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THE HYPERGEOMETRIC FUNCTION FOR

THE ROOT SYSTEM OF TYPE A WITH

A CERTAIN DEGENERATE PARAMETER

By

Nobukazu Shimeno and Yuichi Tamaoka

Abstract. We express explicitly the Heckman-Opdam hypergeomet-

ric function for the root system of type A with a certain degen-

erate parameter in terms of the Lauricella hypergeometric function.

1. Introduction

Radial parts of zonal spherical functions on real semisimple Lie groups give

a class of multivariable hypergeometric functions ([9], [12]). In rank one cases

they are expressed by the Gauss hypergeometric function ([12], [14]). Heckman

and Opdam develop the theory of hypergeometric functions associated with root

systems by generalizing zonal spherical functions ([10], [11], [21]).

On the other hand, generalizations of the classical hypergeometric functions

of one-variable include hypergeometric series given by Appell, Lauricella, and

Kampé de Fériet, and the hypergeometric function of matrix argument ([1, 13,

15], [3]).

It is of interest to identify these di¤erent approaches to hypergeometric

functions in several variables. Sekiguchi [25, 26] shows that the zonal spherical

function on SLðn;RÞ with a certain degenerate parameter can be written by the

Lauricella hypergeometric function FD. Tamaoka [29] shows that the Jack poly-

nomial with a certain degenerate parameter can be written by FD (see Theorem

4.1 of this paper).

Beerends [2, Theorem 5.4] shows that the hypergeometric function associated

with the root system of type BC with a certain degenerate parameter can be
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written by the generalized Kampé de Fériet function. Beerends and Opdam

[3, Theorem 4.2] give a precise relation between the hypergeometric function

of matrix argument and the hypergeometric function associated with the root

system of type BC with a certain degenerate parameter.

In the present paper we express explicitly the hypergeometric function asso-

ciated with the root system of type A with a certain degenerate parameter in

terms of the Lauricella hypergeometric function FD (Theorem 3.2). This result can

be regarded as a generalization of a result of Sekiguchi [25, 26] for a zonal

spherical function on SLðn;RÞ and that of Tamaoka [29] for the Jack polynomial.

The result is already indicated in [28] without proof and might be known for

specialists. However, as far as we know, a precise representation formula has

never been obtained in the literature.

This paper is organized as follows. In §2 we review the hypergeometric

function associated with the root system of type A and define a certain degenerate

parameter. In §3 we prove our main theorem by introducing a system of dif-

ferential equations of second order. We remark on the case of the Jack poly-

nomial in §4 and relate our second order di¤erential operators with the Cherednik

operators in §5.

2. Hypergeometric function for the root system of type An�1

In a series of papers starting from [10], Heckman and Opdam develop the

theory of the hypergeometric function associated with a root system. In this

section we review the hypergeometric function for the root system of type An�1.

We refer to [11] and [21] for details.

Let n be a positive integer greater than 1 and equip Rn with the standard

inner product ð ; Þ. Consider the subspace a of Rn defined by

a ¼ ft A Rn : t1 þ � � � þ tn ¼ 0g:

Let a� denote the space of real-valued linear functions on a. We identify a�

with a by the inner product ð ; Þ. Let ei denote the element of Rn with i-th

entry 1 and all the other entries 0. We consider the root system R of type

An�1,

R ¼ fej � ei : 1a i0 ja ng:

The Weyl group W of R is isomorphic to the symmetric group Sn.

Let a�
C denote the space of complex-valued linear functions on a. By

the correspondence a�
C C l ¼ l1e1 þ � � � þ lnen 7! ðl1; . . . ; lnÞ A Cn, we have the
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following identification:

a�
C F fðl1; . . . ; lnÞ A Cn : l1 þ � � � þ ln ¼ 0g:

The Weyl group W FSn acts on a�
C by wl ¼ ðlw�1ð1Þ; . . . ; lw�1ðnÞÞ ðw A W ;

l A a�
CÞ.
Let Rþ denote the set of positive roots defined by

Rþ ¼ fej � ei : 1a i < ja ng:

Let Pþ denote the set of dominant integral weights

Pþ ¼ fl A a�
C : ðl; a4Þ A Zþ ða A RþÞg

F fðl1; . . . ; lnÞ : l1 þ � � � þ ln ¼ 0; lj � li A Zþ ð1a i < ja nÞg:

Here Zþ denotes the set of non-negative integers and a4 the coroot of a defined

by a4¼ 2a=ða; aÞ. For k A C, define

rðkÞ ¼ k

2

X
a ARþ

a ¼ � n� 1

2
k;� n� 3

2
k; . . . ;

n� 1

2
k

� �
: ð2:1Þ

Put

A ¼ exp a ¼ fz A Rn
>0 : z1 � � � zn ¼ 1g � Rn

>0

and Qi ¼ zi
q

qzi
ð1a ia nÞ. The Weyl group W FSn acts on A by

wðz1; . . . ; znÞ ¼ ðzw�1ð1Þ; . . . ; zw�1ðnÞÞ:

We employ ‘‘GL’’-picture for convenience. We consider a function f on Rn
>0 and

impose the di¤erential equation

ðQ1 þ � � � þ QnÞf ¼ 0

to give a function on A. For l A a�
C write zl ¼ zl11 � � � zlnn .

Define the di¤erential operator LðkÞ by

LðkÞ ¼
Xn
i¼1

Q2
i þ k

X
1ai<jan

zi þ zj

zi � zj
ðQi � QjÞ: ð2:2Þ

Let SðaCÞ denote the symmetric algebra of aC and SðaCÞW its subalgebra con-

sisting of the W -invariant elements. It is known that there exist a commutative

algebra DðkÞ of W -invariant di¤erential operators containing LðkÞ and an
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algebra isomorphism g : DðkÞ ! SðaCÞW . In particular, we have gðLðkÞÞðlÞ ¼
ðl; lÞ � ðrðkÞ; rðkÞÞ.

Remark 2.1. If k ¼ 1=2, then DðkÞ is the set of the radial parts of invariant

di¤erential operators on SLðn;RÞ=SOðnÞ. For general k, the commutative algebra

DðkÞ was first constructed by Sekiguchi [25, 27] giving a set of generators

explicitly. In §5, we review a construction of DðkÞ by the Cherednik operators.

Let Q be the Z-span of R and Qþ the Zþ-span of Rþ. There exists a unique

solution jðzÞ ¼ Fðl; k; zÞ on Aþ :¼ fz A A : z1 < z2 < � � � < zng for

LðkÞj ¼ ððl; lÞ � ðrðkÞ; rðkÞÞÞj ð2:3Þ

of the form

Fðl; k; zÞ ¼
X
m AQþ

Gmðl; kÞzl�rðkÞ�m; G0ðl; kÞ ¼ 1; ð2:4Þ

where the coe‰cients Gmðl; kÞ are rational functions in l with possible poles at

the hyperplane Hm for some m < 0, with

Hm ¼ fl A a�
C : ð2lþ m; mÞ ¼ 0g:

Moreover, j ¼ Fðl; kÞ also satisfies

Dj ¼ gðDÞðlÞj ðD A DðkÞÞ: ð2:5Þ

From [11, Proposition 4.2.5] the apparent simple pole of Fðl; kÞ along Hm is

removable unless m ¼ na for some n A �Zþ and a A Rþ. We call l A a�
C generic if

ðl; a4Þ B Z for all a A R. l ¼ ðl1; . . . ; lnÞ A a�
C is generic if and only if li � lj B Z

ð1a i < ja nÞ. If l A a�
C is generic, then

fFðwl; kÞ : w A Wg

forms a basis of the solution space of (2.5) on Aþ ([11, Corollary 4.2.6]).

Let Gð�Þ denote the Gamma function. Let ~ccðl; kÞ and cðl; kÞ denote the

meromorphic functions defined by

~ccðl; kÞ ¼
Y

1ai<jan

Gðlj � liÞ
Gðlj � li þ kÞ ; ð2:6Þ

cðl; kÞ ¼ ~ccðl; kÞ
~ccðrðkÞ; kÞ : ð2:7Þ
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For k ¼ 1=2; 1, or 2, cðl; kÞ agrees with Gindikin-Karpelevich’s product formula

for Harish-Chandra’s c-function on G=K ¼ SLðn;KÞ=SOðn;KÞ, where K ¼ R;C,

or H, respectively.

The denominator in (2.7) is given explicitly as follows.

~ccðrðkÞ; kÞ ¼
Y

1ai<jan

Gðð j � iÞkÞ
Gðð j � i þ 1ÞkÞ ¼

Yn
j¼2

GðkÞ
Gð jkÞ

� �
:

Let S denote the set of poles of 1=~ccðrðkÞ; kÞ, that is

S ¼ fk A CnZ<0 : jk A Z<0 for some j ¼ 2; 3; . . . ; ng: ð2:8Þ

For k A CnS and generic l, define

F ðl; kÞ ¼
X
w AW

cðwl; kÞFðwl; kÞ: ð2:9Þ

Heckman and Opdam proved that jðzÞ ¼ Fðl; k; zÞ extends to an entire function

of l A a�
C, k A CnS and z in a tubular neighborhood of A in AC and is a unique

W -invariant real analytic solution of (2.5) on A such that fð1Þ ¼ 1 ([11, Part I,

Chapter 4], [21, §6.3], [19, Corollary 4.8]). Here we put 1 ¼ ð1; . . . ; 1Þ A A.

If k ¼ 1=2; 1, or 2, then F ðl; kÞ is the restriction to A of the zonal spherical

function on G=K ¼ SLðn;KÞ=SOðn;KÞ with K ¼ R;C, or H, respectively. Here

A is the maximally split abelian subgroup of G with the Cartan decomposition

G ¼ KAK .

If kb 0 and m A Pþ, then from [11, (4.4.10)] we have

Fðmþ rðkÞ; kÞ ¼ cðmþ rðkÞ; kÞPðm; kÞ; ð2:10Þ

where Pðm; kÞ is the Jacobi polynomial of Heckman and Opdam.

Let n be an integer greater than 1. For n A C define lðn; kÞ A a�
C by

lðn; kÞ ¼ � n

n
; . . . ;� n

n
;
ðn� 1Þn

n

� �
þ rðkÞ: ð2:11Þ

It follows from (2.7) that

cðlðn; kÞ; kÞ ¼ GðnkÞGðnþ kÞ
GðkÞGðnþ nkÞ : ð2:12Þ

For n A Zþ it can be written by the shifted factorial

cðlðn; kÞ; kÞ ¼ ðkÞn
ðnkÞn

: ð2:13Þ
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Here the shifted factorial is defined by ðaÞ0 ¼ 1 and ðaÞn ¼ aðaþ 1Þ � � � ðaþ n� 1Þ
for n A Z>0.

Notice that lðn; kÞ is generic if and only if

pk B Z ð1a pa n� 2Þ and nþ qk B Z ð1a qa n� 1Þ: ð2:14Þ

Let WY denote the permutation group of f1; . . . ; n� 1g and W Y denote the

set of representatives of minimal length for the coset WYnW . That is, W Y

consists of the elements w1 ¼ e,

w2 ¼
1 2 � � � n� 2 n� 1 n

1 2 � � � n� 2 n n� 1

� �
; . . . ;wn ¼

1 2 3 � � � n

n 1 2 � � � n� 1

� �
:

Here wi ð1a ia nÞ is the element of Sn of minimal length such that

wiðnþ 1� iÞ ¼ n:

We have the following proposition for the hypergeometric function with the

degenerate parameter lðn; kÞ.

Proposition 2.2. (i) Assume k A CnS and lðn; kÞ is generic ((2.8), (2.14)).

Then

Fðlðn; kÞ; k; zÞ ¼
Xn
i¼1

cðwilðn; kÞ; kÞFðwilðn; kÞ; k; zÞ ðz A AþÞ:

(ii) Assume n A Zþ and qk B Z<0 for any 1a qa n. Then

Fðlðn; kÞ; k; zÞ ¼ ðkÞn
ðnkÞn

Fðlðn; kÞ; k; zÞ ðz A AÞ:

Proof. First we prove (i). If n ¼ 2, then (i) is just (2.9). Assume n > 2.

Then k0 0 by (2.14). If w A WnW Y, then there exists l ð1a la n� 2Þ such

that wðlÞ > wðl þ 1Þ. Then wlðn; kÞj � wlðn; kÞi ¼ lðn; kÞl � lðn; kÞlþ1 ¼ �k for

j ¼ wðlÞ and i ¼ wðl þ 1Þ. By the definition (2.6) and (2.7) of the c-function,

cðwlðn; kÞ; kÞ ¼ 0 unless w A W Y. Hence (i) is proved.

It follows from (2.7) that

cðwilðn; kÞ; kÞ ¼
GðnkÞGðnþ ikÞGð�n� ði � 1ÞkÞ

GðkÞGðnþ nkÞGð�nÞ ð2a ia nÞ:

Thus cðwilðn; kÞ; kÞ ¼ 0 ð2a ia nÞ for n A Zþ and the equality of (ii) holds on

Aþ under the assumption of (i). Notice that lðn; kÞ � rðkÞ A Pþ if and only if
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n A Zþ. Thus we have Fðlðn; kÞ; kÞ ¼ Pðlðn; kÞ � rðkÞ; kÞ and (ii) follows from

(2.10) and (2.12) by analytic continuation. r

In §3 we will show that Fðlðn; kÞ; kÞ can be written by the Lauricella hyper-

geometric function FD.

3. A system of hypergeometric di¤erential equations of second order

Let n be an integer greater than 1 and k a complex number. Let z ¼ ðz1;

z2; . . . ; znÞ denote a variable in Rn and put Qi ¼ zi
q

qzi
ð1a ia nÞ. For 1a i <

ja n define the di¤erential operator Dij by

Dij ¼ QiQj �
k

2

zi þ zj

zi � zj
ðQi � QjÞ þ

n

n
þ k

2

� �
ðQi þ QjÞ: ð3:1Þ

We consider the system of di¤erential equations

ðQ1 þ � � � þ QnÞj ¼ 0; ð3:2Þ

Dijj ¼ � nðnþ nkÞ
n2

j ð1a i < ja nÞ: ð3:3Þ

By summing up (3.3) for 1a i < ja n and using (3.2) we have

X
1ai<jan

QiQj �
k

2

zi þ zj

zi � zj
ðQi � QjÞ

 !
j ¼ �ðn� 1Þnðnþ nkÞ

2n
j: ð3:4Þ

The di¤erential operator in the left hand side of (3.4) is equivalent to � 1
2 times

the second order hypergeometric di¤erential operator LðkÞ given by (2.2) and

the coe‰cients of j in the right hand side of (3.4) is � 1
2 fðlðn; kÞ; lððn; kÞÞ �

ðrðkÞ; rðkÞÞg. Hence (3.4) is equivalent to (2.3) with l ¼ lðn; kÞ.
If k ¼ 1=2, then (3.3) are radial parts of the di¤erential equations satisfied by

the zonal spherical function on G ¼ SLðn;RÞ expressed by the Poisson integral of

a SOðnÞ-invariant section of a degenerate principal series representation on G=PY,

where PY is a maximal parabolic subgroup of G whose Levi part is isomorphic to

GLðn� 1;RÞ. These di¤erential equations on G are given by Oshima [22] using

generalized Capelli operators in the universal enveloping algebra Uðglðn;CÞÞ.
Moreover, (3.4) is the radial part of the di¤erential equation corresponding to the

Casimir operator.

By the change of variables

yi ¼
zi

zn
ð1a ia n� 1Þ; yn ¼ zn; ð3:5Þ
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we have

Qi ¼ yi
q

qyi
ð1a ia n� 1Þ; Q1 þ � � � þ Qn ¼ yn

q

yn
:

Hence, (3.2) means that j does not depend on yn. By the change of variables,

(3.1) for 1a i < ja n become

Dij ¼ QiQj �
k

2

yi þ yj

yi � yj
ðQi � QjÞ

þ n

n
þ k

2

� �
ðQi þ QjÞ ð1a i < ja n� 1Þ; ð3:6Þ

Din ¼ QiðQ1 þ � � � þ Qn�1Þ �
k

2

yi þ 1

yi � 1
ðQi þ Q1 þ � � � þ Qn�1Þ

þ n

n
þ k

2

� �
ðQi � ðQ1 þ � � � þ Qn�1ÞÞ ð1a ia n� 1Þ: ð3:7Þ

Here we write Qi ¼ yi
q
qyi

ð1a ia n� 1Þ in (3.6) and (3.7). Putting

jðy1; . . . ; yn�1Þ ¼ ðy1 � � � yn�1Þ�n=n
uðy1; . . . ; yn�1Þ; ð3:8Þ

the di¤erential equations (3.3) become the following di¤erential equations for u:

QiQj � k
yjQi � yiQj

yi � yj

� �
u ¼ 0 ð1a i < ja n� 1Þ; ð3:9Þ

�
� Q1 þ � � � þ Qn�1 � nþ k

yi � 1

� �
Qi

� kyi

yi � 1
ðQ1 þ � � � þ Qn�1 � nÞ

�
u ¼ 0 ð1a ia n� 1Þ; ð3:10Þ

which can be written in the following form:

yiðQi þ kÞQju ¼ yjðQj þ kÞQiu ð1a i < ja n� 1Þ; ð3:11Þ

QiðQ1 þ � � � þ Qn�1 � n� kÞu

¼ yiðQi þ kÞðQ1 þ � � � þ Qn�1 � nÞu ð1a ia n� 1Þ: ð3:12Þ

We recall the Lauricella hypergeometric function FD of n� 1 variables and

the corresponding system ED of di¤erential equations of rank n. The Lauricella

hypergeometric function FD is the analytic continuation of the series
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FDða; b1; . . . ; bn�1; g; y1; . . . ; yn�1Þ

¼
X

m1;...;mn�1b0

ðaÞm1þ���þmn�1
ðb1Þm1

� � � ðbn�1Þmn�1

ðgÞm1þ���þmn�1
m1! � � �mn�1!

ym1

1 � � � ymn�1

n�1 ; ð3:13Þ

where a; b1; . . . ; bn�1; g are complex constants with g B Z<0. It satisfies the fol-

lowing system of di¤erential equations:

yiðQi þ biÞQjF ¼ yjðQj þ bjÞQiF ð1a i < ja n� 1Þ;
QiðQ1 þ � � � þ Qn�1 þ g� 1ÞF

¼ yiðQi þ biÞðQ1 þ � � � þ Qn�1 þ aÞF ð1a ia n� 1Þ:

8<
: ðEDÞ

The system ðEDÞ is holonomic of rank n. If g B Z<0, then the Lauricella hyper-

geometric function FDða; b1; . . . ; bn�1; g; y1; . . . ; yn�1Þ is the unique analytic solu-

tion of ðEDÞ such that Fð0Þ ¼ 1. We refer to [15], [13, §9.1], and [18] for details.

Equations (3.11) and (3.12) constitute ðEDÞ with

a ¼ �n; b1 ¼ � � � ¼ bn�1 ¼ k; g ¼ �n� k þ 1: ð3:14Þ

By the change of variables

xi ¼ 1� yi ð1a ia n� 1Þ; ð3:15Þ

(3.11) give equations of the same form

xiðQi þ kÞQju ¼ xjðQj þ kÞQiu ð1a i < ja n� 1Þ: ð3:16Þ

Here we write Qi ¼ xi
q
qxi

ð1a ia n� 1Þ. By (3.12) and (3.16), we have the

following equations.

QiðQ1 þ � � � þ Qn�1 þ nk � 1Þu

¼ xiðQi þ kÞðQ1 þ � � � þ Qn�1 � nÞu ð1a ia n� 1Þ: ð3:17Þ

Equations (3.16) and (3.17) constitute ðEDÞ with

a ¼ �n; b1 ¼ � � � ¼ bn�1 ¼ k; g ¼ nk: ð3:18Þ

Consequently, if nk B Z<0, then

jðyÞ ¼ ðy1 � � � yn�1Þ�n=n
FDð�n; k; . . . ; k; nk; 1� y1; . . . ; 1� yn�1Þ ð3:19Þ

is the unique analytic solution for (3.2) and (3.3) satisfying jð1; . . . ; 1Þ ¼ 1.

The symmetric group Sn acts on the variable z ¼ ðz1; . . . ; znÞ as permutations,

hence it acts on the variable y ¼ ðy1; . . . ; yn�1Þ.
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Lemma 3.1. The function j given by (3.19) is Sn-invariant.

Proof. Recall that yi ¼ zi=zn for 1a ia n� 1. The transposition ði; i þ 1Þ
ð1a ia n� 2Þ interchanges yi and yiþ1. Since b1 ¼ � � � ¼ bn�1 ¼ k, jðyÞ is

invariant under the transposition ði; i þ 1Þ ð1a ia n� 2Þ.
By the transposition ðn� 1; nÞ, y1; . . . ; yn�2; yn�1 change to y1=yn�1; . . . ;

yn�2=yn�1; 1=yn�1, respectively. It follows from the transformation formula ([15,

p. 149])

FDða; b1; . . . ; bn�1; g; x1; . . . ; xn�1Þ

¼ ð1� xn�1Þ�a � FD

�
a; b1; . . . ; bn�2; g� b1 � � � � � bn�1; g;

xn�1 � x1

xn�1 � 1
; . . . ;

xn�1 � xn�2

xn�1 � 1
;

xn�1

xn�1 � 1

�

that jðyÞ is invariant under the transposition ðn� 1; nÞ. Since Sn is generated by

the transpositions ð1; 2Þ; ð2; 3Þ; . . . ; ðn� 1; nÞ, the lemma is proved. r

Now we state the main result of this paper, which asserts that the hyper-

geometric function of type An�1 with parameter lðn; kÞ defined by (2.11) is

written by FD as in (3.19). In the case of k ¼ 1=2, that is the case of the

zonal spherical function on SLðn;RÞ=SOðnÞ, this theorem is given by Sekiguchi

[25, 26].

Theorem 3.2. Assume k A CnS and n A C. Then we have

F ðlðn; kÞ; k; zÞ ¼ ðy1 � � � yn�1Þ�n=n
FDð�n; k; . . . ; k; nk; 1� y1; . . . ; 1� yn�1Þ;

where lðn; kÞ and yi are given by (2.11) and (3.5).

Proof. For 2a ja n, there exists a unique series solution ujðyÞ with the

leading term
Qn�1

i¼n�jþ2 y
�k
i y

ð j�1Þkþn
n�jþ1 for the system ðEDÞ with (3.14) that converges

on a neighbourhood of y ¼ 0 in fy A Rn�1 : 0 < y1 < y2 < � � � < yn�1g. More-

over, the set of u1ðyÞ :¼ FDð�n; k; . . . ; k;�n� k þ 1; yÞ and ujðyÞ ð2a ja nÞ
forms a basis of local solutions of ED for generic k and n ([7, Section 3.3.1 (f )],

[24, Section 1.5], [8, Section 5]).

For 1a ia n, let ji denote the solution of the system of equations (3.2) and

(3.3) corresponding to ui by (3.5) and (3.8). Then ji is a solution of (3.4) with the

characteristic exponent wilðn; kÞ � rðkÞ and the leading coe‰cient 1. Thus ji ¼
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Fðwilðn; kÞ; kÞ and it is a solution of the hypergeometric system (2.5) with l ¼
lðn; kÞ. Since fji : 1a ia ng forms a basis of the solution space of the system

of equations (3.2) and (3.3) for generic k and n, j given by (3.19) is a solution of

(2.5) with l ¼ lðn; kÞ for any k A CnS and n A C by analytic continuation.

Thus j is a Sn invariant solution of (2.5) with l ¼ lðn; kÞ that is real analytic

and jð1; . . . ; 1Þ ¼ 1. Hence jðzÞ ¼ Fðlðn; kÞ; k; zÞ by the uniqueness of the hyper-

geometric function. r

Example 3.3. We give examples of A1 and A2. Assume k A CnS.
First we consider the case of A1. The Lauricella hypergeometric function FD

of one variable is the Gauss hypergeometric function 2F1. From Proposition 2.2

and Theorem 3.2, it holds on Aþ that

F ðlðn; kÞ; k; zÞ ¼ y
�n=2
1 2F1ð�n; k; 2k; 1� y1Þ

¼ Gð2kÞGðnþ kÞ
GðkÞGðnþ 2kÞ y

�n=2
1 2F1ð�n; k;�n� k þ 1; y1Þ

þ Gð2kÞGð�nþ kÞ
GðkÞGð�nÞ y

n=2þk
1 2F1ðnþ 2k; k; nþ k þ 1; y1Þ:

The above equalities are well-known formulae for the hypergeometric function of

type A1 and the Gauss hypergeometric function ([21, Example 6.3], [11, proof of

Theorem 4.3.6], [6]). Note that Fðlðn; kÞ; kÞ can be written by the Jacobi function

([14])

Fðlðn; kÞ; k; zÞ ¼ f
ðk�1=2;k�1=2Þ
2
ffiffiffiffiffi
�1

p
ðnþkÞ

t

2

� �

:¼ 2F1 �n; nþ 2k; k þ 1

2
;�sinh2 t

2

� �
; ð3:20Þ

where z ¼ ðet; e�tÞ and y1 ¼ e2t. If n A Zþ, then

Fðlðn; kÞ; k; zÞ ¼ ðkÞn
ð2kÞn

y
�n=2
1 2F1ð�n; k;�n� k þ 1; y1Þ

and from (3.20)

Fðlðn; kÞ; k; zÞ ¼ n!

ð2kÞn
C ðkÞ

n ðcosh tÞ;

where C
ðkÞ
n denote the Gegenbauer polynomial ([6, §3.15.1]).
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Next we consider the case of A2. The Lauricella hypergeometric function FD

of two variables is the Appell hypergeometric function F1. From Proposition 2.2

and Theorem 3.2, it holds on Aþ that

Fðlðn; kÞ; k; zÞ ¼ ðy1 y2Þ�n=3
F1ð�n; k; k; 3k; 1� y1; 1� y2Þ

¼ Gð3kÞGðnþ kÞ
GðkÞGðnþ 3kÞ ðy1 y2Þ

�n=3
F1ð�n; k; k;�n� k þ 1; y1; y2Þ

þ Gð3kÞGðnþ 2kÞGð�n� kÞ
GðkÞGðnþ 3kÞGð�nÞ

� y
�n=3
1 y

2n=3þk
2 G2 k; k; nþ 2k;�n� k;� y1

y2
;�y2

� �

þ Gð3kÞGð�n� 2kÞ
GðkÞGð�nÞ

� ðy�2
1 y2Þ�n=3�k

F1 nþ 3k; k; k; nþ 2k þ 1;
y1

y2
; y1

� �
:

Here

G2ða; a 0; b; b 0; x; yÞ ¼
Xy
m;n¼0

ðaÞmða 0ÞnðbÞn�mðb
0Þm�n

xmyn

m!n!
;

where ðaÞn ¼ Gðaþ nÞ=GðaÞ. The above equality involving F1 and G2 is a special

case of [20, (19)]. If n A Zþ, then

Fðlðn; kÞ; k; zÞ ¼ ðkÞn
ð3kÞn

ðy1 y2Þ�n=3
F1ð�n; k; k;�n� k þ 1; y1; y2Þ

or

Pðlðn; kÞ � rðkÞ; k; zÞ ¼ ðy1 y2Þ�n=3
F1ð�n; k; k;�n� k þ 1; y1; y2Þ;

where Pðm; k; zÞ is the Jacobi polynomial of Heckman and Opdam.

4. The case of n A Zþ

In this section assume that k > 0 and n A Zþ. Put

mðnÞ ¼ � n

n
; . . . ;� n

n
;
ðn� 1Þn

n

� �
: ð4:1Þ
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Then it follows from Proposition 2.2 and Theorem 3.2 that

PðmðnÞ; k; zÞ

¼ ðnkÞn
ðkÞn

ðy1 � � � yn�1Þ�n=n
FDð�n; k; . . . ; k; nk; 1� y1; . . . ; 1� yn�1Þ

and

PðmðnÞ; k; zÞ ¼ ðy1 � � � yn�1Þ�n=n
FDð�n; k; . . . ; k;�n� k þ 1; y1; . . . ; yn�1Þ;

where PðmðnÞ; kÞ is the Jacobi polynomial of Heckman and Opdam.

The Jacobi polynomial for the root system of type An�1 is essentially the

Jack polynomial. A partition l of length equal or less than n is a sequence l ¼
ðl1; . . . ; lnÞ of nonnegative integers such that l1 b l2 b � � �b ln b 0. Define jlj ¼Pn

i¼1 li. For two partitions l and m we write ma l if jmj ¼ jlj and
P j

i¼1 mj aP j
i¼1 li for all jb 1.

For a partition l of length equal or less than n define the monomial

symmetric function ml by

ml ¼
X
a ASnl

xa:

There exists a unique P
ð1=kÞ
l that satisfies the following conditions:

P
ð1=kÞ
l ¼

X
mal

vlmmm vlm A CðkÞ; vll ¼ 1; ð4:2Þ

LðkÞPð1=kÞ
l ¼ hðlÞPð1=kÞ

l ; hðlÞ ¼
Xn
i¼1

liðli þ kðnþ 1� 2iÞÞ: ð4:3Þ

We call P
ð1=kÞ
l ðzÞ the Jack polynomial ([16, 17]). From [3, Proposition 3.3] we

have

P
ð1=kÞ
l ðzÞ ¼ PðpðlÞ; k; zÞ ðz A AÞ ð4:4Þ

for a partition l ¼ ðl1; . . . ; lnÞ of length equal or less than n. Here pðlÞ A Pþ is

given by

pðlÞ ¼
Xn
i¼1

liei �
1

n

Xn
i¼1

li

 ! Xn
i¼1

ei

 !
:

Thus we have the following result as a corollary of Theorem 3.2.
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Theorem 4.1 (Tamaoka [29]). Assume k > 0, p; q A Zþ and pb q. Then for

z A Cn

P
ð1=kÞ
ðp;q;...;qÞðz1; . . . ; znÞ

¼
ðnkÞp�q

ðkÞp�q

Yn�1

i¼1

z
q
i z

p
n

 !
FD q� p; k; . . . ; k; nk; 1� z1

zn
; . . . ; 1� zn�1

zn

� �

¼
Yn�1

i¼1

z
q
i z

p
n

 !
FD q� p; k; . . . ; k; q� p� k þ 1;

z1

zn
; . . . ;

zn�1

zn

� �
:

Remark 4.2. In [29], the second author proves Theorem 4.1 without using

the Heckman-Opdam theory. He just used the characterization of the Jack poly-

nomial by the conditions (4.2), (4.3) and properties of the Lauricella hyper-

geometric function.

In view of (2.10) and (4.4), Theorem 4.1 asserts that Theorem 3.2 holds for

k > 0 and n A Zþ. We can deduce Theorem 3.2 from Theorem 4.1 in the same

manner as the proof of [3, Theorem 4.2].

5. Cherednik operators

First we review the Cherednik operator in the GLn case ([4, 21]). For

1a ia n, define the Cherednik operator Ti ([4, §3.5]) by

Ti ¼ Qi þ k
X
i< j

zi

zi � zj
ð1� sijÞ þ k

X
i> j

zj

zi � zj
ð1� sijÞ þ rðkÞi:

Here sij is the permutation ðijÞ that acts as the transposition of the coordinates zi

and zj. Notice that the choice of the positive system of R to define the Cherednik

operators is opposite to that of [4, §3.5]. We take �Rþ as the positive system of R

to define Ti.

The Cherednik operators satisfy the following relations:

½Ti;Tj� ¼ 0 ð1a i; ja nÞ; siTj ¼ Tjsi ð j0 i; i þ 1Þ; ð5:1Þ

siTi � Tiþ1si ¼ �k; ð5:2Þ

where si ¼ siiþ1 ð1a ia n� 1Þ. (5.1) and (5.2) are the defining relations of the

degenerate a‰ne Hecke algebra H ¼ hCSn; x1; . . . ; xni of type GLn, if we replace

Ti by xi in the above relations.
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For p A SðaCÞ, put

Tp ¼ pðT1; . . . ;TnÞ:

Write

Tp ¼
X
w AW

DðpÞ
w w;

where D
ðpÞ
w ðw A WÞ are di¤erential operator on A and define the di¤erential

operator Dp on A by

Dp ¼
X
w AW

DðpÞ
w :

Dp is the di¤erential operator that has the same restriction to symmetric functions

as Tp.

For 1ama n, let emðxÞ denote the m-th elementary symmetric polynomial:

emðxÞ ¼
X

1ai1<���<iman

xi1 � � � xim :

Then we have

De1 ¼ Q1 þ � � � þ Qn

and

De2 ¼
X

1ai<jan

QiQj �
k

2

zi þ zj

zi � zj
ðQi � QjÞ �

k2

4

nþ 1

3

� �
;

which are di¤erential operators in (3.2) and (3.4), respectively. For pðxÞ ¼
x2
1 þ � � � þ x2

n , Dp ¼ LðkÞ þ ðrðkÞ; rðkÞÞ, where LðkÞ is defined in (2.2). The

commutative algebra DðkÞ mentioned in §2 is given by

DðkÞ ¼ fDp : p A SðaCÞWg

and has generators fLe1 ; . . . ;Leng. Moreover, the algebra isomorphism g : DðkÞ !
SðaCÞW mentioned in §2 is defined by Dp 7! p.

The following proposition asserts that the di¤erential operator Dij given in §3

(3.3) is also related with the Cherednik operators.
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Proposition 5.1 ([28]). For 1a i < ja n, define pij A SðaCÞ by

pijðxÞ ¼ xi � rðkÞi þ
n

n

� �
xj � rðkÞj þ k þ n

n

� �
:

Then we have

Dpij ¼ Dij þ
nðnþ nkÞ

n2
:

Remark 5.2. Though the choice of the positive system to define the

Cherednik operators is not essential, we choose as above because it matches

better with the characteristic exponents wilðn; kÞ � rðkÞ ð1a ia nÞ given in §2

and the indicial equation

mi � rðkÞi þ
n

n

� �
mj � rðkÞj þ k þ n

n

� �
¼ 0 ð5:3Þ

of (3.3) at infinity on Aþ. If

n0�k;�2k; . . . ; ð�nþ 1Þk;

then the set of common solutions for (5.3) for 1a i < ja n is

fw1lðn; kÞ; . . . ;wnlðn; kÞg;

where lðn; kÞ and wj are given in §2.

This fact can be regarded as a special case of [23, Theorem 9, Equation (27),

Theorem 22]. Indeed, in [22, 23], Oshima constructed generators of annihilators

of generalized Verma modules for gln by using generalized Capelli operators. The

deformation parameter e in [23] corresponds to k in this paper. Using results in

[23], some part of results in this paper can be generalized to the case of arbitrary

Y � f1; 2; . . . ; ng as indicated in [28]. We will discuss in detail elsewhere.

Remark 5.3. After we have finished our work, we noticed that the system of

di¤erential equations (3.2), (3.3) and its characteristic exponents are stated in [5].

[5, Theorem 3.3] asserts that the system (3.2), (3.3) is of rank n and its solutions

are also solutions of the hypergeometric system (2.5) with l ¼ lðn; kÞ without

proof.
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Theory of Special Functions, Springer, 1991.

[14] Koornwinder, T., Jacobi functions and analysis on noncompact semisimple Lie groups. In:

Special Functions: Group Theoretical Aspects and Applications, 1–85, Math. Appl.,

Reidel, Dordrecht, 1984.

[15] Lauricella, G., Sulle Funzioni ipergeometrche a piu variabili, Rend. Circ. Math. Palermo 7

(1893), 111–158.

[16] Macdonald, I. G., Commuting di¤erential operators and zonal spherical functions, Algebraic

groups, Utrecht 1986, 189–200, Lecture Notes in Math., 1271, Springer, Berlin,

1987.

[17] Macdonald, I. G., Symmetric Functions and Hall Polynomials, 2nd ed., Oxford University Press,

1995.

[18] Mimachi, K. and Sasaki, T., Irreducibility and reducibility of Lauricella’s system of di¤erential

equations ED and the Jordan-Pochhammer di¤erential equation EJP, Kyushu J. Math. 66

(2012), 61–87.

[19] Oda, H. and Shimeno, N., Spherical functions for small K-types, arXiv:1710.02975.

[20] Olsson, P. O. M., Integration of the partial di¤erential equations for the hypergeometric

functions F1 and FD of two and more variables, J. Math. Phys. 5 (1964), 420–430.

[21] Opdam, E. M., Lecture notes on Dunkl operators for real and complex reflection groups, MSJ

Memoirs 8, Mathematical Society of Japan, 2000.

[22] Oshima, T., Generalized Capelli identities and boundary value problems for GLðnÞ, Structure of

Solutions of Di¤erential Equations, World Scientific, 1996, 307–335.

[23] Oshima T., A quantization of conjugacy classes of matrices, Adv. Math. 196 (2005), 124–146.

[24] Saito, M., Sturmfels, B. and Takayama, N., Gröbner Deformations of Hypergeometric Dif-
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