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A CLASS OF REAL-ANALYTIC SURFACES
IN THE 3-EUCLIDEAN SPACE

By

Naoya ANDO

Abstract. A smooth surface S in R® is called parallel curved if
there exists a plane in R* such that at each point of S, there exists
a principal direction parallel to the plane. For example, a plane, a
cylinder and a round sphere are parallel curved. More generally, a
surface of revolution is also parallel curved. The purposes of this
paper are to study the behavior of the principal distributions on a
real-analytic, parallel curved surface and to classify the connected,
complete, real-analytic, embedded, parallel curved surfaces.

1. Introduction

Let S be a smooth surface in R® and Umb(S) the set of the umbilical
points of S. If S\Umb(S) # ¢, then there exists a one-dimensional continuous
distribution on S\Umb(S) which gives a principal direction at each points of
S\Umb(S). Such a distribution is called a principal distribution on S. Let py be
an isolated umbilical point of S. Then the indices of py with respect to two
principal distributions coincide with each other. The common number is called
the index of pp on S and denoted by ind, (S). Let (x, y) be local coordinates
around po such that py corresponds to (0,0) and ry a positive number such
that po is the only umbilical point on {x?+ y*> <r§}, and let g5 , denote a
continuous function on (0,rp) X R such that for any (r,0) € (0,r9) x R, a tan-
gent vector cos @, , (r,0)0/0x + sin ¢, (r,0)0/0y is in a principal direction at
(rcos 6, rsin 8). Then the index ind,,(S) is represented as follows:

¢S;po(r70+2n) _¢S;p0(r,9)' (1)

indpo (S) = 217
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Let 2% be the set of the homogeneous polynomials in two variables of degree
k = 2 and 2F the set of the elements of 2* such that on each of their graphs, the
origin o := (0,0,0) of R is an isolated umbilical point. For g € 2% and for 0 € R,
set () := g(cos 6,sin 6). In [1], we studied the behavior of the principal distri-
butions around o on the graph G, of g € #*. Then we divided the study into two
cases: dg/df =0 and dG/d0 £0. If g € 9(’," satisfies dg/df = 0, then the “position
vector field” xd/0x + y0/dy is in a principal direction at each point of G,, and
from this together with formula (1), ind,(G,) = 1 follows. For g € ¥ satisfying
dg/do # 0, we mainly paid attention to the relation between the behavior of the
principal distributions and the behavior of the position vector field around a point
at which the position vector field is in a principal direction, and we presented a
way of computing ind,(G,) and proved ind,(G,) € {1 — k/2 + i}f.’;/ozl. In [2], we
have further studied the behavior of the principal distributions in relation to the
existence of other umbilical points than o, around a point at which the position
vector field is in a principal direction. We may find such a point, because Euler’s
identity holds for any homogeneous polynomial. In order to study the behavior of
the principal distributions around an isolated umbilical point on a general surface
by a similar method, we need some other vector field than the position vector
field.

For a smooth function f of two variables x, y, we set

of of o’f o’f o’f
pf 2=a, qf 225, rf I=5—;5, Sf ZZ——axay, thZa)?,

_ Pf) 1. (—Qf) ,_ ('f Sf)
rad, := , grad; := , Hesss := .
B (qf s Py T \y

Let (,) be the scalar product in R? and set
wyr := (Hessy grad,, grad; ).
In Section 2, we shall prove the following:
PROPOSITION 1.1. Let f be a smooth function of two variables and Gy the
graph of f. Then at a point of Gy, the gradient vector field of f is in a principal
direction if and only if @, =0 holds.

For g e #*, we see by Euler’s identity (k — 1) grad, = Hess,'(x, y) that

(k — 1), = det(Hess,) Z—g (6) (2)
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holds at (cos @,sin ) for any 6 € R. Therefore w, =0 holds if and only if
det(Hess,) =0 or dj/df = 0 holds. If g e #* satisfies det(Hess,) = 0, then there
exists a vector !(a, §) € R? satisfying g = (ax + By)*, which implies g ¢ 2*. There-
fore we see that for g € 2%, w, = 0 (resp. #0) is equivalent to dgj/df = 0 (resp.
#0) and this leads us to study the behavior of the principal distributions in
relation to the behavior of the gradient vector field. In [2], we have carried out
this on G, for g e 2.

Let «/® be the set of the real-analytic functions defined on a connected
neighborhood of (0,0) in R? such that for each F e .2/, F(0,0) = pr(0,0) =
gr(0,0) = 0 hold, and ./ the set of the elements of & such that on each of
their graphs, o is an isolated umbilical point. One of the purposes of this paper is
to study the behavior of the principal distributions around o on the graph Gg of
F e o/ satisfying wr =0 and the index ind,(Gr) of o for Fe of? satisfying
wr = 0. In Section 5, we shall prove the following:

THEOREM 1.2. Let F be an element of doz satisfying wr = 0. Then G is part
of a surface of revolution such that o lies on the axis of rotation; at any point of
Gpr, the position vector field is in a principal direction and ind,(Gfg) =1 holds.

THEOREM 1.3. Let F be an element of do(z)\doz satisfying wr = 0. Then one
of the following holds:
(1) GF is part of a plane or a round sphere;
(2) There exist a neighborhood U, of (0,0) in R* and a real-analytic curve Cy
in U, satisfying the following:
(a) Co={(x,y) € Up; F(x,y) =0},
(b) Co=Umb(GF, ) or Umb(GF), ) = & holds,
(c) For any point q € Cy and for the plane qu in R normal to Cy at q, the
set C; := PN Gpy, is a real-analytic curve such that at each point of
C‘}‘-, a tangent vector to C;IL is in a principal direction of Grp.
REMARK. For an integer / = 3, let /") be the subset of «//» such that for
any Fe Jzio(’) and for non-negative integers m,n = 0 satisfying 0 < m+n </,
(0™ F /8x™dy")(0,0) = 0 holds. For each F e .o/’ there exists an element
fre .52/0(3) satisfying Umb(Gr_5.) = Gr_s,, and there exists a homogeneous poly-
nomial gr of degree kr satisfying fr — gr € djk’+l). Let /2 be the subset of
2/} such that each F € o/, satisfies gr € 2/, In [3], we have mainly studied the
behavior of the principal distributions around o on Gr for F e dozo satisfying
wr # 0 and proved ind,(G,,) <ind,(Gr) £ 1 for F e /2.
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The gradient vector field of a smooth function f is in a principal direction at
a point of Gy if and only if there exists a principal direction at the same point
parallel to the xy-plane. A smooth surface S in R? is called parallel curved if
there exists a plane P in R* such that at each point of S, there exists a principal
direction parallel to P; if S is parallel curved, then such a plane as P is called a
base plane of S and the set of the base planes of S is denoted by %s. A plane,
a cylinder and a round sphere are examples of parallel curved surfaces. More
generally, a surface of revolution is also parallel curved. We see by
1.1 that a smooth function f satisfies oy = 0 if and only if Gy is a parallel curved
surface such that the xy-plane is an element of %g,. A surface does not have to
be entirely represented as the graph of a function so that the surface is parallel
curved. The other of the purposes of this paper is to classify the connected, com-
plete, real-analytic, embedded, parallel curved surfaces.

Let G, C, be real-analytic, simple curves in R? with the unique intersection
P(cy,c,) and contained in planes Py, F,, respectively. Then a pair (Cs, Cy) is called
generating if we may choose as F, the plane normal to Cy at p(c, c,); if (Cp, Cy)
is generating, then C, and C, are called the base curve and the generating curve
of (Cs,C,), respectively. In Section 4, we shall prove the following:

ProposITION 1.4. Let (Cp, Cy) be a generating pair of which Cp (resp. C,)
is the base (resp. generating) curve. Then there exists a connected, real-analytic,
parallel curved surface So which contains a neighborhood of pc, c, in CpUC,
and satisfies Py € Bs,. In addition, if S(()l) and S(()z) are such surfaces as Sy, then
S(()l) ﬂS(()z) is also such a surface.

For a generating pair (Cp, C,;), the maximum of such surfaces as Sp in
[Proposition 1.4} is denoted by S, c,)- In Section 6, we shall prove the following:

THEOREM 1.5. Let S be a connected, complete, real-analytic, embedded, par-
allel curved surface. Then S is homeomorphic to a sphere, a plane, a cylinder, or to
a torus. In addition,

(1) if S is homeomorphic to a sphere, then S is a surface of revolution which

crosses its axis of rotation at just two points;

(2) if S is homeomorphic to a plane, then one of the following holds:

(@) S is a surface of revolution which crosses its axis of rotation at just
one point,

(b) S =S¢, c,) holds, where (Cy,C,) is a generating pair each element
of which is isometric to R,
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(3) if S is homeomorphic to a cylinder, then S = S(c, c,) holds, where (Cy, Cy)
is a generating pair such that one of Cp and C, is isometric to R and the
other a simple closed curve,

(4) if S is homeomorphic to a torus, then S = S(c, c,) holds, where (Cy, C,) is
a generating pair each element of which is isometric to a simple closed

curve.
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2. Preliminaries

Let f be a smooth function of two variables x, y, and Gy the graph of f.
We set

Ef =1 +p},_ Fr = Prqy, Gf =1 +q},

Lyo—— M= Noo= U
T A1y T aedy)” YT aeTy)’

- where det(Iy) := EfGr — Ff2 The Weingarten map of Gy is a tensor field Wy on
Gy of type (1,1) satisfying

(@) ()] - [ 2w

Er Fy )_1 < Ly Mf)
Wy = .
F Gy M; Ny
A principal direction of Gy at (xp,yo) is a one-dimensional eigenspace of

Wr (xo,30)- L€t PDy be a symmetric tensor field on Gy of type (0,2) represented
in terms of the coordinates (x, y) as

where

PD !

o= \/det(If)

{Ar dx* + 2By dxdy + Cr dy*},

where
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Af = Efo - Fj'Lf, ZBf = Efo - Gfo, Cf = Ffo - Gfo,
dx? :=dx @ dx, dxdy:= %(dx ®dy+dy ®dx), dy*:=dy®dy.

For vector fields Vi, ¥, on Gy, the following holds:
PDs(V1, V) (6 N 6)

1

26400 V/det(ly)

Therefore we obtain

PROPOSITION 2.1. A tangent vector vy to Gy at (xo, yo) is in a principal
direction if and only if PDy (v, y,)(vo,00) = 0 holds.

Let Ds,N; be symmetric tensor fields on Gy of type (0,2) represented in
terms of the coordinates (x,y) as
Dy := sy dx® + (ty — ry) dxdy — 5y dy?,
Ny = (syp} — prayry) dx* + (P} — rrqp) dxdy + (prdsty — srqf) dy*.
Then we obtain det(I;)PDy = Dy + N;. For a vector field V on Gy, we set
Dy (V) :==Dy(V, V), Ny(V):=Ny(V, V),
PD/(V) := PD;(V, V).

For ¢ € R, we set

cos ¢ 0 . 0
Ug 1= (sin¢>’ U, '—COS¢5)—C+Sm¢6_y'

Then we obtain

LEMMA 2.2. For any ¢ € R, the following hold:

Dy(Uy) = (Hessy ug, tpir/2),

N/ (Uy) = {grad,,us){grads, Hessy uy.

We set

2 8 2 2
Grad; :=pr -+ 4r5. Grad; := —g/— tpr g

We shall prove
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PROPOSITION 2.3. At each point of Gy, the following conditions are mutually
equivalent:

(1) @y =0;

(2) Ar + Cr = 0;

(3) Grad; is in a principal direction of Gy;

4) Gradf is in a principal direction of Gy;

(5) there exists a principal direction parallel to the xy-plane.

Proor. The following holds:
wy = (Af + Cy) det(If).
Therefore we see that (1) is equivalent to (2). By Lemma 2.2, we obtain

@y = PDy(Grady) = —det(I;)PDy(Grady ).

Therefore we see by [Proposition 2.1 that (1), (3) and (4) are mutually equivalent.
It is easily seen that (4) is equivalent to (5). O

From [Proposition 2.3, we obtain [Proposition 1.1.

3. Parallel Curved Surfaces

Let S be a connected, real-analytic, embedded, parallel curved surface and
for P e %s, let Eg p be the subset of S such that for any g € Eg p, the tangent
plane T,(S) to S at g is not parallel to P. We see that Eg p is an open set of S.
If there exists an element Py of %s satisfying Eg p, = &, then we see that S is
part of a plane in R3. In the following, suppose Hs p # & for any P e %s.

For Pye Bs and for qeEsp, let P , be the plane in R?® through ¢
perpendicular to Py and to T,(S), and C,%O 4 the connected component of
P, ,NEs, p, containing g. We shall prove

PROPOSITION 3.1.  The plane Py, , is perpendicular to T,(S) for each p € Cp, ,.

Proor. For each g€ Zs p,, there exist orthogonal coordinates (&£,v,{) on
R? satisfying the following:

(1) the point g corresponds to (0,0,0);

(2) the &C-plane Py, is parallel to Po;

(3) the v{-plane Py is equal to Py .
Then we see that the {v-plane P, is not perpendicular to T, (=Zs, p,). Therefore there
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exist two positive numbers &y, vp > 0 and a real-analytic function F defined on a
neighborhood Uy, ,, := (—&p, &) % (—vo,v0) of g in Pg such that the graph
Gp. of F' is a neighborhood of ¢ in Egp. The function F! satisfies
F+(0,0) = (0F+/8¢)(0,0) = 0. We see that at each point of Gr., the tangent
vector d/d¢ is in a principal direction. Therefore by [Proposition 2.1, we obtain

?FL OF\*|  OFL oFL 3°F+L
-1+ (=) )= : 3)
0&dv o0& ok ov o

on Uz ,,. We may represent F! as

0

FH(& ) = ayés/,

i,j=0

where o; € R and where ag = aj9o = 0. Then at (0,v) € Uy, ,,, we may rewrite (3)

into
0 S 2
(Z(}‘I" l)oquvj) X (1 + (Z oqjvj) )
=0 =0

= Z(i aljvj) X (i(}-{— 1)0(0j+1vj) X (Zoo: aZjUj) . (4)
=0

j=0 =0

Since ajo = 0, we obtain a;; = 0. Generally, we see by (4) that if each element of
{O(lk}lj;(l) for j e N is equal to zero, then «; is also equal to zero. Therefore we
obtain aj; = 0 for any j € NU{0}. Then for any v € (—vp, vo), (0F*/0&)(0,v) =0
holds. This implies that T ,)(Gr.) is perpendicular to P,;. Noticing Py = Py

P()sq’
we obtain [Proposition 3.1. O

COROLLARY 3.2. The following hold.

(1) Cp, 4 is a real-analytic curve;

(2) A4 principal direction of S at each point of CI%O, g parallel to Py is per-
pendicular to Py, .;

(3) A4 nonzero tangent vector to Cp, q at each point of Cs, q IS in a principal

direction of S and not parallel to P,.
We shall prove

PROPOSITION 3.3. Let F be an element of .5210(2) satisfying wrg = 0. Then one
of the following holds:
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(1) Gr is part of a surface of revolution such that o lies on an axis of rotation;
(2) There exist a neighborhood V, of o in the xy-plane P, and a positive
number & > 0 and a real-analytic curve y, in V, for each &€ (—é&),¢)
satisfying the following:
(a) Vo= Uae(—ao,so) Ves
(b) for any ¢ € (—ey,&) and for any (x,y) €y, |F(x,y)| = |e| holds,
(¢) if a line I* in Py, is normal to y, at a point of I+ Ny, for some
e€ (—e, &), then for any &' € (—&y,&), I+ is normal to y, at any
point of I+ Ny,.

To prove Proposition 3.3, we need lemmas.

For any ¢eR, we set wuy(x,y):= (cos@)x+ (sing)y. For an element
Feo/?, it is said that F is of one-variable if there exist a number ¢, € R and
a real-analytic function fr; defined on a neighborhood of 0 in R satisfying
F = fr10uy, around (0,0), and it is said that F is radial if there exists a real-
analytic function fr , defined on a neighborhood of 0 in R satisfying F = fr ; o r?
around (0,0), where r(x, y) := y/x2 + y2. We shall prove

LEMMA 3.4. Let g be an element of #*. Then wy = 0 holds if and only if g is
of one-variable or radial.

PrROOF. We see from equation (2) that w,; =0 holds if and only if
det(Hess,) =0 or dg/df = 0 holds.

If dg/d6 =0, then g is radial (see [I]). Suppose det(Hess,) =0 and
dg/df # 0, and let g attain a nonzero extremum at 6, € R. If we represent g
as

k
g = Z a;ug, (X, Y)k_lu00+n/2(x7 y)”
=0

then by (dg/df)(6p) =0, we obtain a; = 0. In addition, by det(Hess;) = 0, we
obtain g; = 0 for each i e {2,...,k}. Therefore we see that g is of one-variable.
If g is of one-variable (resp. radial), then by direct computation, we obtain
det(Hess,;) = 0 (resp. dg/df = 0).
Hence we have proved Lemma 3.4. O

For integers ki, k», k3 = 2, let g1, 92,93 be elements of 22X 2% 2k respec-
tively. We set
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L
tg,.92,9, = CHessy, gradgz, gradw),

Tyls92a93 = E : tgjl,gjz,g,-3-
{jlaj27j3}={11273}

We shall prove

LEMMA 3.5. Suppose k3 = k; = k), and that g, and g, are radial. Then g3 is
also radial if and only if Ty, g,.4, =0 holds.

Proor. If g; and g, are radial, then k; and k, are even. If we set g; = rk

for j =1,2, then we obtain
lg;\ 9095 = _'klkz(kjl - l)rk1+k2_4(xq93 - ypgs)a
tg/" ’ngjz = klk2rkl+k2_4(xqg3 - yp93)7

tys g0, = Kika(ks — )r¥ =4 (xq, — ypg,),
where {j1,j>} = {1,2}. Therefore we obtain
Ty1.00,9s = k1k2(2k3 — ky — k2 + 2)rkl+k2—4(xqgs — ¥Pg3)-

Since k3 = ky = k;, we see that Ty 4, ., =0 is equivalent to xq, = yp,. In
addition, noticing that xq, = yp,, is equivalent to dg;/df =0, we see that
Ty 42,9, =0 holds if and only if g; is radial. Hence we have proved
3.5. O

PROOF OF ProPOSITION 3.3. We may represent F € 2 as F:=3,,,F®,
where F() e #'. We suppose F # 0 and set

IF = {i()EN;F(iO) ?50}, mr = min IF.

Then we may represent wr as

wWF = Z LR, FlR) i)
JniJs€lr
and we obtain @ws™ ™ = @ pmp. Therefore by we see that if F e o/
satisfies wr = 0, then F"r) is of one-variable or radial. If Ir = {mF}, then we
obtain [Proposition 3.3
Suppose Ir # {mr} and that Ir is a finite set. Then set n:= I and let
i1,...,i, be the integers satisfying iy < --- < i, and Ir = {§}.,. If F®), . F&
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are radial for je {l,...,n— 1}, then we see by Lemma 3.3 that FU+) is also
radial. Therefore we see that if F("f) is radial, then F is also radial. If Ir is an
infinite set, then we obtain the same result. Hence we see that if F("F) is radial,
then Gr is part of a surfece of revolution such that o lies on an axis of rotation.

Suppose Ir # {mr} and that F) is of one-variable. Then we may suppose
Fmr) = xmr_ For each g € Gr, let TI} be the set of the planes in R® through ¢
such that each P+ e I'I;IL is perpendicular to Py, and to T,(GF) for any point p of
the connected component of PL N Gy containing ¢q. By [Proposition 3.1, we obtain
fII; =1 for any g e Zg, p,. In addition, we shall prove

LEMMA 3.6. If F is not of one-variable, then the following hold:
(1) For each q € GF, ﬂHj =1 holds; |
(2) the xz-plane Py, is the only one element of I1}.

Proor. By wr =0, we obtain grpu(x,0) =0 for any xe R and for any
i € Ir. Therefore we obtain P, € H;,L and P, = Pity, q for any g € P, NEg, p,,- We
easily see that for any ¢ e (—n/2,7/2)\{0}, the plane perpendicular to P, and
determined by uy is not an element of IT1. Therefore we see that for each g € G,
#IT; =1 or =2 holds and that if §II; =2, then the two elements of II; are
perpendicular to each other. Suppose that there exists a point go € GF satisfy-
ing HIT, =2. Then we see that for any ge Gr, an element of I, is par-
allel or perpendicular to P,,. Therefore by [Proposition 2.3 and by [Corollary 3.2,
we see that each of d/0x and 0/dy is in a principal direction at each point of
Gr and that F is of one-variable. Therefore we obtain ﬂH;IL =1 for any q € Gp.
Particularly, IT} = {P,,} holds and we have proved O

Suppose that F(r) is of one-variable and that F is not of one-variable. Then
for each g € Gr, we denote by P;Ii the only one element of qu. Then we may
find a positive number yo > 0 and an open line segment /, in P, through (0, y)
for each y e (—yo, yo) satisfying the following:

(1) l, = P(J(),y,F(O,y)) holds for any y e (—yo, yo);

2) ¥, := e (=yo.30) I, is a neighborhood of o in~ Pyy.

In addition, we may find a real-analytic vector field on ¥, nonzero and tangent to /,
for some y € (—yo, yo) at each point of ¥,. Therefore we may find a neighborhood
V5 of 0 in P, and a positive number & > 0 and a real-analytic curve y, in ¥, for
each &€ (—e&, &) satisfying (a)~(c) of (2) of [Proposition 3.3, If F is of one-
variable, then we may easily obtain the same result. Hence we have proved
[Proposition 3.3, O
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4. Generating Pairs

Let P be a plane in R* and I'p the set of the real-analytic, simple curves in
P, and for C e I'p and for a point p € C, let Lj be the line in P normal to C at
p. Then for C,C e I'p, we write C ~ C if and only if there exists a continuous
bijective map «. = from C onto C satisfying Lj‘-cc'( » =1L, forany peC. It is
seen that ~ is an equivalence relation in I's. We denote by I'c the equivalence
class of CeTp, and by X(C) the connected component of the set () crere €
containing C. We immediately obtain

LeMMA 4.1. For C eTI'p and for each p € C, there exists a neighborhood O,
of p in C such that £(0,) is a domain of P.

For each plane P in R, we denote by Proj, the map from R* onto P such
that if a line L is perpendicular to P, then Projp(L) consists of the only one
point of PN L. Then by |Corollary 3.2/ and by [Proposition 3.3, we obtain

PROPOSITION 4.2. Let S be a connected, real-analytic, embedded, parallel
curved surface and Py an element of $Bs. Then for any q e S, just one of the
following holds:

(1) S is part of a surface of revolution such that the line through q per-

pendicular to Py is an axis of rotation of S;

(2) There exists a neighborhood U, of q in S such that if Py and P, are
base planes of S parallel to Py and satisfying PiNU; # & for i =1,2,
then each connected component C; of Projp (P;N\U,) is an element of Tp,
satisfying C; ~ C,.

COROLLARY 4.3. Let S be a real-analytic, embedded, parallel curved surface
and Py an element of #Bs and q a point of S for which (2) of Proposition 4.2
holds. Then there exists a generating pair (Cy, Cy) of which Cp (resp. C,) is the
base (resp. generating) curve and which satisfies q = p(c,,c,)» Cp, Cqy = S and that
Py is parallel to Py.

PrOOF OF ProposiTION 1.4. Let (Cp, C;) be a generating pair and P, F,
planes satisfying C, = Py, C; = F; and that F; is normal to C, at p(, c,), and
Pt the plane through p(c, ¢,y perpendicular to P, and to F,. If C; = Py, then
we see that a connected, real-analytic, parallel curved surface Sy which contains
a neighborhood of p(c, ¢, in CpUC, and satisfies P, € &5, is part of Pp. In
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the following, suppose C, & P,. Then by [Lemma 4.1, we see that there exist
neighborhoods 0y, O, of p(c, c,) in Cp, Cy, respectively satisfying Projp, (0,) =
2(0p) and the condition that Projp,. embeds each connected component of
O,\{P(c,,c,)} into P+. For Oy, Oy, there exists a real-analytic surface S satisfying
Op,0, = S and the condition that if P is a plane parallel to P, and satisfying
PNO, # &, then each connected component of Projp, (PNS) is an element of
I'o,. The minimum of such surfaces as S is denoted by Sop, o,- Then we see that
P, is not parallel to T,(So,,0,) for any q € S, 0,\0s. For each g e S0s,0,\0s,
let (¢,0,0) be orthogonal coordinates on R® satisfying the following:

(1) the point g corresponds to (0,0,0);

(2) Py is parallel to Pp;

(3) Py is perpendicular to P, and to T,(So,, o0,)-
Then there exist two positive numbers &,,vp > 0 and a real-analytic function F+
defined on a neighborhood Uy, ,, := (—&p, &) X (—vo, vo) of g in Pg, such that the
graph Gp. of F' is a neighborhood of ¢ in So, 0,\O0s. Then we obtain

OF+ o*FL
6—6(0,0_) Eo0 0,v) =

for any v € (—uvp, v9). Therefore by [Proposition 2.1, we see that each of d/0¢ and
0/0v is in a principal direction at (0,v, F-(0,v)) for any v € (—vp,v9). Since 9/0¢&
is parallel to P,, we see that So,,0,\Op is a parallel curved surface satisfying
Py € Bs,, o,\0,- Then we see that a tangent vector to O, at each point of O, is

in a principal direction of So, 0,. Therefore Sp := Sp, 0, is a parallel curved
surface which contains a nelghborhood O,U O, of pc, c,) iIn CoUC,; and sat-
isfies Py € #s,. It is clear that if S(1 and S(Z) are parallel curved surfaces which
contain a neighborhood of p(c, ¢, in CbU C, and satisfy P, e # 50 for i=1,2,
then S5 NS is also such a surface as S{). Hence we have proved [Proposition|

1.4. O

5. Proof of and

Suppose that F e «/? satisfies wr =0 and (1) of [Proposition 3.3. Then F
is radial. Then the following hold:

radp =2—"or ,
gradp dp y

= 2 -~ +4 7 ) :
Hessr 0 1 5-or 2
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Therefore by Lemma 2.2, we obtain

det(Ir)PDf(U,)

d*fr 2 dfr,2 3
= 4{- 5 or? + 2[—dp— or? ug(x, y)ug(—y, x).

This implies that the position vector field xd/0x + yd/dy is in a principal direc-
tion at any (x,y)e Gp. If d*fr2/dp? # 2(dfr 2/dp)’, then we obtain F e s>
and by formula (1), we obtain ind,(Gr) =1. If dfr./dp® = 2(dfr.2/dp)’,
then fr, =0 holds or there exists a positive number ar > 0 satisfying fr, =
Var — \/ar —p or = —\/ar + \/ar — p. Therefore we see that Gr is part of a
plane or a round sphere.

Suppose that F e «/\? satisfies wr =0 and (2) of [Proposition 3.3, Then we
see that there exist a neighborhood ¥, of o in P,, and a real-analytic curve y,
in ¥V, satisfying y, = {(x, y) € V; F(x, y) = 0}. For each Fy € «¥ and for each
qo = (X0, Yo) € 79, We set fr, q(x,y) := Fo(x — x0, ¥ — yo). The function fg, 4, is
defined on a neighborhood of ¢o in P,,. We shall prove

LemMA 5.1. For each qo € y,, there exists an element Fy, of AP satisfying
Gfrqquo c Gr and mg, = mg.

ProOF. There exist positive numbers uy,vp > 0 and a real-analytic map ®
from Uy, := (—up,up) X (—vo,vp) into ¥, satisfying the following:
(1) The Jacobian of ® is nonsingular at each point of Uy ,,;
(2) for any u’ € (—uo,up), ® maps the open line segment {u = u'} in U, ,,
into y, for some ¢ € (—é&,é&);
(3) for any v’ € (—vp, v9), ® maps the open line segment {v = v’} in Uy,
into /, for some y € (—yo, yo)-
Then the function Fo® on U, , is of one-variable. This implies

5.1. O

Suppose mr = 2. Then Umb(GFr) Ny, = & holds. Therefore by
[Proposition 3.3 and by [Lemma 3.6, we may find a neighborhood U, of (0,0)
in R? and a real-analytic curve C, in U, satisfying (a), (c) of (2) of
and Umb(Gpr, ) = &.

Suppose mp = 3. Then y, < Umb(GF) holds. There exist real-analytic func-
tions Or,cr on y, such that an element F, € o/ defined for each gq € y, by
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Fy(x,y) := Fy(x cos Or(qo) — y sin Or(qo), x sin Or(qo) + y cos Or(qo))

satisfies mg, = mg and F/ 20me) — cp(go)x™F. We may suppose that there exist a
nelghborhood V' of o in ¥, and a neighborhood y; of o in y, such that for
any (x,y) e ¥,/ and for any qo € y5, Pr(x, y,q0) := F,(x, y) makes sense. Then
we see that the function Wr is real-analytic on V)’ x y;. Therefore we may find a
continuous function X on y; satisfying X(go) > 0 and (x,0, F,y(x,0)) ¢ Umb(G F'qo)
for any xe (—X(qo),X(q0))\{0} and for any go € ;. Then by |Corollary 3.2,
Proposition 3.3 and by we may find a neighborhood U, of (0,0)
in R? and a real-analytic curve Cy in U, satisfying (a) (c) of ( ) of [
1.3 and Cp = Umb(Gpy, ). Hence we have proved Theorem 1.2 and _
1.3.

6. Classification

In this section, let S be a connected, complete, real-analytic, embedded,
parallel curved surface.

Suppose that there exists an element Py of %s satisfying Eg p, = S. Then
for each g € S, we see by [Corollary 3.2 that C,%o’ ; 18 isometric to R. There exists
the element Pp, , € #Bs satisfying g € Pp, ; and the condition that Pp, , is parallel
to Py. Then by [Proposition 4.2, we see that Pp NS is a real-analytic curve
isometric to R or to a simple closed curve. Therefore we obtain

PROPOSITION 6.1. Let S be a connected, complete, real-analytic, embedded,
parallel curved surface satisfying Eg p, = S for some Py € #Bs. Then there exists a
generating pair (Cp, C,) of which Cp, (resp. C,) is the base (resp. generating) curve
and which satisfies the following:

) Py is parallel to Py;

3) C, is isometric to R;

) §=S@,.c-
Then S is homeomorphic to a plane or to a cylinder.

(1
(2) Cp is isometric to R or to a simple closed curve;
(
(4

Suppose Eg p, # S and Eg p, # & for Py e %Bs. Then for Pye %s and for
q € Es p,, we see by [Corollary 3.2 and by [Proposition 4.2] that the connected
component of PI%O’ ;NS containing ¢ is a real-analytic curve isometric to R or to
a simple closed curve. There exists the element Pp, , € %Bs satisfying g € Pp, , and
that Pp, , is parallel to Py. Then by [Proposition 4.2, we see that the connected
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component of Pp, ,NS containing ¢ is a real-analytic curve isometric to R or
to a simple closed curve. We shall prove

LEMMA 6.2. Let Py be an element of %Bs and qo a point of Es p, such that
some connected component of Ppy g, NS shares plural points with some connected
component of P,%o NS Then S is a surface of revolution such that a line per-
pendicular to Py is an axis of rotation of S.

PrOOF. Let Oy, OJ be domains in Pp, 4 NS, Py , NS, respectively satisfying
OpN Oy =& and (0, NO;) =2, and g1, two points of S satisfying
Oy, N Op; = {q1,42}. Then by Proposition 3.1, we see that there exists the only one
point pg of S\Es, p, satisfying Py g1 Oql0 = {po} for any g € O,,. By Proposition 4.2,
we see that S is a surface of revolution such that the line through py perpendicular
to Py is an axis of rotation of S. Hence we have proved Lemma 6.2l O

By we obtain

PROPOSITION 6.3. Let S be a connected, complete, real-analytic, embedded,
parallel curved surface satisfying Es p, # S and Es p, # & for any Py € Bs. Then
one of the following holds:

(1) S is a surface of revolution such that the number of the intersections of S
with its axis of rotation is equal to one or two, and then S is homeomorphic
to a plane or to a sphere,

(2) There exists a generating pair (Cy, C,) of which Cy (resp. C,) is the base
(resp. generating) curve and which satisfies the following:

(@) each of C» and C, is isometric to R or to a simple closed curve,
(b) S=S(c.c,:
and then S is homeomorphic to a plane, a cylinder or to a torus.

Using [Proposition 6.1 and [Proposition 6.3, we obtain Theorem 1.3.

ReMARK. If C, is a circumference in each of Proposition 6.1 and Propo-
sition 6.3, then S is a surface of revolution and its axis of rotation is per-
pendicular to P,.
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