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ON PRIME TWINS IN ARITHMETIC PROGRESSIONS

By

Hiroshi MIKAWA

1. Introduction.

Let ¢ and a be coprime positive integers. Put, for a non-zero integer %,

U(x;q, a, 2k)= 0<m2n§z A(m)A(n)

m—n=2k
n=a(mod q)

where A is the von Mangoldt function. It is expected that, provided (a-+2%,q)
=1, ¥ is asymptotically equal to

-1 —
H(x; g, 2k)=8 {,Ik(i—Z)' xso(gkl

>2

=

where
1
s=2 11 (1~ G—1y)-
Let

U—H, if (a+2k, ¢)=1
E(x;q, a, 2k)={

v, otherwise.
It is well known that E(x; 1, 1, 2k) is small in an averaged sense over k.
In 1961 A.F. Lavrik showed that, for any A, B>0,
> |E(x;q, a, 2R)| < x*(log x)~4

0<2ksT
uniformly for (a, ¢)=1 and ¢=<(log x)2. Recently H. Maier and C. Pommerance
considered the inequality

> max 3 |E(x; g, a, 2k)| < x*(log x)™4,

gsQ Ca,@=1 0<2ksx
which may be regarded as an analogue to the Bombieri-Vinogradov theorem.
They showed that the above is valid for Q<x’? with some small §>0, and
applied their formula to a problem concerned with gaps between primes. Later
A. Balog generalized this to the case of prime multiplets, and extended the
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range of validity, in the general case, to Q<x'*(log x) 2 with some B=B(A)
>0.

In this paper we make a further improvement, only for the simplest case,
so as to give a close analogue to the Bombieri-Vinogradov theorem.

THEOREM. Let A>0 be given. There exists B=B(A)>0 such that

max > |E(x;q, a, 2k)| < x*log x)=4

gszl/2og x)~B (a.q)=1 0<2k sz

where the implied constant depends only on A.

Our argument is, of course, based upon the bound for E(x; 1,1, 2k) and
the Bombieri-Vinogradov theorem. In contrast to [1, 3] we employ a variant
of Ju. V. Linnik’s dispersion method. We use a standard notation in number
theory, and, for simplicity, write .£=log x.

[ would like to thank Professor S. Uchiyama for encouragement and careful
reading of the original manuscript.

2. Proof of Theorem.

We call a remainder R(x; ¢, a) “admissible”, if for any A>0 there exists
B=B(A)>0 such that

> gmax |R(x;q, a)|Kx*L4.

gszl/2L~B (a,p=1

An admissible remainder is abbreviated to “A.R.” in a formula.
We first consider the following quantity :

(2.1) Dx;q9, a)= X |E(x;q, a)l®

0|2k |sT

=W-2V4+U,
where

2
W= (.= amam),
0<|2kisT m,nsz

n=a(mod q)

2.2 V=0 —12 Ay A,
& o@) iz, FTIHROILGT =) 5, AmA®m

m,
+2k m=-
=a( dq)

n

and

_(_ 8 Y _ ye [ P—1\
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In sections 3, 4 and 5, we shall show

(2.3) W<T+A.R.,
(2.4 V=T+A.R,,
and
2.5) U=T+A.R.,
where

_o Hg) x?

% q) 3

with

B= IpI (l+ (p—ll)f*)g(pg{)—g;)—}ﬁ ’

Then, because of [2.I), 9(x;gq, a) is admissible. By Cauchy’s inequality, we
therefore have

5 max S |E(xiq a)l)

gsQ (a.g)=1 0<2k=x

(5=, 2 1) (50 max S |Exq @)

T \gsQ G o=z (@, =1 0|12k sz

LxL+2q max 9D(x; q, a)

25Q (a, =1
LxtLo24
for any A>0 and Q<x'V*.L-2 with some B=B(A)>0. Thus, apart from the
verification of [2.3), and (2'5), we get [Theorem|.
In order to prove and [2.4), we appeal to the following Lemmas.

follows from immediately. is a minor modification of
the Bombieri-Vinogradov theorem, see [2, sect. 28].

LEMMA 1. For any A>0 we have

2 t(2R)|E(x; 1, 1, 2k)| K x2 L4
0<2ksT
where the implied constant depends only on A.

LEMMA 2. Put

X

Elx; ’ — 2 A )_—_"
oo= & AT

Then, for any A>0, there exists B=B(A)>0 such that
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74(¢) max max | Ey(t; ¢, a)| KxL4

qszxl/2L-B (a.q)=1 tszx

where the implied constant depends only on A.

3. Estimation of W.

In this section we prove [2.3). Expanding the square, we have

W= X > X Am)A(n)A(my)A(n,)
0I2kiss ™My, Ny, Mg, NS T
Rt i e

< Af_‘: 12 22 3 Am)A(n)A(m) A(ny) .
My, Ny, Mg, NgsS T
U

The above condition m,—n,=m,—n, is equivalent to n,—n,=m,—m,. Write

r’'=n,—n,=m,—m,. Then g¢l|r’, since n,=n.(g). The terms with »'=1(2) or
r’=0 contribute

<<x_£6+x2q—1.£4’

which is admissible trivially. On rewriting »'=2r, we have

ws = (3 A(nl)A(nz))(mmezgx A(m,) A(my))+A.R.

ToiZTisx

n1, Ngsx
qier ni1—ng=27 my—mo=2r7
n1=ng=a(qQ

=2 3 ( P> A(m)A(n))(If(x;l, 1, 2r)+A.R.

We now replace ¥ by H. Then the resulting error is

Am)A(m))| E(x5 1, 1, 20)].

by Lemma 1. Hence

W26 3 (=211 %:—;—) 5 AmAm+AR..
L ,NST

m—n=271
m=n=ad(q)

Let ¢, denote the multiplicative completion of ¢.(p)=p—2. Then
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pIIIr p— 2

p— 1) ¢(d)
@i(d)

di
(d2 =1

Since ¢(p)=(1/2Xp—1) for p=3, we see

= ”zég <<.£ 2 T(j) KLY Pry(r).
@ay=1 P D
d>_L’D

Here D=9+4A. This contributes to W

Lx X I“Dra(r)-g-fz,

0<2rsx
gler
which is also admissible, since

x?
2 qe—LP 3 Ty(r)
qsx q 0?1 Ts.r

KX LP 3 74(r)e(r)
rsx
Lx:LeD,
By partial summation, we therefore have

W§2@S:w(x, y;q, a)dy+A.R.,

where
2
0= 2O 5 AmAm.
ofﬁzrrgy(d 2= 190‘( ) AL
ds LD m n=a(Q

We proceed to consider w. Since (d, 2)=1, the condition m—n=2r and d|»
is equivalent to m=n(2d). Thus,

(3.1) w= S‘_,D ”(Z) A(n) > A(m).
& S F=1 (Pl( ) nl Ji(q) n<ms1w}%1é.§g)::—y)

The above simultaneous congruences are soluble if and only if n=a ((2d, q)),
which is satisfied. Moreover, p*d)=1 and (d, 2)=1 imply (2d/(2d, ¢), ¢)=1.
Hence, if (n, 2d/(2d, ¢))=1, then m is restricted by a reduced residue class to
modulo [2d, ¢]. The terms with (n, 2d/(2d, ¢))>1 contribute negligibly. There-
fore the innermost sum of is equal to

minG, =1 | o0 max  |Eyt; [2d, ¢, 8)]).

3.2
(3.2) o([2d, q]) ®, (24 g7 =1

The contribution of the O-term is admissible. Actually, yields that
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¥(d
500x 3, PO 5 ) max  |Et; (24, 1, )
qu go,(d) "sfm b, tztazs.fn):x
Lx:L ( 3 )maxIE,(t ¢, b)l
cs2QLD\r2d. q)=¢

cy=1

KxL X tic)max [E\(t; c, b)
cs2QLD %=1

<<x3.C_A ,

provided Q<(1/2)x'/?.L-®+D with B in[Lemma 2. Let w, denote the remaining
terms. Then we have showed that

(3.3) Wgzggfwl(x, yiq, a)dy+A.R.,

We turn to w,. By and

pX(d) min (y, x—n)
2o old) g2 " e2d, D)

m=a (g
(n,2d/2d,q))=1

(34) w1: 2

©*(d) _ , B
§<(d‘§-‘; Lo d)p([2d, q])) ngzq)/l(n) min (y, x—n)

=g->), say.

By partial summation, we see

(3.5) S= S x( - di4-0(y max | Eit; g, a)).
Because of (2d/(2d, g), ¢)=1 and (d, 2)=1,
_o(d)p(q)
o([2d, 4= Ced, o) °
So,
3.6) plpa=_ 5 LD 2)

(& D=1 <p1(d)go(d)

1
(1+ G=2=n) 1L (1+57)

- (23S (0= ply
Np=2Xp—D/ g3\ p—3p+3  p—2

- (p—l)z,p<p2—3p+3>)_ (p—1)°
pSe\p(p—2) (p—1)3 pig\ p*—3p+3

=& 'g).

Il
zz:x
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In conjunction with [(3.4), [3.5)] and [3.6), we have

, D) =(g)
0] §@ *—Z’E—)‘ "’§>+ O(x “( )max JLl(t q, a)l)

since $(g)<7(g). Combining this with [3.3), we get

L () (= ’
W<26-6- 2<$)So(xy~9’2—)dy

+O( 2 ((Q))maxlEl(t g, a))+A.R.

ZQ(Q f~+ . +A.R., say,

g 3
Since
2 g max |w;| Kx*L 2 t(g) max |E(t; g, a)l,
75Q (a,p=1 7sQ (a,t%af__l
®, is admissible by [Lemma 2. Hence we conclude
W<T+A.R.,

as required.

4. Evaluation of V.

By the argument similar to that in the previous section, we have

€
-—~——S v(x, v;q, a)dy+A.R.,

w(q)
where
_ ©i(d)
4.h v_0<12kl§y Il gol(d)mnz‘J Am) An).
ds_LD n= a(q)

Here D=A+7. We approximate v by
) PN y*
Ul‘(‘x! y ’ Q)'— gD(Q) ( __) .

2
Let vy(x, v; q, a) denote the resulting remainder. We then have

4.2) g_o(—q)S vi(x, ¥; q)dy+0( ()max{vz(x ¥ q a)l)+A R.
_o D x°
=2 o(g) 3 +v;+A.R,, say.

If v; is admissible, then follows.
We proceed to consider v defined by [4.1). If u*d)+#0, then the congruence



384 Hiroshi MIKAWA

gk=0 (d) reduces to £=0 (d/(d, ¢)). Since (d, 2)=1, the condition m—n=2k
and =0 (d/(d, ¢)) is equivalent to m=n (2d/(d, ¢)). Thus, we have

#*(d)
= e A(m)A
(4.3) ’ (g%fb @i(d) o<%hf§5y ()

m=n2d/d,q)
n=a(q)

©i(d) s X s
= B2 5 A p3 A(m) +0(L1+= %),
as1D ¢\(d) nsx n<msmin(z, n+y) q
(d,2)=1 n=a(Q or max (0, n— y)<msn
(n,2d/(d.g))=1 m=n(2d/(d,q))

We replace the innermost sum by

- min (n, y)+ min (y, x—n)
T o(2d/(d, q))

Then the resulting error is

(4.4) « 3 B X ax |Eu; 2d/d, ¢), b))

as1Pi(d) ¢ . 2d =1
xZ

=L,
q

by the Siegel-Walfisz theorem [2, sect. 22]. The contribution of v, is equal to

#(d) : : _ :
(4.5) (( §£l<p1(d)so(2d/(d 0)))m Z}a(q)A(n)(mln(n, )+ min(y, x—n)+0(xL?)

=g -2+0(x.L?), say.

By partial summation,

(4.6) =22 SE 4 0 max| B 0, @)
¢*(d)=1 and (d, 2)=1 imply ¢(2d/(d, ¢)=¢(d)/¢((d, ¢)). Hence,

_ o« #De(d, ) d, q)r(d)
@D A S C) T C) +0(, 2 log )

=&"19(g)+0(L>"r+(q)) .
In conjunction with (4.3)-(4.7), we get

Axy—y*/2)

o0) +0(x I;}saiclEl(u 5 q, a)I)}

b= (& B()+ O(L*-Prig)} |

+O(x.£3)+0( L-4- 3)



On prime twins in arithmetic progressions 385

a9 ’ 2 r3-pT3()
=g Eqiz( — %)+ 0(x s D;%)

.
+0(x7(g) max | Ey(u ; g, a)l)—}-O(%_L’—A—a).
:U1+O(x2,£'“A—3Ta(q)q~1+XT(q) rEgiﬁlEl(u . q, a)l).

Combining this with we see

quax lvs] €% 2 —— max |[v—uvy]
9sQ (a. = go(q) (@, =1
Lx3.LA4-x2 L (@) max |E(u;q, a)l.
qsQ

UsSx
(a, =1

Hence yields that v, is admissible, as required.

5. Calculation of U.
It remains to show . By the definition of U,

_ 28 2 p—1
U= 2(q) 0<§sz (x—2k) |qk(p 2
Now,
1) ¢ (d)
| -2 qu ¢2(d)

2 (d,2)=

where ¢, 1s the multiplicative completion of @,(p)=(p—2)*/(2p—3). Since @.(p)
>(p—1)/(2p®) for p=3, we see

#d) 2(d)r_((2(¢(cid)>4

(Pz(d)
or
Z
k EZ; <L dzk T(j) LPzsgk).
(dd%g =1 902 d>|_.f

Here D is a constant. By partial summation, we then have

Gy U=22 (" (KZEx > DN gy +o(

S L1 Pri(gh)

A0 gk, 0d) 2<q> i
ds.LD
= 2¢ -p T3\q) 73(q)
= 2(q)S 2y-u(x, v; q, a)dy—l—O( s_re- 2((]) say,

We proceed to u. We treat the condition (a+2k, ¢)=1 by the Moebius
function and interchange the order of summation, getting
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u= 2 ﬂz@') > ,U(e)#{0<2k§x—y:

gL edd) i

gk=0 (d)
a+2k=0 (e)} .

The above congruence ¢k=0 (d) is equivalent to 2=0 (d/(d, g)), because of
p*(d)=1. Since (a, g)=1 and e|q, the congruence a+2k=0 (e) is soluble if and
only if (e, 2)=1, and reduces to £=—a2 (¢). Moreover, p*(d)=1and ¢|q imply
(d/(d, q), e)=1. Hence k is determined by some congruence to modulo de/(d, q).
We therefore have

= 5,59 E=2)2
- ?fol%(d) e% #(e){de/(d, ) +0(1)}

(e,2)=1

=2 5 Mﬂ)( 5 #_<e_>_)+0<,<q) )
(

0 o (d)d N Gi e

g
(e, 2) =1

pXd)d, q)
D=1 @(d)d

=B 2D(gNx— y)+O(x.L3 Pry(q)) .

+o ) 3 B 1060L)

€ e

(e,ZH)Z:l
Combining this with (5.1), we get

_ 2@
(q)

On choosing D=7+ A, the above O-term is admissible, since

73(q)
@)/’

&0(0)| 25(x— y)dy+ 0052

73(q)

.x3_L2-D 8 p1-D
20 o) <F
Thus,
. x
U—Z(pz(q) S HAR,

as required.
This completes our proof of [Theoreml.
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