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ON SHIMURA LIFTING OF MODULAR FORMS

By

Shigeaki TSUYUMINE

0. Let k,N e N, 4|N. Let My,,2(N,y,) denote the space of modular forms
for I'y(N) of weight k + 1/2 with a character y, (mod N). Lifting maps of cusp
forms in My 1/2(N,x,) to modular forms of integral weight was first studied by
Shimura and later by Niwa [4] The domain of the map is extended to
M;1/2(N, %) by van Asch [1] in case that y, is real and N = 4p for p prime, and
by Pei in case that y, is real and N /4 is square-free. In the present paper we
consider the lifting map without any condition on N and yx,, and extend the
domain of the map to M ,2(N,y,) for k > 2.

To show the assertion, we take some specific modular forms in My /,2(N, xo)
which together with cusp forms, span M;.,,,(N, xo). Further we construct their
liftings explicitly. It proves our main result. It may be expected to have further
application to study of special values of L-series of Hecke eigen cusp forms, as in
Zagier [9], Kohnen-Zagier [3] where the lifting of some particular modular forms
plays an important role.

1. We denote by N, Z, C, the set of natural numbers, the ring of integers and
the complex number field respectively. For a prime p € N,v, denotes the p-adic
valuation. For N € N,(Z/N)" denotes the group of Dirichlet characters (mod ).
When N =1, the group is consisting of a constant 1. The identity element of
(Z/N)" is denoted by 1y. A group consisting of invertible elements in Z/N
is denoted by (Z/N)*. If ye (Z/N)* and ee N, the x(© denotes a character
(mod eN) obtained by x©)(d) = y(d) ((d,e) =1), 0 ((d,e) # 1). In case that all
prime factors of e appear as factors of N, then y(¢) is equal to y. For a € Z and
for an odd be N, (a/b) denotes the Jacobi-Legendre symbol where it is O if
(a,b) # 1. If D is a discriminant of a quadratic field, then y, denote the
Kronecker-Jacobi-Legendre symbol. We put y, =1 for D = 1.

Let $ denote the upper-half plane {z € C|Imz > 0}. The group SL,;(Z) acts
on $ by the usual modular transformation sending z€ $ to Mz = (az+bd)/
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b S : o
(cz4+d),M = (a d)' For N € N which is not necessarily divisible by 4, let
¢

b b

I'o(N) := {(Z d) € SLy(Z)|c = O(modN)}, (N):= {(‘CZ d) € SLy(Z) |
a=d=1,c=0(modN)}. Let ke N and y, € (Z/N)". A holomorphic function f
on 9 is called a modular form for T'}(N) of weight k (resp. a modular form for
I'o(N) of weight k with character y,) if it satisfies that (i) (f|,,)(z) = f(z) for
M eT(N) (resp. (flp,,)(2) = f(z) for M eTo(N)), and that (ii) f is holo-
morphic also at cusps, where (f|,,)(z) = (cz+d) ™ f(Mz) (resp. (flar,,,)(2) =

_ _ a b
xo(d) ez +d)* f(Mz)) for M = (C y
M (N, x0)), the space of such modular forms, and by Si(I'1(N)) (resp. Sk(N, x0)),
the space of such cusp forms. The orthogonal complement of Si(I';(N)) (resp.
Sk(N,x0)) in M(T'{(N)) (resp. Mk(N,x,)) with respect to the Petersson product,
is called a space of Eisenstein series, and it is denoted by FE;(I'j(N)) (resp.
Ex(N,x0)). We have

). We denote by M (I')(N)) (resp.

M(T1(N)) = @D Mi(N, %), Ex(T1(N)) = D Ec(N, x0)
Xo . Xo

where y, runs over (Z/N)".

The number vo(N) (resp. vi(N)) of inequivalent cusps of I'g(N) (resp. I'}(N))
is equal to 3y y,—n @((N1,N2)) (resp. 2 (N =2), 3 (N=4), 1/23 y n,on @(N1) -
@(N2) (N = 3, #4)) where ¢ denotes the Euler function and N;’s are positive
divisors of N. A complete system of representatives of inequivalent cusps of I'g(N)
is given by {i/N,|0 < N, N;|N, i’s being representatives of (Z/(Ny,N>)) }. That
of T'}(N) is given as follows. Let ie (Z/N;)™,je (Z/N,)*. Then for suitable
a,be Z, a fraction (i +aN,)/((j+bN1)N2) ((j+ bN,,N;) =1) is reduced, one
of which we denote by [i,j, N2; N]. Then a complete system is {[i, j, Na2; N]|
NiN; = N,(i,j) e (Z/N2)* x (Z/N1)*/{+1}}. By abuse of language, the ra-
tional numbers sometimes mean cusps on the corresponding modular curve.

LemMma 1. (1) Via the canonical map of the modular curve of T'\(N) onto that
of To(N), a cusp [i, j, Na; N] is mapped to a cusp ij~' /N, where j~' is denoting an
inverse of j (mod Ny).

(2) Let N = NN, and let No\M,M|N. If p denotes the natural surjective
map of the modular curve of T|(N) onto that of T\(M), then p~'([i, j, No; M]) =
{li/, j',eN2; N} | e|(N/M),v,((e, N1)) =0 for any p with v,(Na2) < v,(M),i' =i
(mod eN;), j' = j(mod N, /e)}.
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(3) Let e|N,N>|(N/e). Let p, be the surjective map of the modular curve
of T1(N) onto that of T'|(N/e) associated with z — ez. Then p;'([i,j, No;N/e]) =
{[i',j',e'Na; N] | €'|e, (e/e’,N3) = 1,i'e = i(mod e’ N,), j' = j(mod N/e'N;)}.

The lemma 1is easy to show, and so we skip the proof.

Now we consider Eisenstein series for I'j(NV). The result is an imitation of
Hecke [2], Sect. 1 and 2. So we omit the detail. Let ke N. Let N = NN
(N1,N, e N), and ay,a; € Z. Then we put

/ —_ _
Ex(z,a,@/Ny, M) = Y (miz+my) iz +ma| 7|,

m; =a; (mod Ny)
my Eaz/Nz (modl)

where the summation is over the pairs of numbers (m;,m;) such that m; runs
through all the integers satisfying the congruence and m; runs through all the
rational numbers such that m; — a, /N, € Z, and where the notation }:' indicates
as usual, that (m;,m,) = (0,0) is to be omitted. This is an element of E;(I"1(N))
if k # 2. The space E(I'1(N)) is zero if k is odd and N = 1,2. We exclude these
cases from out argument. We have a Fourier expansion

Ei(z,a1,a2/No, Ny) = N* 37" m™¥m|™ | (a1 € N12Z)

m=a; (mod N)

(2v=1n)” fﬁ > sgn(m)e(am/N2)m*~ e(nz),

(k 1 n=1 n/m=a; (mod Ny)
meZ

where there is an additional term —+v/—In S sgn(m)|m| ™" |,_, (resp.
m=a; (mod Ny)

n/(N1Im(z))) if k=1 (resp. kK =2) and where the first term appears if the
condition a; € N1 Z is satisfied. When k = 2, the differences of Eisenstein series
are contained in E,(I'y(N)). If e is a common divisor of a;,N;, then
Eyx(z,a1,a2/Ny, N1) = Ex(ez,a1/e,a/ Ny, Ny/e).

Suppose that (a;, N1) = (az, N;) = 1. Put

* / — —
Ek(Z,al,az/Nz,Nl) = Z (m12+m2) k|mlz+m2l S|S=0'
m =a; (mod N)
my=a/N, (mod 1)
(ml,szz)Zl

It is easily shown to be a modular form of weight k for I'{(N) if k # 2. If k = 2,
then it satisfies the same transformation law as a modular form of weight 2, but
it is not holomorphic. When k > 2, it vanishes at all the cusps of I';(N) but
[02,01,N2; N] In particular {E;(Z, al,az/Ng, N1)|N1N2 =N, (al,Nl) = (az, Nz) =
1} spans Ei(I'i(N)) for k > 3. The Eisenstein series Ex(z,a;,a2/N2, Ny) (resp.
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E}(z,a1,a;/N,,Ny)) is written as a linear combination of E[(z,tay,tay/N,, Ny)
(resp. Ex(z,tay,ta;/Ny, Ny)) with te (Z/N)™. Let us denote by Xi n, n,, the set
{Ek(z,al,az/Nz,Nl)I(al,az)e(Z/Nl)X X(Z/Nz)x/{il}}, and by Xk,N, the

union |} Xiw -
NiN;=N

ProposITION 1. Let N,keN. (1) Let k>2. Then Eisenstein series in
XN, N, Separate the cusps [az,ay,Ny; N], (a1, a2) € (Z/Ny)™ x (Z/N>)*/{+1}
and vanish at all other cusps. Eisenstein series in Xy y separate all the cusps of
I (N).

(2) Let k > 3. The space Ey(I'\(N)) is spanned by Xy n. The dimension is
equal to 0 if k is odd and N = 1,2 and to vi(N) if otherwise.

(3) Let k =2. Then linear combinations of elements in X, y which is hol-
omorphic, span E,(T'{(N)) whose dimension is vi(N) — 1.

(4) Let k=1 and N >3. Then X, n spans Ei(I';{(N)) whose dimension is
vi(N)/2.

2. We introduce Eisenstein series which are suitable for study of Shimura
lifting in our method. Let N = NN, as above. For a;,a, € Z, let

Gi(z,a1,a2,Ny, N»)

2(k - 1)! ! —k -
—_—— E e(aymy)(myz +my) " |miz +my| ™ |
2V—-1In)"Ny . - & (mod Ny) S

mZG(l/Nz)Z

2(k —1)! (aaz>
- T e\ — Ek(zy_alaa/NZ»Nl)
(2v=1n)*N, ;‘;2 N,

= 3" sga(m)|m|*"'"* |y (a1 € NZ and 2 k)

m=a; (mod N3)

+ Z’ Im*'=|_, (a1 € N\Z and 2[k)
m=a,; (mod N;)
1
27!N1y
+ Y (seam)|m|”|_, (k=1 and Ny =1)

m=a; (mod N;)

Z sgn(m)m*~le(nz),
n=1 m=a, (modN)
n/m=a; (mod N,)

meZ

+

(k=2 and N, =1)

+2

)
1
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where the first and forth terms should be understood to be special values of
partial zeta functions at non-positive integers. Obviously G(z,a, az,Nl,Nz) =
Gk(z,a{,aé,Nl,Nz) for a = a{ (mole),az = aé (mosz) and Gk(Z , —Aay,

b
N1, N2) = (=1)*G(z,a1, a2, N1, N>). For M:(Z d)eFO(N), there holds

Gx(z,a1,a2, N1, N2) |, = Gk(z,aa;,day, N, N>). If e is a common divisor of a;, N}
(resp. az, N,), then Gy(z,ay,a2, Ny, N>) is equal to Gi(ez,a;/e,az, N1/e, N2) (resp.
e*1Gy(ez,ay,az/e, N1, N> /e)).

Let y' € (Z/N1)",x € (Z/N,)*. We define an arithmetic function a,f,,x by
setting

= x'(n/d)x(d)d*, neN.
0<d|n
Further we define ak (n) to be 0if n¢g NU{0}. If Ny =1 (resp. N2 =1), then
we denote it by oy , (resp af ) Now assume that yy’ has the same parity as k,
namely yy'(-1) = (- ) . Then we put

' 1
G; ,(2) = Y x'(a)x(a2)Gi(z, a1, a2, Ny, N2)
alz(Z/Nl)
az:(Z/Nz)

=L(1—k,)(Ny=1)+ Y (@) (k=2and N;=1)

a]Z(Z/Nl)

47N,y

+(V=1n)7'L(1,y") (k=1 and N; =1) + 2ia,fr_lyx(n)e(nz).

n=1

For k=1, GX (2)=G{ ,(z). If Ny=1 (resp. N, =1), then we denote the
Eisenstein series by Gk x(Z) (resp. G,fl(z)). If Ny = N, =1, then it is denoted by
Gk(z). We define of_ 1,,(0) to be the half of the constant term of the Fourier
expansion of G" L(2) at the cusp v—1loo. Hence it is 0 if N; > 0 and k > 1. Let

us set
Yem,ns = {GE (e2) |e|No, 1 € (Z/N1)", x € (Z/(N2/e)" xx (=1) = (1)},

The Eisenstein series G,)(‘:X(ez) in Yy n, N, is holomorphic if and only if k # 2 or

it is not in the form Gé‘/(sz) with y' = ly,.

LEMMA 2. Let k > 2. Let N = NiN,. Then the C-span of Yi n, n, is equal to
the C-span of X n,.m,’s, M2|Na.
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Proor. By definition, the former is obviously contained in the latter. We
must show the converse. Let a; € (Z/N,),ae Z. Then

Gk(Zaalaaa N17N2)
= (a, N2)*"'Gc((a, Ny)z,a1,a/(a, N2), N1, N2/ (a, N2))

= 2(a, Nz)k_I(P(Nl)—l(ﬂ(NZ)_l

x Y fae)'x(a/(a,N2)) T GE ((a, N2)z).
x' €(Z/N)
x€(Z/(N2/(a,N2))*
Hence the C-span of Y; n, n, contains Gi(z,ai,a, N1, N2),a, € (Z,N,),ae Z. For
a, € Z we have
(2v=1n)* aay

Er(z,—a1,a/ Ny, Ny) = So——o - e(———)Gk(Z,al,a,Nl,Nz)-
21,2, N

This shows our assertion. g.e.d.

COROLLARY. Let k>2. Let N = N|N>.

(1) An Eisenstein series in Yy n, n, vanishes at cusps [x,*, Ny, N] for N, with
Nzl ¥ N>.

(2) The elements of Yi n, n, separate cusps [ay,az,N»;N| (a) € (Z/Ny),ax €
(Z/N2)*) of Ti(N).

PrROOF. Let M, be a divisor of N,. An Eisenstein series in Xy n, u, vanishes

at [x,x, Nj; NyM>] with Nj f M, by (2). Hence by Lemma 1 (2), it
does at [x,x,N;; N] with Nj ¥ N,. This shows the first assertion. The second
assertion follows from [Proposition 1 (1). g.e.d.

LEMMA 3. Let G,f:x(ez) € Yk N, N,- Suppose that x is not a primitive character
(mod N,/e). Then one of the following holds;,

(1) G,f:x(ez) vailaishes at cusps [x,x, Na; N|, or

(2) there is Gf (ee'z) € Yi n, N, With &' > 1, w € (Z/(Nz/ee'))” whose con-
stant multiple takes the same value as G,f:x(ez) at each cusp [x,*, N; N].

w

PrROOF. Let M, be a conductor of y, which is a proper divisor of N,/e, and
let w be the primitive character (mod M>) associated with y. There are two cases
that (i) v,(M>) > 0 for any prime factor p of N,/e, and that (ii) there is a prime
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fac/tor p of Ny/e with v,(M>) = 0. Let us consider the case (i). Then G,f:x(ez) =
G{ (ez), and it is in Yy n, .m,, Or in the linear span of Xj n, ca,. Then by
Proposition | (1), it vanishes at cusps [, *, Ny; N| with N, } eM,, in particular at
[*,%, N2; N]. Now we consider the case (ii). Let {p,,...,p,} be all the prime
factors of N,/e relatively prime to M,. Then we have equalities

of ,(n) =af (n +Zp" ' (p)of ,(n/p)

for ne N and

G (ez) = Gf ,(e2) = Y pi ™ w(p))Gf ,(piez)

i=1

+ Z (p,.pj)k_lw(p,-pj)G,f:w(p,-pjez)

1<i j<s

— o (=) py o p) Tl (py - p)GE L (py - psez).

Except for the last one, Eisenstein series of the right hand side vanish at cusps
[*, %, Na; N| since they are in Yy w, vy With proper divisors Ny of N. If the last
one vanishes, the GX ,(ez) does also The last one does not vanish only when
Ny = p,--- peM,. Slnce G,fx(ez) is equal to G,’fw(pl -psez) € Y Ny, N up to a
constant multiple, our assertion is proved. g.e.d.

Let us set
Ziwv, = {GF (ez) | el N2, ' € (Z/Ny)*,

primitive y € (Z/(N2/e))", (x'x)(—1) = (-1)*}.

The set Zy n, n, is a subset of Y n, n,. However as [Lemma 3 shows, the
separations of cusps [,*,Ny; N]| by elements in Zi n, n,, and by elements in
Yi N, n,, are the same.

Here we note that if v;(N,/e) =1, then no characters in (Z/(Ny/e))”™ are
primitive.
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PROPOSITION 2. Let k > 2 and let ko > 1. Let S be a set of some divisors of
N. Let f, n, (N2€ S,e|N2) be modular forms for T'\(N) of weight ko such that
Je N, takeS/ nonzero values at cusps [, %, Ny; N|. Then {f, y, (z)G,f:X(ez)|N1N2 =N,
N, €S, G,f’x(ez) € Zk.N,.N,} Separates the cusps [x,+,No; N| (N, e S). If S is the
set of all divisors of N, then it separates all the cusps of T'j(N).

PrROOF. Let r,s be two distinct cusps of I'j(N). At first suppose that they are
in the form r = [*, %, N2; N],s = [*, %, N5; N] with N, # N;, N2, N; € S. Replacing
N> and Nj if necessary, we may assume that N, ¥ N,. Then [Corollary| to [Lemmal
2 shows that there is an element of Y n, ~, Which vanishes at s and does not
vanish at r. By such an element exists also in Zj n, n,. Then the
assertion immediately follows in this case. Now suppose that r,s are both in the
form [x,*,N2;N]. Let e be a maximal divisor of N, so that p,(r) # p,(s) (see
Lemma 1 (3)). By Proposition 1 (1), Ex(z, —a;,a2/(Na/e),Ni),a; € (Z/Ny),a; €
(Z / (N2/e)), separate p,(r) and p,(r). They are written as linear combinations of
Gk (e"z),x' € (Z/Nl) ,e"|(N2/e),x € (Z/(Ny/ee"))*. The maximality of e implies
that each Gk (e"z) (e” > 1) takes the same value at p,(r) and at p,(s). By
Lemma 3 Gx (2) with y € (Z/(N2/e))” not primitive, also takes the same value.
It follows that Gy X(z) s, with primitive y € (Z/(N/e))", separate these two cusps.
Hence G,fx(ez)s with y' € (Z/N;)" and primitive y € (Z/(Nz/e)) , separate r
and s. Since f, y,(z) vanishes at neither r nor s, f, y, (z)G" (ez)’s separate r and s.
This shows our assertion. q.e.d.

Take characters ' € (Z/N;)* and ye(Z/(Ny/e))*. Let xo:=x'x be a
character (mod N). Then obviously G{ Llez) satisfies

G{ (ez)|p 5, = Gi (eMz), M eTo(N),

namely it is in My(N,x,). As a corollary to the above proof, we obtain the
following;

CoROLLARY 1. (1) Suppose that k # 2 or yy # 1n. Then {G,f (ez)[N1N2, = N,
e|N2,x' € (Z/Ny)*, primitive x € (Z/(N2/e))", (X’ X) © = = Xo} forms a basis of
E (N, xo)-

(2) Let k=2. Then {G§ (ez)|[N;1N, = N,e|Na,e # Ny, x' € (Z/Ny)*, primi-
tive y € (Z/(N2/e))*, (x'2)" = In}U{G2(N2z2) — (1/N),G2(2) | N2|N} is a basis
Of Ez(N, IN).
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PrROOF. In the proof of we showed that FEi(z,—aj,ay/Na,N) is

written as a linear combination of G,’fll(ez) in (J Yiwm,n. In the proof of
’ N{N,=N

Lemma 3, we actually showed that Gf (ez) with y not primitive, is written as

a linear combinations of ones with primitive y. The argument is valid also for

k = 1. By [Proposition 1, () Z n, n, spans Ex(T'y(N)) for k # 2. For k =2,

NIN;=N
linear combinations of elements in Z, y, n,’s Which are holomorphic, span
E>(T'1(N)). In the former case U Zi N, N, forms a basis since the number of
N\ N;=N

elements equals the dimension, and in the latter, () [Za N, — { G21N1 (N2z)}H U
NiN,=N

{G2(N2z) — (1/N>)Gy(z) | N2IN} forms a basis. The space Ei(N,yx,) is the

invariant subspace of Ei(I'1(N)) under the action of /' — f/,, M eTo(N), and

there is the decomposition Ex(I'y(N)) = @ Ex(N, xo). If k # 2, then each element
Xo

of () Zn,.n, belongs to some Ex(N,y,). This shows our assertion. The case
NiN=N

k =2 is similar. qg.e.d.

3. In what follows, we always assume that N is divisible by 4. Let

0(z) := Z e(n’z)
neZ
be a theta series, which is a modular form for I'¢(4) of weight 1/2. We denote by
J(M,z) (M eTy(4)), the automorphy factor of the theta series. Its forth power
a b
c d
the space of modular forms for I'j(N) with an automorphy factor j(M,z)-
(cz+d)*, and S, ,2(T1(N)) denotes the subspace consisting of cusp forms. Let
Xo be a character (mod N). Then My, ,2(N, xo) (resp. Ski1/2(N,xp)) denotes the
space of modular forms (resp. cusp forms) f such that (f1,, , )(z) = f(z) for
M eTo(N) where (fly,.) =x0(d)""j(M,z)" (cz+d)™ f(Mz). It should be
noted that our automorphy factor differs from Shimura’s in [7] by 1*4(d)k where
X_a 18 the Kronecker-Jacobi-Legendre symbol. Let ee N. Then 6(ez) is in

M), <4e, (,_e__)) indeed we have

(e 2)e)= Gap((E a)) (2 g)erosor

The group I'¢(4) has three cusps 0,1/2,1/4, and 6(z) vanishes only at the

j(M,z)* is equal to (cz+d)* M = ( ) For k € N, My,1/2(I'1(N)) denotes
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cusp 1/2. Then 6(ez) vanishes only at the cusps i/2e, (i,2e) = 1, of I'o(4e), or
equivalently only at cusps [x,x,2e;4e] of I'j(4e).

Let v5(N) =2. Then cusps in the form [*,x, Ny; N|] with v(N;) =1 is
irregular for I'j(N) and for an automorphy factor JM,2)(cz+d)*, M=

d
automorphy factor vanishes at those cusps. Then other cusps are all regular. If
v2(N) > 2, then all cusps are regular.

b
(‘Cl ) e I’/ (N) (cf. Shimura [6]), and so any modular forms for I'|(N) with the

PrOPOSITION 3. Let 4|N. Let ¢, denote an arithmetic function defined by
da(e) = e/4(v2(e) 2 2),e(v2(e) < 1). ,

’ (1) Let k=2. If v3(N) =2, then {0(44(e)z)G{ [(ez)IN1N2 = N,v2(Nz) # 1,
G,f’x(ez) € Zk.N,.N,} Separates all the regular cusps of I'ty(N). If vz2(N) > 2, then
{0(¢4(e)z)G,f:X(ez)|N1N2 =N, G,f:x(ez) € Zx. N, N,} Separates all the cusps of
I(N).

(2) Let k=2. If v(N)=2, then {9(¢4(e)z)G§ (ez)|N1N2 N,v(N>) # 1,

¥ (e2) € Zy ny ;e <Ny or x' # 1y }U {9(¢4(N2)Z)(G )" (N22) = G, (N2/2)2)) |
N1N2 = N,4|N;} U {0(N22)(2G,™" (2Nyz) — G," (sz))|le\/2 = N2} No}
separates the regular cusps of T1(N). If va(N)>2, then {0(d4(e ) )G" (ez2)]
N1N2 N, GX (82) € Z2. Ny Ny, € < Ny or )( # lNl} U {(0(¢4(N2) )(2G (NzZ)

”'((Nz/z)z)) | N\N, = N,4|N,} U {H(sz)(sz‘”'” (2N3z) — Gz”‘ (N22)) | N\ N; =
N,v2(N>) < 1} separates all the cusps of T'\(N). All the elements in the sets are
holomorphic.

Proor. (1) If G,’f:x(ez) € Zi N,.N,, then va(Na/e) #1. So theta series
0(44(e)z) does not vanish at cusps i/N, ((i, N2) =1). Then we can apply
[Proposition 2 to our case. Then the assertion follows.

(2) Let v2(N>) > 0. Let b be 1 or 2 according as N; is odd or even. Then
GZN' (N>z) and 1/2{bGZNl (Naz) — Gzlw‘ ((N2/2)z))} takes the same value at cusps
[*, *, N2; N| because GIZN‘ ((N2/2)z)) vanishes there. The latter vanishes at cusps
[*,%, N;y; N| w1th N, f N, as well as the former This shows that we can replace

0($4(N2)2)Gy" (N2z) by 0($4(N2)2)(bG," (Naz) — G,™ ((N2/2)2))) in the ar-
gument (1). Let v2(N2) < 1. Then the values at cusps [*,*, N2; N| of GzN‘ (N2z)
and of ZGI“V'/ Y(2Nyz) — 1”‘ (Nz) are proportional to each other, indeed they are
modular forms for I'o(N ) with trivial character and each of them iS a non-zero
constant on those cusps (see Lemma 1 (1)). The modular form G, M2 (DN, z) does
not vanish at cusps [*, x,2N,; N]. However a theta series 6(/NV2z) vanishes at cusps
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[*,%,2N2; N] and so 0(N22)(2G21(N‘/2)(2N22) - Glel (N2z)) vanishes at cusps
[*,*, N;; N] with NJ ¥ N,. Since the values at cusps [*,*, N3; N], of O(N,z)-
G;N‘ (N3z)) and of 0(N22)(2GZI(N1/2)(2N22) — GZIN‘ (N»z)) are proportional, we can
replace the former by the latter in the argument (1). g.e.d.

Let Gpy12(I'1(N)) denote the subspace of My, 2(T1(N)) generated by
modular forms in (1) if k=1 or k > 2, and by those in Proposition
3 (2) if k = 2. [Proposition 3 implies that

My 12(T1(N)) = Gry12(T1(N)) @ Sks12(T1(N))

for k>2. For k#2, let Giu12(N,x,) denote the linear span of
{0(¢4(e)z)G,i‘7/x(ez) | NiN> = N,e|Ny,x' € (Z/N1)", primitive ye (Z/(Ny/e))",

Yo = (¢4(e) ) x'x on (Z/N )x} where the condition v;(N>) # 1 should be added

if v2(N)=2. It is a subspace of M,,,(N,x,). Since the direct sum of
Git1/2(N,x0)’s with  yo€(Z/N)™ is equal to Gyyy(T'1(N)), we have
Mi12(N, x0) = Gir172(N, x0) @ Sk1/2(N, xo) for k > 2. By the similar way we
construct Gy,1/2(N,x,) also for k=2 by replacing 0(¢4(N2)2)G21N‘ (N2z) by
0(44(N2)2){2G," (N2z) — G, (N2/2)2)} (02(N2) 2 2), and 8(N2)G,™ (N2z)) by
O(N2z){2G,"™""” (2N,z) — G, (N22)} (v2(N,) < 1) as in the proof of Proposition
3. Then the above equality holds also for k = 2. We obtain;

COROLLARY. Let k > 2. Then we have

My 172(N, x0) = Gri172(N, x0) @ Skv1/2(N, xo)-

4. Let 4|N,x, € (Z/N)". Let p be prime. A Hecke operator T, (p) defines a
C-linear endomorphism on M;(N,y,) such that for f(z) =3, cne(nz),
(Too (D)) = S o(epn + 10(P)P* cypm)e(nz) where c, =0 if p/n is not in-
tegral. If p|N, then it is denoted also by U,. If v,(N) > 2, then U,(f) is in
Mi(N/p, xo)- A Hecke operator T, (p?) on My, ,2(N,xo) is such that for f(z) =
Soncone(nz),  (Ty(P*)1)(2) = Xolo(cpn + x0(2) (/D) P* en + 2o(P?) PP 0y p2)
-e(nz) (Shimura [7, Prop. 1.7]). For p|N, the Hecke operator is denoted also by
U,:. For ee N, B, is defined to be an operator of the space of Fourier series
sending f(z) to f(ez). We have inclusions B,(My(N,x,)) = Mi(eN, )((()e)) and
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Be(Myi1/2(N, x0)) © Myy1p2(eN, (e/] - |)xo) where X((f) is as in the beginning of the
section one.

Let a be a squarefree natural number. Let a* denotes a or 4a according
as a = 1 (mod4) or not. We note that a* is a discriminant of a real quadratic
field except for the case a = a* = 1. Let x,. be as in the beginning of the section
one. Let f(z) = > .2 cne(nz) € Myi1/2(N, o). Then we define a Shimura lifting
Faxo(f) of fto be

S )@ = C+ 3 T 20 Do @)d* carsar | (o),

n=1 \ 0<d|n

provided that there is a constant C so that &, , (f) is a modular form for some
congruence subgroup. The constant C is obviously unique if it exists. Shimura
and Niwa [4] showed that %, , is a well-defined linear map of Si.i/,>(N,x,) to
My (N/2,%x3), and that ¥, (f) is a cusp form in Su(N/2,x§) for fe
Sk+1/2(N, %) and for k > 2, in particular C =0.

The lifting maps allow us to make formal computations for higher terms of
the Fourier expansions of modular forms. In principle, higher terms determine the
modular form, namely the constant term. In this sense the formal computation of
the lifting map is possible as well as the Hecke operators and the operator B,. By
simple computations, we obtain the following;

LemMA 4. The Shimura lifting map %, ,, is Hecke equivariant map, namely
there holds

Faxo © Tro(P?) = T2 (p) © Sy

Sazo © Upr = Upo Fayy  (PIN).

In particular if [ € My1/2(N, xo) is a common eigen-function of T,,(p?) for all p,
then %, ,,(f) € Mu(N/2,x3) is a common eigen-function of T, (p), provided that
Sazo(f) is well-defined.

There is an obvious inclusion M. 1/2(N, xy) © My,1/2(eN, X((f)). So element f
of My.1/2(N,xo) has another lifting & 0 (f). The relation between %, and
A0

< 0 is obtained by a formal computation as follows;
A0

LemMMA S. Let py,...,p, be all the prime factors of e. Then we have
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k—1
{1 - Zla Pi)xo(P:) P; IBPi + Z Xa*(Pin)XO(Pin)(Pin) By,

1<ij<s

k—1
+oeee (_1)sXa*(pl te 'ps)XO(pl te ps)(pl o ps) BPl"'Ps} © ‘%17)(0’

provided that &, , is well-defined.

LEMMA 6. Let 4|N,y,€(Z/N)". Let a,ec N where a is square-free. Let
ale = ag/ej with ay square-free. Then

%XIOB—BeOOLSﬂ (e)

with xo = xo(e/|-|), provided that SANCIEA well-defined.
1Ko

ProoF. Let f(z) =3 .. cne(nz) € My12(N,xo). Then Be(f) is in
M 1/2(eN, xy). We have

g BE) = €+ 30 Y 0 (d)zo(el) (57) 44 e ()

n=1 d|n

Since N is divisible by 4 and y, is a character (mod N), yx,(d) and X(e‘) (d) vanish
for d even. It is easy to see that the equality y,.(d)xy(d)(e/|d|) = Xa; (d)x((f)(d)
holds for d odd. Then

‘%1,)({) (B =C+ Z Zxa dk ! Cagn? /d? e(eonz)

n=1 d|n

= Beo (5207){((:) (f))(Z) qed

COROLLARY. Let {f;, (2)}icr,) be elements in Myi12(N,xo) for xo€
(Z/N)*. Let M be the subspace of My1/,(I'1(N)) generated by Sy,1,>(N) and by
elements in the form f; , (ez) € My 1(T1(N)) with e|N,ieI(x,),xo € (Z/N)".
Suppose that S, (f; ,,) are well-defined for all square-free a and for all f; , , xo €
(Z/N)*. Then all the lifting maps %, are well-defined on M\ Mi1,>(N, xo)-

PrROOF. Since M is spanned by S;.i,(N) and by elements f; , (ez), it is
enough to show that B.(f;, ) € Mii1/2(N,xo(e/|-|)) has liftings associated with
all square-free a. Combining with we see that they exist if
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Saxo(fiy,) €xist for all a and all x, € (Z /N)*, which is our assumption. Then our
assertion follows. q.e.d.

5. In our previous paper (8, Prop. 4, Lemma 5, Cor. to Theorem 2], we have
shown the following;

THEOREM ([8]). Let ke N. Let N=NNreN,y' € (Z/N\)",x€(Z/N,)",
X0 :=xx' € (Z/N)* where N is not necessarily divisible by 4 and x is not necessary
primitive. Suppose that a character x, € (Z/N)* has the same parity as k. Let
ae N be square-free. Put 1= 212" N))22}  Thep

k—1 (n/d)’a* — m?
igk a* X =C+ 42 Z Xa XO(d)d Z ( 4 )e(nz)

n=1 0<d|n meZ

with a suitable constant C, is a modular form in My (N/l,x3). If k > 1, then C =
L1 —k,x)L(1 —k,xx,) (N1 =1) and C=0 (N; > 1).

To construct the modular form in the theorem, we have made use of Hilbert
Eisenstein series of real quadratic fields. We put Ay 4+ ,(2) := /1’2‘;(’(1,.7 [2) (M =1),

Ag,;a,(z) = Ag,'(’a‘,x(z) (N, =1).

LEMMA 7. Let a,N,N,,N2,x' € (Z/N1)",x € (Z/N2)*,xo € (Z/N)* be as in
the above theorem.

(1) Suppose that G,f:x is holomorphic.
(1) Let a=1(mod4). Then

Fure 0@ GF ((2) = VoM - (2)),
Faro 0(2)GE ((42)) = 3% . (2),
FaroO(2)GE (22)) = 257 42 . ,(2)  (02(N1) > 0),
Faro (02)GE (22)) = 271 () o ,(2)  (02(N2) > 0),

which are modular forms in My (N,x3) where the first one is in My (N/2,%3) if
Dz(N) > 2.
(i) Let a # 1 (mod4). Then

S 0(2)GL(2) = 2y e (2),

Futo(0(2)GL(42)) = Ba (A 4., (2))
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where the former is in MZk(N/l,)(g) and the latter in Mzk(2N/1,)(§) with | =
M2 (N)22} - Suppose that 2|N| and 2 ¥ N,. Then
FaroOC)GE ,(22)) = 274 0(2) T (W 0o, (2) = My e i (2)),

which is in My (2N /I, x3) with | =1 (v2(Ny) < 1), 2 (otherwise).
(2) If b denotes 1 or 2 according as Ny is odd or even, then a function
bGX [(22) -G 1(2)(2) is holomorphic even when k =2. Let N, be odd. Then

S5, (0 (Z)(bGX (4z) — G{;Z)(Zz)) is equal to
b'vsz,a*,x(z) - 2k“x(2)i§,;fi’*,x(z) (a =1 (mod4)),

bBZ(AZka x( )) 2—k+1X(2) ( 2ka l( ) 2ka 2{2)( )) (a §—é 1(mod4)),

which is in My (2N,x3) (a=1(mod4)), or in My(4N/b,x3) (a # 1 (mod4)).
Let 2|Ny. Then Q%YXO(H(Z)(ZGQ" (2z2) — fo)(z)) is equal to

242 0o () = Usliy oo (2)) (a=1(modd)),
2742 (2) " (W g () = Hp e 0(2)) = M e, (2) (@ # 1 (mod4)),

which is in My (N,x3) (a=1(mod4)), or in My (2N/l,x3) (a # 1 (mod4)) with
I = 1(v2(Ny) < 1), 2 (otherwise).

PrOOF. The first and second equalities in (i) of (1) are easily obtained. We
prove the third one. We have

, [e's) , 22
Furo0Q)GL,22) = C+ 30 3 taldtold)d ol (%—’"—)()

n=1 0<d|n

Since a = 1 (mod4), (a(n/d)* —m )/2 is even whenever it is integral. Then
of_, ((a(n/d)’ —m?)/2) = 2*"1(2)a]_, ((a(n/d)* —m?)/4), and hence the
equality follows. The fourth one is proved similarly.

The first and second equations in (ii) of (1) is again immediate. We prove the
third one. Note that y, = y'x = x'x¥. Then

i
Agk,a*,x() )gka x(Z)(Z)

=C+ 4i Z Xaa(d)xo(d)d*™! Z G,f,_w(a(n/a’)2 — m?)e(nz)

n=1 0<d|n meZ
2(a(n/d)*~m?)
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o , 2 2
=C+4-2%(2) Y tadxo(d)d ' Y af (M%—m)e('@

n=10<d\n meZ
= 25"15(2) S 1, (0(2) G (22)).

The equalities in (2) follow from the computations in (1). q.e.d.

THEOREM 1. Let k > 1, 4|N,y,€ (Z/N)*. Let ae N be square-free. Then the
Shimura lifting map ¥, ,, is a Hecke equivariant linear map of Giy1/2(N,xy) @
Skv172(Ny x0) 10 Mak(N/2, x3)-

PrOOF. Let k #2. By Lemma 7, 0(z)G) (z) (N = NiNs,e|N2,4|N; or
4|(N2/e),x' € (Z/N\)*,x € (Z/(N2/e))*) and O(Z)G,’f:x(4z) (N = N|N,,4|e|N,,
' €(Z/N)*,xe(Z/(Ny/e))*) have liftings in My (N/2e, (xx')’) and in
My (N /e, (xx')?) respectively for any square-free a. We can take Gis1/2(N, x0) ®
Sk+1/2(N,x0), as M in [Corollary| to Lemma 6. Hence the lifting map is well-
defined on Gyi1,2(N, xo) @ Sk+1/2(N, xo)- By Lemma 6, it is easy to see that the
image is in My (N/2,x3). This shows our assertion.

Let k=2. Then we must take into account modular forms 6(z) x
(G, (42) — G, (22)), 0(z)(2G,™" (2z) — G," (z)) in [Proposition 3 (2). To this
case we can apply Lemma 7 (2) and our assertion follows in the same manner as
in the case k # 2. q.e.d.

From [Corollary| to [Proposition 3, we obtain the main theorem of the paper.

THEOREM 2. Let k> 2. Let a,y, be as in Theorem 1. Then the Shimura
lifting map %, , is a Hecke equivariant linear map of My, (N,x,) to

MZk(N/2’X(%)

REMARK. Let k > 2. Let Eyy1/2(N, x) denote the orthogonal complement of
Sk+1/2(N, x0) in Myyy/2(N, xo) with respect to the Petersson product. Then the
space My.1/2(N, o) is decomposed into Ej,(/2(N,xo) ® Sk+1/2(N, xo) as Hecke
modules. An eigen-function of all Hecke operators in Ej./2(N, xo) is mapped to
an eigen-function in My (N, x3). By the growth condition of Fourier coefficients,
it is shown that the eigen-function in My (N, x3) is in Ex(N,x?). Hence the
lifting map sends Eisenstein series of half-integral weight to Eisenstein series of
integral weight.

The case k=1 of will be investigated in our later paper.
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6. We give two applications of our theorem.
(1) Let S be a positive definite symmetric integral matrix of size 2k + 1. Let
N be a multiple of 4 such that 1/(4N)S~! is integral. Let

Os(z) := Z e('gSgz).
gezzk+l
Then 0s(z) € My.1/2(To(N), x*, - (det(S)/ )). Let ry(n),n € N, denote the number
of integral solutions of an equation ‘XSX = n where X is a variable vector with
2k + 1 elements. We have

oo
Os(z) =1+ er(n)e(nz).
n=1
By Theorem 2, the lifting of this modular form is in M3 (N/2,1y,,). We state
this as a proposition.

PROPOSITION 4. Let S,N be as above with k > 2. Let a be any square-free
natural number. Let aga? = (—4)ka - det(S) where ay is 1 or the discriminant of a
quadratic field. Then for a suitable constant C,

C+ f: ( > xggﬂ(d)dklrs(a(n/d)z)) e(nz)

n=1 \ 0<d|n

is a modular form in My (N/2,1y/).

In case that S has an odd prime determinant, the result was first obtained by
van Asch [1, Theorem 2], where the constant term C is written explicitly in terms
of S and a.

(2) We derive several relations among arithmetic functions or special values
of L-functions.

(i) Since j(M,z)? = x_4(d)(cz+d) for M = <(cl z
inclusion 0(z)M7,,(4,x_4) = M4(4). This shows in particular, that S;/,(4,x_4) =
{0} because S4(4) = {0}. Thus dim¢ M7,,(4,x_4) is at most 2, the number of
regular cusps. The modular forms 310(z)Gs,_,(z) — 160(2)G;*(z), 6(z)G5*(z)
spans M7,»(4,x_4). Hence M;/,(4,x_4) = G7/2(4,x_4), and the space is of di-
mension two. It is easy to see only be applying Uy, that they are common Hecke
eigen-functions. The eigenvalue of 6(z)G5(z) for Uy is 2°. Since Gg(z) — Gs(22)
is the unique function in M;(2,1;), up to constant factor, such that

) € I'o(4), we have an
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U (Ge(z) — Ge(22)) = 2°(Ge(z) — Ge(2z)), we have

Sy (0(2)GE4(2)) = D 0% (a — m*)(Gs(2) — Go(22))

meZ

by comparing the first Fourier coefficients. Then comparing higher terms, we
obtain

>t a=mteg(n) = Y x'(d)d® Y o5 *((n/d)’a~m?) =0

meZ . 0<d|n meZ
d:odd

for any ne N, where y' = y_4, (a=1,2(mod4)), y_, (otherwise).

(ii) Let &k >4. The Shimura lifting ¥, ,(0(z)Gx(4z)) (a =1(mod4)) or
L 4a.1,(0(2) G (2)) (a =2,3(mod4)), namely, Ay o1 is in My(1l). Let k= 4.
Then M3(1) is of dimension one, and hence

o n 2 % 02
I (2) = L=3L(-3,2,) + 43 3 2 (@d* 3 o (( fdya —m )e(nz)

n=1 0<d|n meZ

is equal to

0

Gs(z) =C(-7)+2 Za';(n)e(nz)

n=1

up to a constant multiple. Then we have an identity

L(3Xa 0,7 ZXa d3za<(n/da—m)_0

O<din meZ

for any a € N, square-free. When a = 1, this gives the well-known formula
a7(n) — 120 Zm(m)m(n —m) =0,
m=0

because L(—3,x;) ={((—3) =1/120, 03(0) =1/2{(-3)=1/240 and 3. d°-
(n/d)z _ m2 n O<d|n
3 o3 | = > o3(n)o3(n —m) (for example, see [8], the section 3).

meZ m=0
(i) Let us consider the case k = 6 in (ii). Two modular forms

A2,a7,1(2) = 252L( 5, Xa +4Z Z Ko (d)d® Z ((n/d) j —m )e(nz),

n=1 0<d|n meZ

Gia(z) = 32760+2ZG“ nz)
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are in Mjy(1). Let 7 denote the Ramanujan function, namely A(z)=
> t(n)e(nz),7(1) = 1, where A(z) denotes the cusp form in Mjy(1). Then
—1/252L(=5,%,+)G12(2) — 691/3276013 4+ (z) = —1/126{L(=5, y,-) +

691/655% ", .7 05((a* —m?)/4)}A(z), and we have

a* —m?
65L(=5, x,+) + 691 Z s\ ——7— 7(n)

melZ

n/d)*a* — m?
4

= 65L(—5, x5 )on(n) + 691 > x,.(d)d’ Z s (

0<d|n meZ
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