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DIRICHLET-NEUMANN PROBLEM IN A DOMAIN WITH
PIECEWISE-SMOOTH BOUNDARY

By

Reiko SAKAMOTO

Introduction

The Dirichlet boundary value problem has been considered for various types
of partial differential operators in a domain Q with various types of non-smooth
boundaries ([I], [2], etc.).

In this paper, we assume that Q is a smooth p-manifold in R", defined in §1,
whose boundary is divided into a finite number of smooth surfaces:

I = (U ﬁ)u(U 1‘",-) (DNN = ¢).

ieD - ieN

0Q =

TCs

In §2, we consider an elliptic partial differential equation of 2-nd order in Q with
Dirichlet boundary conditions on I; (i € D) and Neumann boundary conditions

on I; (ie N):
Au=f in Q,
(P) { u=g® onT; (ieD),
Bu=hY onT; (ieN),

where {B;} are differential operators of 1-st order. We consider weak solutions,
i.e. #'-weak solutions in the sense of [3]. Existence of s#-weak solutions depends
on weak energy estimates for adjoint problems. Therefore our aim in this paper is
to obtain weak energy estimates for adjoint problems. Weak energy estimates for
(P) means

”u“LZ(Q) = C{ ”Au||L2(Q) + Z ”“”H«—l(n) + Z ||Biu”H°—2(l",~)} (Vue H(Q))
ieD ieN
for some large integer o.
In §3, we consider a hyperbolic partial differential equation of 2-nd order in
(0,T) x Q with Dirichlet boundary conditions on (0,7) x I; (i € D), Neumann
boundary conditions on (0,7) x I'; (i e N) and initial conditions on {z = 0} x Q.
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§1. p-Manifolds

Let Q be a smooth manifold of dimension m in R". We say that x € 0Q is
a boundary point of degree p (1 < p < p), if there exist a neighborhood U of x
in R" and a neighborhood V of 0 in R™ such that

(D:ipﬂV—vﬁﬂU

is a smooth bijection, where
,={yeR" |y >0,y92>0,...,y > 0}.

Let 07Q denote the set of boundary points of Q of degree p. We say that Q is a
p-manifold (1 < p < m) if

p
Q=) orQ.
p=1

Suppose that Q is a p-manifold of dimension m. Let x € 6°Q, then there
exists its neighbourhood U = U(x) such that

NANU=0{y|y1=0,y2>0,...,y, >0}NV)
U®({y|y1 >0,y2=0,y3>0,...,y,>0}N V)
U---U®{{y|31>0,92>0,...,¥-1 >0,y,=0}N V),
P2QNU =0({y|y1=y2=0,y3>0,...,y,>0}NV)
UO{y|»1=0,y2>0,y33=0,y4>0,...,y,>0}NV)
U U®{{y[31>0,92>0,...,5-2>0,y,-1 =y, =0}N V),

’PQNU =d({y|y1=y2=--=y,=0}NV).

Suppose that Q is a bounded p-manifold of dimension m, then 0 is covered by
a finite number of subsets of {U(x)|x e 0Q} with above properties, therefore,
0'Q is a union of a finite number of smooth manifolds of dimension m — 1:

o=, I={1,2,... ,h}

iel

Moreover, we have the following two lemmas.
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LemMma 1.1. Let Q be a bounded p-manifold of dimension m in R", then it
holds

’Q= |J T,
veS,(I)

SP(I) = {v: (vl,VZ,‘...,Vp) EIp|Vi ’/:V] if ls‘é.]}?

where T,,..,, is a (p— p)-manifold of dimension m — p such that

v, = Ty, NG,

LemMMmA 1.2. Let Q be a bounded p-manifold of dimension m in R" with
0'Q =T, where {TI; (iel)} are (p— 1)-manifolds of dimension m— 1. Let

iel

D < I, and suppose that {g; € H**~'(I};) (ie D)} (s = 0) satisfy
#) gi=g, on NI, (i,jeD).
Set
gv =4gulr, (veS(D)),
then {g, (ve S(D))} satisfy

i) gy, = /P if (viyeovt={m,... ,,up},
(1) . Gov, U JE{V1,...,V},
(ii) Gvi-v,

rvl...vp nr] - gV]"'ij if j¢ {v1,., ,’vp},
and
Z Hgv“Hw—P(rv) = CSZ ||giHHS+ﬂ—‘(F,-)’
veS,(D) ieD
where

Sp(D) = {v=(vi,v2,...,v) € Sp(I) |3k s.t. vee D}, S(D)=1])S,(D).
)2

First in [Lemma 1.3, we consider extensions of functions in a fundamental
domain

Q={xeR"|x >0,...,x, > 0},
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then

IN={xeR"|x;=0,x2>0,...,x, >0},

I,={xeR"|x;>0,x2>0,...,x,-1 >0,x, =0},
and moreover
L={xeR"|x, =x,=-=x,=0,5>0 (1=j=p,j#w)} (veS,I)).
Let g, be a function defined on I, (ve S(J)), then

gV = gV(xvp-H Yyt 7me)

can be regarded as a function, defined in Q, which is independent of variables
(Xuys ooy Xy,)-
LEmMMA 1.3. Let
Q={xeR"|x >0,...,x, > 0},
and assume that {g, € H*(I,),ve S(I)} (I ={1,2,...,h}) satisfy (). Set

E{g = D agi— > g+ Y. gx—+(=D""g1,

1=isp lsi<jzyp 1gi<j<k=p
then g = E[{g,}] satisfies
g, =9 (iel),
and

Hﬂg”m(m =Cy Z ||QV|IH5(FV)’
veS(I)

where e 2(R™).

Proor. From (fif), we have

S giln=a+ > gu

1=isp 2=isy
E : giflﬂ = E g1j+ E Glijy - -
Isi<jsp 25j%p 25i<jsp

therefore we have
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g(O,XZ, oo 7xm)

=i 25j%yp 2zi<jsyp

IIA

+{ Z Juk + Z glijk}“"'+(_1)p_]gl~~p
2<

Sj<ksp 25i<j<k<sp

froeecd gl'
In the same way, we have

g, = gi (iel). O

Next in general, we have

LemMmA 1.4. Let Q be a bounded p-manifold of dimension m in R" with

Q= |J I, 1Zp=spl={l,... h}),
veS,(I)
where T, (ve S,(I)) are (p — p)-mahifolds of dimension m — p. Let {g, € H*(T),
ve S(I)} be given functions satisfying (iff). Then there exists a function g defined
in Q such that
g=g» on L, (veS({))
and

Z Z 10541l L2ry + 19]l s

iel |o|<s

é Cs Z “gv“HS(F,,)'
veS(I)

ProoF. Since Q is a bounded p-manifold of dimension m in R", there exist
open sets {Uj,...,U;} in R" such that

J
Qe U, @E,NV)=QnU,.
j=1

Depending on open sets {Uj, ..., U;}, there exist smooth functions {f;,...,8,}
such that

J
suppl (V)] < U, D_B(x)>=1 near o0
j=1
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For fixed j, set
§) = 8,9, on T, hY) =g o
for ve S(I). Since (#f) is satisfied by {hf,j),ve S(I)}, there exists
hj = E[{h{"}]
from Lemma 1.3. Then

J
g(x) = Bi(x)(h; 0 ;1) (x)
j=1
satisfies the required properties. O

PROPOSITION 1.1.  Let Q be a bounded p-manifold of dimension m in R", with

o'Q =,

iel

where {I; (iel)} are (p— 1)-manifolds of dimension m— 1. Suppose that
{g¥) e H***"\(T}) (i e D)} satisfy

) g9 =g onT;NT; (i,jeD).
Then there exists a function g defined in Q such that
g=9g" onT, (ieD)

and

Z Z 10291l 2y + 9]l o)

iel |oj<s

=G Z 119  ges-1 1y -
ieD
PrOOF. Set
gv=9gulr, (veSy(D)),

and apply Lemma 1.2 to {g,,ve S(D)}, then we have

Z ”gvuﬂw-p(n,) =< GK,
veS,(D)

where

K= Z 19ill s+ -

ieD
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Hence we have

Z 9ol () = CsK.
veS(D)

In case when S(D) # S(I), set S, = S,(I) — Sp(D). Define
gv=0 forvesS, (if S,#¢).
Then we can define {g, (1€ S, ;)} satisfying

19l () S Cs Z gl s,y < C:K - (1€ S, ;)
veS,(D)

by Lemma 1.4, because I, (u€S, ;) is 1-manifold of dimension m—p+ 1.
Next, we consider I'; (4 €S,_,), which is 2-manifold of dimension m — p + 2 and

0= UL (4= Sma(D)).

ved,

Since {g, (ve A,)} satisfy (f), we can define g, on I', by Lemma 1.2l and [Lemmal
1.4, satisfying

Gulr, =g9v (ve 4y),

||g,¢||11s(r,, =G Z ”gquJ(I‘v)
veS,(I)US,_1(I)

=G D gllmm (#esS, )
ve S,(D)US, (D)
Repeating these constructions, we can define a function g with required prop-
erties. O

PropPOSITION 1.2. Let Q be a bounded connected p-manifold of dimension n in
R", with
'Q =1
iel

where {I; (ieI)} are (p — 1)-manifolds of dimension n —1 and

I=DUN, DNN=¢, D+#é¢.
Then it holds that

2 2
Z lll 2y + lullZ2q)
ieN

= C{Z ||u||12,2(r,-) + ||5xu||L2(Q)||u“L2(Q)} (Vue H'(Q)),
ieD
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where

ol = > " loull?, & = ay.
j=1

ProoF. Let ael', (xe D # ¢) be fixed.
1) Let beTI's. Draw a smooth line L in Q such that

L:x(f) (0<t<1), x(0)=a, x(1)=b,

where x’(0) is not tangent to I', and x'(1) is not tangent to I'p, then we have

1 n
u(b)? = u(a)? + JO S oy {u(x(1)}x(1) .
J=1

Moreover, we have continuous deformations of L:
LyZX(t,y):)C(t,yl,...,yn_]) (Oétgl)a x(O,y)erda X(l,y)erﬂ

for ye V, where Ly = L and V is a neighborhood of 0 in R""'. Then we have

j u(x(1, y))? dy —j u(x(0, y))? dy
Vv Vv

1
— | | S 2gutete i, ) @)1, )

therefore we have
JV u(x(1, y))* dy

1
< j 0. ch dy L Duu(x(1, y))| [u(x(z, )] dt.

In the same way, we have

J u(x(s, ) dy
14

< | w0 ay+c | dyr|axu(x(,,y)>||u(x(t,y)>|d, (0<s<1).
Vv 4 0
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Integrating the both sides with respect to s, we have

J 1 dr JV u(x(t, y))* dy

0

1
< | w09 w4 dtj (@ct(x(t, )] |u(x(2, )] dy.
14 0 Vv

2) Let b € 0°Tg, then there exists a family of lines {L, | y € ¥ NZ,} such that
Ly:x(t,y)=x(t,y1,...,yn-1) €Q (0<t<1),
x(0,y)eT,, x(1,y)eTy,
where V is a neighborhood of 0 in R""! and
Z,={yeR"'|y1>0,...,y, > 0}.

Then we have, in the same way as in 1),

J u(x(1, ))* dy
VN,

< j u(x(o,y)>2dy+cj dy j Bta(x(t, )] Ju(x(t, )| dit.
VNE, n 0

Zp

and

Jl dtJ u(x(1, y))? dy
0 VN,

1
< j u(x(O,y))zdy+cj dzj 0wt (t, 7)) [u(x(t, )| dy.
VNs, 0 vnz,

By finite sums of inequalities in 1) and 2), we obtain the required inequal-
ities. O
§2. Elliptic Dirichlet-Neumann Problem

We assume, hereafter, Q is a bounded connected p-manifold of dimension »
in R”, with boundary

o= T, = (.U 1_“,-) U (,U r,.),

where {I;} are (p — 1)-manifolds of dimension n —1, I = DUN, DNN = ¢ and
D # ¢.



396 Reiko SAkaMOTO

Let A4, B; be defined as follows:

A= Z patpq(x)0, +Zb (x)8, + ¢(x)

D q_l
and

= (d/dn) + 6 (x), (d/dn%) = Z nPa,(x)0, (iel),
pq=1
where n() is the unit outer normal to I and ay(x), by(x), c(x), o?(x) are
smooth real valued functions. Here we assume

n

Y ()&, 2 e (VxeQ,VEe R

p.9=1

where ag,(x) = apq(x), 6 > 0.
Let ue H**?(Q) be a real valued function satisfying

Au=f inQ,
(P) { u=g®» onT; (ieD),
Bu=h" onT; (ieN),

then our aim is to obtain energy estimates for (P) in §2. Moreover, we use the
following notations through in §2:

I lls=1 sy -=1-Mos ¢5)=0(s)r2q)
< : >(i),s = ” : ”Hx(r,.), < : >(i) = < ) >(i),0’ < ’ > = < y ‘>L2(n)-

LeEMMA 2.1. Let u e H***(Q) satisfy (P). Then there exists a function g such
that
g=9" onT; (ieD)
and

s

p o
Z <(d/dn(l g> (0),s—j + ”g” Cs Z <g(’)>(x’),s+(p—1) (S = 1,2).

i=1 j= ieD
Set v=u— g, then v satisfies

Av = f in Q,
(Po) v=20 onT; (ie D),
Bv=h" onT; (ieN),
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where f = f — Ag, hY = h() — Big|r, satisfy
Il < C{Hf“ + Z <g(i)>(i),2+(p—l)}a
ieD
and
<il(i)>(i) < C{<h(i)>(i) + Z <g(i)>(i), 1+(p—1) }

ieD

PROOF. Since u e H**?(Q) satisfy (P), {g') on I'; (i€ D)} satisfy (f). There-
fore, there exists g satisfying above conditions, from [Proposition 1.1. O

REMARK. Energy inequalities for (P) follows from energy inequalities for
(Po).

Using the integration by parts, we have

LemMmA 2.2 (Green’s formula (I)). It holds

(Au,u) = Z((d/dn(') Ju, ;) — Z (@pgOqut, Opu)

p,q—
L (o0 “(b
+§,Z=1:< u,u>(,-)——§( u,u) + (cu,u),

for any real u e H*(Q), where

b= z;aq(bq)a b = :nz(zi)bﬂn'
q= q=

From Green’s formula (I), we have

) = Sty -2 { (=55 )oe),

ieN ieN
& b
— Y (apgQqv, 3p0) + ((c - —2—) u, u).
pq=1

) (1)
Assume that ¢ —bT =0 (ieN) and c——g < 0, then we have
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Sllasoll® < A1 Mol + 37 <D <o,

ieN

From [Proposition 1.2, we have

> <3y +lIvl? = Cllowll?,

ieN

therefore

ieN ieN

S 032, + ol = c{uinz s <ﬁ<f>>z,.)}.
Hence we have

. O b
PROPOSITION 2.1. Assume that ¢\ — b? =0 (ieN) and c — 3 < 0. Then it
holds that

uy? + |ull} = C{ AP+ <5 10+ <h"')>(2,-)}
ieD ieN

for any ue H**?(Q) satisfying (P), where

wyr = Y wp.

ie DUN

By the integration by parts, we have

LEmMMA 2.3 (Green’ formula (II)). It holds

(Au,v) — (u, A*v)

= S {KWd/dn)u, vy ~ <u, (d)dn > + 6Du, vy}

ie DUN
for any u,ve H*7(Q), where
Z Op g0y Za by+c= Z 8y 540, —f:bqanr(c—b)
p.q=1 p.g=1 g=1
From Green’s formula (II), setting
= (d/dn") + 6 — b (ie DUN),

we have
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(Au,v) — (u, A*v) = Z {<Bi,u, 0>y — <u, Biv))}-

ie DUN

Hence we have an adjoint problem for (P):

Av=f 1nQ,
(P") {vzg(i) onI; (ie D),

Bv=h") onT; (ieN).

Since the type of (P’) is the same as that of (P), we have from [Proposition 2.1

L bl b
PROPOSITION 2.2. Assume that o) — - >0 (ieN) and c — 2 < 0. Then it
holds

WY+ ||o))} < C{I|f||2 +3 <, <h(")><%->}

ieD ieN

for any ve H*?(Q) satisfying (P').

According to Theorem I in [3], we have from [Proposition 2.2

, (@)
THEOREM 1. Assume that o —%— =0 (ieN) and c—g <0. Let fe

L?(Q), then there exists a #-weak solution ue L*(Q) for
Au=f inQ,
(P) {uzO onT; (ie D),
B,-u4=0 on I',- (zeN),

where #-weak solution is defined as follows.
H# is a Hilbert space defined by the completion of H**?(Q) by the norm:

lallZy = N4 ul® + 3" <Dl 1y, + > <Bidl.

ieD ieN

We say that ue L*(Q) is #-weak solution of the problem (P), if there exists
we H such that u= A*w and

[W,U]”_:(f,U)Lz(Q) (UG%)?

where [w,v),, is the inner product of #, which is derived from the norm | - || 4.
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§3. Dirichlet-Neumann Problems for 37 — A

We consider the following initial boundary value problem in §3:

(@ —-Au=f in(0,T)xQ,

u=g® on (0,T) xI; (ie D),
Biu = h® on (0,T) xI; (ie N),
u=uy,duu=u on{t=0}xQ,

(P)

where Q, A4, B; are the same ones as in §2. Since Q is a p-manifold of dimension
nin R", (0,T) x Q is a (p + 1)-manifold of dimension n+ 1 in R"*!. Following
notations of norms and inner products are used in §3:

I ls =11 (o, 1)
-1l =1 llos G, =0, ')Lz((O,T)xQ)a
<- >(i),s = ”HJ((O, T)xL;)»
COm =<0 $Hom = 6o )iz, myxny
['](;),s = |- ||Hs({z=z}><n)’
['](z) = [‘](:),o, [ ‘](;) = (-, ')LZ({z=z}xQ)a
- >>(i,t),s = ”H’({t:t}x[‘,»)a
CDin =€ Dino € Din =y )aq=ngxn)
LemMaA 3.1. Let ue H3*?(Q) satisfy (P). Then there exists a function g such
that
g=9¢% on (0,T)xI; (ieD)
and

S

S
> 10lgl0y.en + D D L@/dn D) g o+ lglls £ C Y <gidy o (5=1,2).
j=0

i=1 j=0 ieD
Set v=u— g, then v satisfies

@*—Aw=f in (0,T)xQ,

v=0 on (0,T) xI; (ie D),
(PO) 7 (i) .

Bv=h on (0,T)xTI; (ieN),

v=1g,0v=1i on {t=0}xQ,
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where
f=f- (0} — A)g, KD =hD —Bg, itp=uo— 9li—oy W1 = Uy — 0ugl,—g,

which satisfy
[VE C{Hfll +Y <, 2+p}

ieD

<h(i)>(i),1 =+ Z <g(i)>(i),2+p},

ieD

.
[to](0).1 = {[uo](om + Z<g(i)>(i),l+p}’

ieD

[y = C{[ul](m +> <9(i)>(i),1+p}-

ieD

PrOOF. Since u € H*?((0, T) x Q) satisfies (P), {g®) on (0,T) x I (i e D)}
satisfy (#). Therefore, from [Proposition 1.1, there exists a function g satisfying
above properties. O

Setting
V = e"”v, F = e_ytf, HY = e—ytﬁ(i), Uy=uy, Ui=u (y > 0),
(Po) is transformed to |

(0, +9)2—AV=F in(0,T)xQ,

V=0 on (0,T) x I; (ie D),
B,V = H(® on (0,T) xI; (ieN),
V=Uy,(0:+y)V=U; on{t=0}xQ.

(Po),

Therefore energy estimates for (P) follow from those for (Py),.
Now we try to get energy estimates for (Py),. By the integration by parts, we
have

LEMMA 3.2 (Green’s formula (III)). It holds

(B + )2 = AV, (0 +)V)

= (1/2){[(51 +7) V](ZT) + Z [@pq04 V', Op V](T)}
7.4
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- (1/2){[(5r + V)V](20) + Z (4404 V', p V](O)}

p.q

+ V{”(at +n) VI + Z(apqaq V,0p V)}

P9

~ 3" @/dnyv, @+ vy

ie DUN

- (Z bg0qV, (0r + 7) V) —(cV, (0 +7)V)
for any real V e H*((0,T) x Q).

Applying Green’s formula (III) for V satisfying (Po),, we have
IFI(0: +») VIl
2 (1/2){[(0: +») V](ZT) + J[0x V](ZT)}
= (1/2){[Uilf) + CloxUoligy} + 7{II(2: + 1) VI* +8l12: V%)

=S KHD @i+ )V 0 = Y KDV, (0 + 7))V

ieN ieN
= C(llox VI + IVIDII@: + ) V.
Now we consider

I =<HWY, (O +9)V>i and Ji= <V, (8, + NV -

Since
I =(=0,+ ) HD, Vi + KHD, VY 1) — KHYD, VY0,
we have
i = {<(=00 + ) HD ) + CHD Y 1) + KHD Y 0}
X VD0 + &V im) + <V i0}
Since

Ji = y<aDV, Vi — (1/2)(86D)V, V',

+(1/2)46DV, VY ) — (1/2)K6DV, V(i 0y,
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we have

il £ CXVG + <V + <Vt 2 1),

From [Proposition 1.2, we have

KVt < Clox ViVl = CV_I/Z{[axV](Zz) + V[V](Zt)}-
Integrating both sides with respect to ¢, we have
N = O oV +7IvI*)-
Hence we have
|| + |3
< (=0 + P HOY + KHOYE 1y + CHOYE )
+ Cy 2 1eV 12 + 21V
+ ([0x V](ZT) + J’[V](ZT)) + ([5xV](20) + J’[V](ZO)} (y=1).
By the way, |
LemmA 3.3. It holds
{0V 1iry + 72 V)i + v{l0 V12 + 771V 1%
< 3{[(0: + ) V](zr) +l@ + VI + )’Z[V](ZO)} |

for any V e H*((0,T) x Q).

PrOOF. Since

[@c+ 9V 2 (1/3)[0:V iy — /2P Ve,

and
Y@+ y) V11> = p{llo.VII> + 2 IVIPY + v {@V, V) + (V,8,V)}

=2{llo V1> + 72V} + (Vi) — V1l b

we have
[0+ )V +7ll(8c+ ) VI

2 {16V + 2 IVIEY + (1/3) 0V i + /272 Ve = V]G O
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Owing to [Lemma 3.3, we have
{0V I% + 16xVII% + PNV I} + {18V Nry + [0V 1y + 72V )i }

< c{y—' IFI? + 37 0HOY) + 37 2 CHOY,

ieN ieN
Uyl2, + [0x Ul 21 U] 2 >
+ [Uil{oy + [0xUbl (o) + 7" [Uo)(oy ¢ (¥ 2 0)-
Hence we have

{01 + l10x0l1* + 101} + {18:0]¢r) + [0x0](ry + [o)r)}

< c{ AN+ ) <0 D528+ A2 + [in]Gy) + [Bxiio]fyy + [ﬁmﬂ&»},

ieN ieN

that is,

0N} + {[6:0)er) + [0)iry. 1}

< c{ A1+ 37 <D |+ (]G, + [ao]?m,l}

ieN

< C'{Hf”2 + ) RO |+ [y + [Mollyy + > <g(i)>(i),2+p}‘

ieN ieD
Here we have
ProrosITION 3.1. It holds that
2 2 2
lluelli + {[0d](y + [y 1}

< C{”f“2 + Z gDV @), 240 + Z ChYE |+ [ul](20) + [uO](ZO),l}

ieD ieN
for any ue H***((0,T) x Q) satisfying (P).

By the integration by parts, we have
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LEMMA 3.4 (Green’s formula (IV)). It holds that
(67 — A)u,v) — (u, (97 — 4™)v)
= {[0mu, v](T) — [, atv](T)} — {[0wu, U](O) —[u, 6,v](0)}

— 3" {K(@d/dnyu, v — <u, (d/dn) — bD)od iy}

ie DUN

Sor any u,ve H*((0,T) x Q).

Set _
B = (d/dn) + o — b,

then we have from Green’s formula (IV)

(87 — A)u,v) — (u, (97 — 4")v)
= {[0su, U](T) — [u, atU](T)} — {[0m, U](O) — [u, atl’](O)}
- Z {<{Biu, ) — <u, Bjv)}.

i€ DUN
Hence we have an adjoint problem for (P):

(@ —-A4w=f in(0,T)xQ,

v=g® on (0,T) xI; (ieD),
Blv = h®) on (0,T) xI; (ieN),
v=up,0w=u on{t=T}xQ.

(P)

By the variable transformation: ¢t =T — ¢/, (P’) becomes the same type
problem as (P). Therefore we have from [Proposition 3.1

ProposiTioN 3.2. It holds that

o1} + {[8e]G) + [0y 1}

< C{ LI+ D <a D049 + D <HOYE |+ [mi)ip) + [uo]?n,l}

ieD ieN

for any ve H3**((0,T) x Q) satisfying (P’).

According to Theorem I in [3], we have from [Proposition 3.2]
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THEOREM 2. Let f € L*((0,T) x Q), then there exists a #-weak solution u €
L*((0,T) x Q) of

(> -~ Au=f in (0,T) x Q,

(P) u=20 on (0,T)xTI; (ieD),
Bu=0 on (0,T)xI; (ieN),
u=0u=0 on {t=0} xQ,

where #-weak solution is defined as follows.

# is a Hilbert space defined by the completion of H***((0,T) x Q) by the
norm:

2 x 2 2
lull% = 11(8] — 4 Jul|® + Z <u>(2i),2+p + Z <B;”>(2i),1 + [0 (1) + [Ty 1-
ieD ieN
We say that ue L*((0,T) x Q) is #-weak solution of the problem (P), if there
exists w € # such that u= A*w and

W, 0] = (f U)L2((0, T)xQ) (Vv e ),

where [w,v],, is the inner product of #, which is derived from the norm || - || .
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