clearly, they are unique and continuous in initial values. In particular, by (6) and
(7), we have

(8) xi(t, s, %) = x(t,5, ),

as k — oo uniformly for ¢ € S and ¢, s on any finite interval.
Indeed,

Since F is locally Lipschitz in ¢ and S’ is compact, there is a K > 0 such that
|F(t,9) — F(t,¥)| < Klp —y| forany ¢,y €S.

If t € [—r, 0], then
L <|gF—p| <2LA, I, =0.

If t > 0, then
1 PR
maxjo, Iy =< /(; [F (s, (xp)k(, </7k)) = F(s, xk(, ))|ds
r — —
€)) < K/o 1)k G, @%) — )k, @)Ids

t
<2LAKi+ K f max(o o)1 (7, ) — T (T, P)lds
0
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which together with Gronwall’s inequality implies
I <2LAKteX!;

similarly, we estimate ;. These estimates also hold for x(z, s, ¢) and xi(z, s, ¢¥). This
implies (8).

Let T = T(M;, M) and choose a prime N such that Nw > r + @ + T. Then from (8)
we may assume that the following hold on S.

iv)  |xk(r, @¥)| < Mo + 1/2, whenever ¢ € [0, (N 4+ 2)w] = J and |¢| < a + b;

v) vt gbk)| < B+ 1/2,whenevert € [Nw —r, (N + )w], |¥1| < a and |y| < b,
where ¢ = (Y1, ¥2);

vi) |z(s, @%) — g(s)| > 0 and |z(¢, @*)| > b, whenever s € J,t € [N, (N + Do),
[¥1] <aand b < |¥2(0)| < M) + M.

Define I7(3*)(t) = (&): (-, @*). Clearly, it is continuous in ¢ and ¢, since

@) (2 %) = (e + 1, 8, ;i + 10, 8Y)

By iv)-vi) we have that on S,

1) (@) () € S, whenever ¢ € J and |¢| < a + b;

2) O, (Z)k) < B+1,whenevert € [Nw, (N+1)w], |¥1]| < a and |y| < b, where
= (Y1, ¥2);

3) 1Gk)s( @) —gs| > 0and |(Zk) (-, §*)| > b, whenever s € J, € [Nw, (N + o),
Y1l <aand b < [Y2(0)| < M) + Mo.

1) and 2) are obvious. Note that for ¢ € S, x (¢, ¢) € S’; hence

[G)e - 8%) = (k)i (-, @) < 2L A for any 1 € [0, (N + 2)o],

which together with (8) implies 3).
Let D = (S1(a) x S2(b))**!. For any p € D, we have
s —ti—1
A

p@) =pi — (pi+1 —pi) forseltip, 6], i=0,...,k—1.
Set
Pi+1 — Pi

p«(t) = pi —(s—ti—l)a( 1

) for s € [ti+1,4], i=0,...,k—1,

where o : R" — S(0, L) is the usual continuous retract.
By 2), 3) and a similar argument as in the proof of Theorem 1, we obtain
(10) deg(IT1(-x)(Nw), D,0) = 1.
Define
P(p) = G)w(-, px) forany pes.
Then P : D — R*+D" is continuous, because of | p — g+| < |p — G| for all p, g. Moreover,

P is well defined for |p| < a + b.
Note that

W) w C0iwl 7)) = ) +hw (> 7,
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and on S,
P (p) = P' o (F)w(, px) = P71 0 (B, (5w p®) -
Hence
|P2(p) — () 20)| < |(F)o, (o, Pe) — (o Fw(, Pl
(11 H ) o Pe)) = (kw5 () w (s Pe))
+ (X620, ) — (k)20 (5 Pl
< 4LA +2LAKeXK®
Generally,
IP{(p) — T(p)(i®)] < |G, F)oCy s Fw(, Pe) )
—(x) o CoC - K)oy ps) - D+ - -
(12) H xR ) - G ) -+ +))
=)o o s ko, px) -+ ))I
Hxiw(s Pe) — (Xk)iw (s Pl
< 4LA +2LAK?e* K0 . 4 2L AKITTe-DK0 — ¢
Hence
(13) P'(p) € SUT(p)(iw), i), 0<i<N+2,

where S(p, s) denotes the open ball of R*+D" centered at p with radius s.
By (10) and (13), for & large enough,
(14) deg(PY, D, 0) = deg(IT(-+)(Nw), D,0) = 1.
From 2), 3) and (13) we have that P has no fixed point in d D. By (13) and the choice of N,
T and M, for k large enough, each fixed point p of PV in D satisfies that p = p,. We claim
that P(p) € D. If this fails, then there would hold: ¢ = P(p) = (g1, q2) ¢ D. By 2), 3) and
(13), g1 € (S1@)F', g2 ¢ (S2(6))**!. Note that |x(1, p.)| < Mo, 1 € [0, w]. By 3), (13)
and the choice of N,
z(N — Do, q) ¢ $2(b),
and hence
p=pP"" g ¢D.
a contradiction. By the modular degree theorem and (14),
0 # deg(P, D,0) = deg(PN, D,0) (modN).
Hence P has a fixed point px € D, i.e.,
Pk = P(pi) = (Xi)w (-, (Pr)+)
which shows that py = (pi)« € S. Applying the Arzela-Ascoli theorem, we may assume
pk—> @ as k— oo,

in C. Note

1)k (- @) = Gk ¢, Pl < |g — prleX®.
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Then
Ko, 9) = 9l < X, 9) — Fw(, @)
FIEDw( ) = Cwl D + 160w @) — G5, @)
HxOk (L @) — kG, Pl + 16 — pel
< 6LAKeX? + (14 e5)|g — pr| — 0,

15)

as k — oo. From uniqueness it follows that
x(t+w,p)=x(,9) forany teR,

that is, x (¢, ¢) in an w-periodic solution of (4). This completes the proof.

4. Equilibria for nonpermanent systems. Deterministic modelling in the biologi-
cal sciences often reduces to ordinary differential equations, e.g., an ecological differential
equation with state space R’ :

(16) : x; =xi fi(x) = F(x).

We assume F satisfies a local Lipschitz condition. For such a system, it is important to
discover if permanence implies the existence of equilibria. A positive answer has been proved
by several authors [7] and [8].

Roughly speaking, the system (16) is said to be permanent if there are A; < B;, i =
1,...,n,such that for any solution x(¢, xg), xo € R, thereisa T = T (xg) > 0 for which

A <xi(t,x0) <Bi, i=1,...,n,

whenever t > T. Hence such a system is dissipative.

In this section, we will prove that dissipative-repulsive systems also admit equilibria. Let
us state our result as follows.

THEOREM 3. Let0O < A; < B <oo,i=1,...,n,and0 < m,l,m+1 = n. Let
Aj < ¢ < Bij,i =m+1,...,n. Assume that for any a; < a; < A; and B; < b; < b,
i=1,...,n,thereisaT > 0 such that

i) x(s,xp) € R, whenevert > 0 and xy € R";

i) x;(t,x0) € [A;,Bil,i = i,...,m, whenevert > T and (x9); € [a;,bi], i =
1,...,n;

iii) x;(s, xp) # c; and x;(t, xg) ¢ [a;, b;),i =m+1,...,n, whenevers >0,t > T,
(x0)i € [ai,bil,i=1,... ,m,anda} < (x0)j <ajorb; <(x9); < b}forsomem+1 <
J<n

Then (16) admits an equilibrium p with A; < p; < Bj,i=1,... ,n.
PROOF. Put

]

1 1
w=z, k>1, a,-=§A,~, a =h_, bij=B;+1, b;=bi+h+,

where h_ and h satisfy
h_ Sxi(t’xo) = h+7
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whenever ¢t € [0,1] and a; < (x¢); < b;, i = 1,...,n. Set P(xg) = x(w,x0), D =
(a1, b1) x -+ x (ap, by). By a similar argument to that in the proof of Theorem 1, P has
a fixed point py € D. By compactness, we may assume py — p as k — oo. Since
x(1/k, px) = px, it follows that F(p) = 0, as desired.

Finally, let us make some comments.

REMARK 1. The existence of the continuous curve g(¢) in above theorems is neces-
sary, otherwise the following is a counterexample:

Consider the equation

y=-y, Z=1.

Clearly, y(z, xo) is dissipative, z(¢, x9) = zo + t is repulsive, there is no such continuous
periodic curve g(¢), and this equation also has no periodic solution.

REMARK 2. The case m = n corresponds to some well-known theorems for dissipa-
tive systems [15], [6] and [2].

REMARK 3. For functional differential equations with infinite delay, there should be
some similar results. This will require a correspondent phase space theory [1].

REMARK 4. If we combine our approach with some theories about differential inclu-
sions (e.g., [10] and [12]), then we can obtain similar results for differential inclusions.
5. Example. Consider the system

Y ==y +e @ +sint = Fi(t,y,2),

a7 / 2
7 =z+y +cost=Ft, y,2).
Set
B=2, d=0, rg=6, g(t)=0.
Note
sgna - Fi(t,a,z) <=5 forany t,z€e R and |a]>2.

Then
(18) ly(t, y0,20)l <yo foramy t>0, |[y>=3 and zo€ R,
and
(19) [y, y0,20)| <2 forany t>T = Ton [yol <a and zo € R.

Put

b=a’+2.

Then
(20) |z(t, y0,z0)| > b forany t>0, |yl<a and z0>b.

By (19) and (20), we can apply Theorem 1 to conclude that (17) admits a 277 -periodic solution.
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