TSUKUBA J. MATH.
Vol. 22 No. 2 (1998), 525-536

SINGULAR COMPACTIFICATIONS OF PRODUCT SPACES

By

Kazuo Tomoyasu

Abstract. Assume that both X and Y are non-compact locally
compact spaces. Let (X x Y) be a compactification of X x Y such
that 6(X x Y) > wX x wY, where wX and wY are the one-point
compactifications of X and Y, respectively. Then J. L. Blasco [2]
proved the theorem that 6(X x Y) is not a weakly singular com-
pactification of X x Y if X is pseudcompact. In this paper we give an
alternative, simpler proof for the above theorem. Furthermore, in the
case X is either a non-separable metrizable space or a separable
metrizable space with a non-compact quasi-component space Q(X)
and d(Y) < d(X), where d(X) is the density of X, for any compact
space S we establish a theorem that X x Y has a singular com-
pactification with S as a remainder if and only if X has a singular
compactification with S as a remainder.

1. Introduction

In this paper all topological spaces are locally compact and Hausdorff and all
compactifications are Hausdorff. For compactifications aX and yX of X we will
write aX > pX if there exists a continuous map f : X — yX such that f | is an
identity on X. If such an f exists which is a homeomorphism we will write
oX ~ yX and two compactifications aX and yX are called equivalent or aX is
equivalent to yX. In this paper we will investigate the singular compactifications
of product spaces. The concept of singular set of a map was introduced by G. T.
Whyburn and [24]. Later it was investigated by G. L. Cain, Jr. [3], [4] and
R. F. Dickman, Jr. [13]. Furthermore, [6], and treated singular com-
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pactifications in detail. A compactification aX of X is singular (resp. weakly
singular) if and only if the remainder aX — X is a retract (resp. neighborhood
retract) of aX [17]. Note that every singular compactification is weakly singular
and not every weakly singular compactification is singular.

The technique of singular compactifications is very important to the theory of
Wallman-type compactifications. For example, proving A. K. Steiner and E. F.
Steiner’s Theorem which is known as a reduction theorem (cf. [22], theorem), we
need to construct a singular compactification of a discrete space in order to get a
geometrical proof (cf. example 2). Then singular compactifications are
interesting ones in their own right.

In 1965, W. W. Comfort asked the question of whether there are two
non-empty retractive spaces whose product is also retractive, where a non-
compact space X is retractive provided that X — X is a retract of the Stone-Cech
compactificaiton X . It is well-known that every retractive space must be locally
compact and pseudocompact (cf. [15], theorem 0.1).

Subsequently, W. W. Comfort’s question was solved by J. L. Blasco [1]. Let
X and Y be non-compact spaces. J. L. Blasco proved that X x Y is not retractive
and then B(X x Y) is not a singular compactification of X x Y (cf. [T], theorem 1).

Recently, J. L. Blasco extends the above theorem in the following: Let
6(X x Y) be a compactification of X x Y such that 6(X x Y) > wX x 0¥,
where wX and wY are the one-point compactifications of X and Y, respectively.
If X is pseudocompact, then (X x Y) is not a weakly singular compactification
of X x Y (cf. [2], corollary 2.4(b)). He uses a certain functional analysis technique
to prove this theorem. In section 2, we will give an alternative, simpler proof for
the above theorem.

In 1985, T. Kimura gave the necessary and sufficient condition is that a
product space X x Y has an Np-point compactification. Recently, T. Kimura [21]
gave the necessary and sufficient conditions on metric spaces X and Y which
characterize the product space X x Y having the set of all compact metric spaces
as remainders. This is a partial answer for the problem posed by J. Hatzenbuhler
and D. A. Mattson [18]. Here we are interested in the class of singular com-
pactifications. Then considering these aspects, we may ask the following question:
Fix a compact space K. Give necessary and sufficient conditions on non-compact
spaces X and Y which characterize the product space X x Y having a singular
compactification with K as a remainder. In section 3, in the case X is either a
non-separable metrizable space or a separable metrizable space with a non-
compact quasi-component space Q(X) and d(Y) <d(X), where d(X) is the
density of X, for any compact space S we establish a theorem that X x Y has a
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singular compactification with S as a remainder if and only if X has a singular
compactification with S as a remainder.
For undefined notation and terminology, see [9] or [16].

2. A remark on Blasco’s Theorem

In this section we will give an alternative, simpler proof for J. L. Blasco’s
Theorem [2]. wX denotes the one-point compactification of a non-compact space
X throughout this paper. Let X be a set and x a cardinal. We will write [X]* for
{4 = X : |4| = k}. Recall that a space is pseudocompact if and only if every
sequence of infinitely many non-empty open sets has a cluster point.

At first, we will begin with the following lemma which was proved by G. D.
Faulkner [17].

LeEMMA 2.1. Let aX be a compactification of a non-compact space X and yX
a compactification of X such that yX <oaX. If aX is singular (resp. weakly
singular), then yX is singular (resp. weakly singular).

In this paper we will write wg for {0, 1,...}. Now, we will give an alternative,
simpler proof for J. L. Blasco’s Theorem [2]

THEOREM 2.1. Let X be a non-compact space, Y a non-compact space and
0(X x Y) a compactification of X x Y with (X xY)>2wX xwY. If X is
pseudocompact, then 6(X x Y) is not a weakly singular compactification of X x Y.

Proor. From [Lemma 2.1 it is sufficient to show that wX x @Y is not
a weakly singular compactification of X x Y. We set Z=X x Y and 6Z =
oX xwY. wX and wY denote XU{p,} and YU{q,} respectively, where
Do ¢ X and g, ¢ Y. Assume that 6Z is a weakly singular compactification of Z.
Then there exists a compact subset F in Z and a retraction r: 0Z — F — 6Z — Z.
Without loss of generality, we can assume that F = Fy x Fy, where Fy and Fy
are compact subsets of X and Y, respectively. Since Z is locally compact, 6Z — Z
is closed in 6Z. Let Ky and Ky be relatively compact open subsets of X and Y
respectively such that Ky o Fy and Ky > Fy. Take a point xp € X — cly Kx. Let
U, be a compact neighborhood of xo such that UjNcly Ky =@. Since r is
continuous, r~} (U} x {¢,}) is neighborhood of (xo,g.). Then there exist compact
neighborhoods U, of xy and By of g, respectively such that r(Uy x By) =
Uj x {90} and ByNcly Ky = 0. Since (Y Nint,y By) —cly Ky # 0, we take a
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point yg € (Y Nint,y By) — cly Ky such that r((xo,y0)) € Up X {go}. Let ¥ be a
compact neighborhood of yy such that VyNcly Ky = @. Since r is continuous,
r'!({pw} x V§) is a neighborhood of (ps,y0). Then there exist compact
neighborhoods A4y of p, and Vj of yo respectively such that 4o N (UyUcly Kx) =
@, Vo < V; and r(A4og x Vo) = {po} x V. We will define inductively the sequences
{xn}n<wo’ {yn}n<mo’ {An}n<wo> {Bn}n<wo’ {Un}n<wo {Vn}n<m0! {Ur’l}n<a;o and {Vr,l}n<wo
with the following properties for all n < wo:

(1) U, and U, (resp. V, and V) are compact neighborhoods of x, (resp. y.)
such that U, =« U, = X —cly Ky (resp. V, = V, < Y —cly Ky),

(2) A, (resp. B,) is a compact neighborhood of p, (resp. q,) such that
Any1 < A (tesp. Bpy1 = By),

(3) A n(U’U01xKx) ¢ and UI,!+1 (o= An,

(4) n+1 N (V' UclyKy) ‘b and V’ c B,,,

(5) r(An x Vp) € {pw} x V,, and r(U, x B,) < U, x {go},

(6) r((Xn+1,¥n)) € {Po} X Vn and r((Xn,yn)) € Un X {go}.

Assume that the construction is made for any k < n+ 1. Then r(4, x V,) <
{pw} x V. by (5). Take a point X,y € X Nintyy A, such that r((xps1,¥n)) €
{pw} X Va. Let U, be a compact neighborhood of xp.; with Uy, < AnNX. As
above, there exist compact neighborhoods B, and U, of g, and x,4; respec-
tively such that U,y < U,,,, Buy1 © Bp, Bpp1 NV, =0 and r(Upy1 X Bpy1) <
U, % {qw} Take a point y,.; € Y Nintyy Byy1 such that r((xp41,Yn+1)) € Unp1 X
{9o}. Let V, ., be a compact neighborhood of y,1 with ¥, , = YN B,y. Then
there exist compact neighborhoods A4,,; and V,.; of p, and y,i; respectively
such that Vy1 < V), Ant1 © An, An1 N U, =0 and r(4ny1 X Vat1) < {Po} X

" +1- Now the inductive process is complete.

CrLamm (1). If (u,v) is a cluster point of the sequence {(Xn+1,¥n)}ncw,> then
r((u7 v)) = (pw, qw)-

CraM (2). Put S = {(#},9))};cc,» Where u; € Uy, vj € Vi, and n; < m; < njyy
for any j < wp. If (u,v) is a cluster point of the sequence S, then r((u,v)) =

(Pwr9w)-
We will prove the Claim (1). From (6) it follows that the sequence

{r((Xn+1,Yn)) }ncwy < {Pw} X (Y — Ky). Therefore r((u,v)) eclsz({po} X (Y — Ky)).
Note that (u,v) € clsz{(xj,yx) : k = j = 0}. From (2), (4) and (5), {r((x;,yx)) :
k>j>0} = (X - Kx) x {qo}, therefore r((u,v)) € clsz((X — Kx) x {g.}). Since
clsz((X — Kx) x {go}) Nclsz({pw} X (Y — Ky)) = {(Pw,9w)}, we have proved
that r((4,v)) = (Pw,90)-
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Claim (2) can be proved with a similar argument since r((u;,v;)) €
(X — Kx) x {qo} for every j < wo and r((ux,v;)) € {pw} x (Y — Ky) for every
k > j = 0. Claims are proved.

Since X is pseudocompact, {inty U, : n < wg} is not locally finite. Since X is
locally compact, there exist a compact subset K in X and A € [wo]“° such that
P, =inty(KNU,) #0 for every ne A. On the other hand, we note that
{(xn41,¥n) tncw, has a cluster point in 6Z. If (u,v) is a cluster point of
{(Xn+1,¥n)}ncw,» then from Claim (1) r((#,v)) = (Pw;90)- Then (pw,qo)€
cloz{r((Xn+1,Yn)) }nce,- From (6) and this fact it follows that each neighbor-
hood V of g, in wY there exists a B(V) € [wo]™ such that VNV, #@ for
every ne B(V). Let np = min A. Since P,, # 0, we take a point ¢y € P,,. Then
there exists a compact neighborhood Qg of ¢, in wY such that r({z} x Qo) =
P, x {q»}. Since Qp is a compact neighborhood of g,, we take a number
my € B(Qp) such that mo >n;. We can take a point zo € V,, N Qo since
mg € B(Qo). Continuing by induction, we obtain the sequences {4}, s {2/ }i<wp
{Pn}icans {9Qi}icw, and {B(Q))};<q, With the following properties for every j < wo:

(1) ;€ P, and r({t;} x Q)) < P,  {du} = K x {gu},

(2) zj € VN O},

(3) nj <mj < nj,1 where m; € B(Q;) and n;, njy € A.

If (u,v) is a cluster point of the sequence {(#,2))};cn,, from Claim (2) it fol-
lows that r((4,v)) = (Pw,qe). However, this is impossible since the sequence
{r((#,2))}j<0, = K X {9w}- Thus there exists no retractions r : 6Z — F — 0Z — Z.
Therefore 6Z can not be a weakly singular compactification of Z. Then the proof
is complete. O

Let aX be a compactification of X. For an open set U of X, we set
extey U = aX —clyx (X — U).

LEmMMA 2.2. Let X be a non-compact space and Y a non-compact space. If a X
and Y are compactifications of X and Y respectively, then wX x oY < aX xJY.

ProoF. Put wX =XU{p,} and oY = YU{q,}, where we assume that
Po ¢ X and g, ¢ Y. We will define a map n: aX x0Y — wX x wY as follows:
z, ifzeX xY
(Pwyy), fz=(xy)e(aX —X)x {y}forsomeyecY
m(z) = (*,q90), ifz=(x,y)e{x}x (@Y —7Y) for some xe X

(Pw,9w), f ze(aX —X)x (0Y —7)
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It is sufficient to show that z is continuous and then the only thing in need of
proof is that we have to show the following three cases.

Case 1. Let U be an open neighborhood of p, in wX and V an open set
of Y such that cly V is compact. Then we will verify that z~!(U x V) =
ext,x(UNX) x V. In fact, since X — (UNX) is compact in X, ext,x(UNX) =
(UNX)U (aX — X). Then z='(U x V) = (UNX) x V)U |, (2X — X) x {y}
=extex(UNX) x V.

CaseE 2. Let U be an open set of X such that cly U is compact and V an
open neighborhood of ¢, in @Y. Then mimicking the similar argument of Case
1, we can verify that n7'(U x V) = U x extgy(V N Y).

Case 3. Let U and V be open neighborhoods of p,, and ¢, in wX and wY
respectively. Then we will verify that 771 (U x V) = extox (UNX) x extsy (VN Y).
Note that 77 (U x V) = (UNX) x (VN Y)U(aX — X) x (0Y — Y)U(UNX) x
@Y —Y)U(aX —X) x (VNY). Since extyx(UNX)=(UNX)U(aX — X) and
extsy(VNY)=(VNY)U@BY -Y), o= (U x V) =extox(UNX) xextsy(VNY).

Cases 1, 2 and 3 imply that n is continuous. Hence wX x wY < aX xdY.

O

From we can get the following corollary:

COROLLARY 2.1. Let X be a non-compact space and Y a non-compact space.
If X is pseudocompact, aX x yY is not a weakly singular compactification of
X x Y for any compactifications aX and yY of X and Y respectively.

The following example shows that the pseudocompactness in (Corollary 2.1
can not be dropped.

ExaMPLE 2.1. Let X be the half open interval [0, 1) with a usual topology.
Obviously, we note that wX x wX is a singular compactification of X x X.

In [Corollary 2.1 we note that if X is pseudocompact, aX x yY is not a
singular compactification of X x Y for any compactifications aX and yY of X
and Y, respectively. Here, the condition of pseudocompactness is not a necessary
condition, i.e., there exists a non-pseudocompact space X such that aX x yX is
not a singular compactification of X x X for any compactifications aX and yX
of X.
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ExaMPLE 2.2. Let R be the real line with a usual topology. However,
@R x wR is not a singular compactification of R x R. In fact, it is well-known
the fact that there exists no retractions r : R x @R — wR x wR — R x R. From
and aR x R is not a singular compactification of R x R
for any compactifications aR and JR of R.

The following remark was pointed out by Professor K. Kawamura.

REMARK 2.1. If aX is a compactification of X with closed unit interval I as
a remainder, then aX is singular since I is an AR. On the other hand, the
converse J. L. Blasco’s Theorem cannot hold. In fact, let X be denoted by the
half open interval [0,1) with a usual topology and let P be a pseudo-arc (cf. [19]).
Recall that pseudo-arc is a hereditarily indecomposable continuum and every
continuous image of I into a pseudo-arc is a one point. Fix a point p € P and put
Y = P — {p}. We can easily verify to see that X x wY is not a weakly singular
compactification of X x Y and both X and Y is not pseudocompact.

3. Characterization of singular compactifications of product spaces

If one factor is compact, the following proposition holds.

PROPOSITION 3.1. Let X be a non-compact space and K a compact space.
Then oX is a singular compactification of X if and only if aX x K is a singular
compactification of X x K.

ProOF. Necessity. Since aX is a singular compactification of X, there exists
a retraction r:aX — aX —X. Then a map s:aX X K — (X — X) x K is
defined by s((x,k)) = (r(x),k) for (x,k) e aX x K. Clearly, we note that s is a
retraction from aX x K onto (aX — X) x K. Thus aX x K is a singular com-
pactification of X x K.

Sufficiency. Since aX x K is a singular compactification of X x K, there
exists a retraction r: aX x K — (aX — X) x K. Take a point k € K. Then a map
s:(xX —X)x K — («X — X) x {k} is defined by s((x,y)) = (x,k) for (x,y) e
(X — X) x K. ¢ denotes (sor)luxx). Then we note that ¢:aX x {k} —
(eX — X) x {k} is a retraction. Thus aX is a singular compactification of X.

O

Let X be a non-compact space, Y a compact space and f: X — Y a
continuous map. Then the singular set S(f) of f is the set {y € Y : for every open
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set U of Y containing y, cly f~!(U) is not compact} [5] We say that f is singular
if S(f)=7Y [17). If f is singular, then we can construct a singular compacti-
fication of X as follows: On the set X UY, basic neighborhoods of points in
X remain the same as in X. Points in Y have neighborhoods of the form
UU(f~Y(U) - F), where U is open in Y and F is compact in X. Then XUY
with this topology is a compactification of X, and is denoted by X Ur S(f). A
compactification aX of X is said to be singular if aX ~ X U; S(f) for some
singular map f (cf. [11] and [17]); the fundamental idea of this compactification is
originated from [10].

A compact space S is called a singular set of X if there exists a continuous
map f:X — S such that S = S(f). '

PrOPOSITION 3.2. Let X be a non-compact space and S a compact space.
Then X has a singular compactification with S as a remainder if and only if S is a
singular set of X.

PrOOF. Necessity. Suppose that aX is a singular compactification of X with
S as a remainder. Note that there exists a retraction r : aX — oX — X (= S). Put
f =rly. Then we will verify that S = S(f). In fact, take a point x € S and let U
be a neighborhood of x in S. We will show that cly f~!(U) is not compact. Take
a net {x,},.y (=X) converging to x in aX, where N is a suitable directed set
with some order <. Then we note that there exists a vo € N such that v > vy then
x, € r1(U). Note that r(x,) = f(x,) € U for all v > vo. Then x, € f~}(U) for all
v>v. If cly f~1(U) is compact, then x e cly f~!(U). This is a contradiction.

Sufficiency. This follows from the definition of singular compactifications.

O

From the above proposition we realize that every singular compactification
depends on a singular map. The following example shows that there exists
singular compactifications aX and pX of X such that aX is not equivalent to X,
even if aX — X is homeomorphic to yX — X.

ExampLE 3.1. Let Xp = X; = [0,1) with a usual topology and X = wp with
a discrete topology. Then we put X = @i<3 X;. Put X = 0(Xy ® X1) ® wX>
and y,X = wXp @ w(X; @ X3). Then oy X is not equivalent to y,X, even if
o X — X is homeomorphic to y,X — X. In fact, denote w(Xo ® X1) — Xo @ X1 =
{po}, CUXz - X = {pl}, COX() - Xo = {qo} and CO(X] @ Xz) - X1 DX = {ql}.

Clearly, aoX — X is homeomorphic to y,X — X. Suppose that o« X ~ y,X and
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then oy X > p,X. Then there exists a continuous map f : o X — p,X such that
S Tx is an identity on X. Then we note that either f(po) =qo or f(po) =q1
holds. Since neither wXy nor w(X; @ X») contains f(w(Xp @ X1) — K) for any
compact subset K of Xy @® X;, we can get a contradiction. This implies that
X % P2 X.

Let d(X) be the density of a space X. The rest of this section D, is a discrete
space with cardinality x. Proving our main theorem, we will begin with the
following lemmas:

LeMMA 3.1. Let S be a compact space and Y a non-compact space which is a
continuous image of a non-compact space X. If Y has a singular compactification
with S as a remainder, then X has a singular compactification with S as a remainder.

Proor. From [Proposition 3.2 S is a singular set of Y. Then there exists
a singular map f:Y — S such that S = S(f). Assume that g: X - Y is a
continuous onto map. Then we will show that S = S(f o g). In fact, take a point
xeS and let U be an open neighborhood of x in S. Assume the contrary
cx g 1(f~}(U)) is compact. Since g(cly g~'(f~1(U))) > f~1(U), we note that
cly f~}(U) is compact. This is a contradiction. This implies that x € S(f o g) and
then we have shown that S = S(f o g). Again from the [Proposition 3.2] X has a
singular compactification with S as a remainder. O

LEMMA 3.2. Let X be a non-compact space, Y a space and S a compact
space. If X has a singular compactification with S as a remainder, then X x Y has
a singular compactification with S as a remainder.

PrROOF. Assume that X has a singular compactification with S as a
remainder. Since X is a continuous image of X x Y, from Lemma 3.1 X x ¥
has a singular compactification with S as a remainder. O

From Lemmas 3.1 and we will prove the main lemma:

LeEMMA 3.3. Let k be an infinite cardinal and X = 6—)“ < X With Xy # 0 and
d(X,) <k for any o < k and Y a space with d(Y) < d(X). Then for any compact
space S the following conditions are equivalent:

(1) X x Y has a singular compactification with S as a remainder,

(2) X has a singular compactification with S as a remainder.
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PrOOF. (1) = (2). Assume that X x Y has a singular compactification with
S as a remainder. Since d(X) =k, we note that d(S) <x. Let D be a dense
subset of S. Enumerate D as {x, : « < d(S)}. Note that D, can be represented as
the infinite disjoint topological sum @), a(s) Da such that |D,| =k for every
o < d(S). A map ¢ : D, — D defined by ¢(d) = x, for every d € D,. Note that
@ is continuous and S(¢) = S. From [Proposition 3.2) D, has a singular com-
pactification with S as a remainder. From there exists a singular
compactification of X with S as a remainder, because D, is a continuous image
of X.

(2) = (1). This part of the proof follows from Lemma 3.2 We have thus
proved the lemma. O

It is well-known the fact that every non-separable metrizable space can be
represented as the infinite disjoint topological sum. We will prove the main
theorem in the case X is a non-separable metrizable space:

THEOREM 3.1. Let X be a non-separable metrizable space and Y a space with
d(Y) <d(X). Then for any compact space S the following conditions are
equivalent:

(1) X x Y has a singular compactification with S as a remainder,

(2) X has a singular compactification with S as a remainder,

(3) d(S) < d(X) holds.

ProoF. Since X is a non-separable metrizable space, X can be represented as
@a <« X, Where X, is o-compact for every a < k and x > w;. Without loss of
generality, we can assume that X, # @ for any a < x. Then from we
note that (1) is equivalent to (2). Finally, we will show that (2) is equivalent to
(3). Clearly, we note that (2) implies (3). It is sufficient to show that (3) implies
(2). Let D be a dense subset of S. Enumerate D as {x, : a < d(S)}. Note that D,
can be represented as the infinite disjoint topological sum @), <d(s) D, such that
|Dy| = k for every a < d(S). Define a map ¢ : D, — D as follows: ¢(d) = x, for
every d € D,. Note that S = S(¢). From Proposition 3.2 D, has a singular
compactification with S as a remainder and then from X has a
singular compactification with S as a remainder, because X can be represented as
@a <« Xa, where X, is a non-empty g-compact space for any « < k. We have thus
proved the theorem. O

Mimicking the proof of we can get the following corollary:
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COROLLARY 3.1. Let X and Y be non-separable metrizable spaces. Then for
any compact space S the following conditions are equivalent:

(1) X x Y has a singular compactification with S as a remainder,

(2) either X or Y has a singular compactification with S as a remainder,

(3) either d(S) < d(X) or d(S) <d(Y) holds.

Let Q(X) be the set of all quasi-components of a space X and p : X — Q(X)
the natural projection from X onto Q(X). We given Q(X) the topology generated
by {¢: % < Q(X) and p~!(%) is clopen in X} as a base for open sets. We call
the space Q(X) with this topology the quasi-component space of X [14].

T. Kimura proved the following lemma:

LeMMA 3.4 ([21], T. Kimura). Let X be a separable metrizable space. If the
quasi-component space Q(X) is not compact, then X can be represented as the
infinite disjoint topological sum.

From Lemmas and B.4 we can get the main theorem in the case X is
a separable metrizable space with a non-compact quasi-component space Q(X):

THEOREM 3.2. Let X be a separable metrizable space with a non-compact
quasi-component space Q(X) and Y a space with d(Y) <d(X). Then for any
compact space S the following conditions are equivalent:

(1) X x Y has a singular compactification with S as a remainder,

(2) X has a singular compactification with S as a remainder.

From Theorem 3.2 and the similar argument above we can get the following
corollary:

COROLLARY 3.2. Let X and Y be separable metrizable spaces and either a
quasi-component space Q(X) or a quasi-component space Q(Y) is not compact.
Then for any compact space S the following conditions are equivalent:

(1) X x Y has a singular compactification with S as a remainder,

(2) either X or Y has a singular compactification with S as a remainder.

In Theorem 3.2 the condition that X has a non-compact quasi-component
space Q(X) can not be dropped.

ExaMmpLE 3.2. Put X = [0,1) with a usual topology and Y = [0,1] @ [0, 1),
where [0,1] with a usual topology. We note that X x Y has a singular com-
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pactification with D, as a remainder. However, X can not have a singular
compactification with D, as a remainder.
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