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0. Introduction.

In the last years, the use of an idea of A. Ros, [11], has meant an in-
teresting progress in the study of several families of submanifolds of the com-
plex projective space CP". This idea essentially consists in considering the
first standard embedding of CP™ in a certain Euclidean space RY, and con-
templating the submanifolds of CP™ in the light of that new embedding. The
first standard embedding has parallel second fundamental form and makes CP™
to be a symmetric R-space in R”.

In particular real hypersurfaces of CP™ have been analysed under this point
of view, [6], [13], and new characterizations of this important class of hyper-
surfaces have been obtained.

In 1986, the second author and S. Montiel, [8], made a systematic study of
a certain family of real hypersurfaces of the complex hyperbolic space CH".
In the process of classification of that family they introduced new examples
without parallel in CP™. Therefore if we could get an isometric embedding of
CH™ in some Euclidean space R¥ provided of as good geometric properties as
those of the first standard embedding of CP", we could try to profound in the
study of real hypersurfaces in CH™.

On the other hand fully immersed complete submanifolds of a Euclidean
space with parallel second fundamental form have been totally classified by D.
Ferus, [3], [4]- As a consequence his result implies that a complete irreducible
(as a Riemannian manifold) submanifold which is fully immersed in an Euclidean
space with parallel second fundamental form is congruent to either an hyper-
plane or to an irreducible symmetric R-space immersed by means of its standard
embedding. Consequentely we see that there exist no an isometric immersion
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of CH™ in an Euclidean space with parallel second fundamental form. There-
fore one should rather look for such a good isometric embedding of CH™ in a
pseudo-Euclidean space. In this article we propose both to prove that the above
mentioned embedding exists and to use that embedding to analize real hypersur-
faces of CH”. In §1, we firstly construct an isometric embedding ¢ of CH"
in the pseudo-Euclidean space RY¥, N=n?>+2n+1, S=n%+1, with parallel second
fundamental form, which makes CH™ to be a space-like submanifold with de-
finite negative normal bundle in the ambient space R¥. In this way CH”
whitin RY is a pseudo-Riemannian symmetric R-space in the sense of Naitoh,
[9], (see also Remark 1.2). Secondly if we take an isometric immersion @ of
a (2n—1)-dimensional Riemannian manifold M in CH™", and consider the induced
isometric immersion X=¢-® of M in RY then we ask which real hypersurfaces
M of CH™ are minimally immersed by means of X in some non-flat totally
umbilical hypersurface of RY. We obtain:

THEOREM 4.2. There exist no real hypersurtaces M of CH", n=2, which
are minimal in either a (n*+2n)-dimensional indefinite sphere or in a (n*+2n)-
dimensional indefinite real hyperbolic space of RI312"*'; that is to say no real
hypersurface M of CH™ is mono-order in R312"*' via the isometric embedding ¢.

This result contrasts with Theorem 3.1 of [6], where certain geodesic
hyperspheres were characterized as those whose immersion via the first standard
embedding was minimal in some hypersphere of an Euclidean space.

At the same time, we discovered that was accompanied by a
seemingly strange fact. Indeed, in computing the Laplacian of the mean
curvature vector field H of the horosphere M* of CH" in the pseudo-Euclidean
space R23:2"+1(see §3) we achieved AﬁzQ, where () was a non-zero constant
vector of the ambient space. Fortunately we succed in proving its converse
and thus to characterize the horosphere M} as follows:

THEOREM 5.7. Let M be a real hypersurface of constant mean curvature in
CH™, n=2. Suppose M satisfies the differential equation
AR =0Q
with H the mean curvature vector fiel of M in R23t%+1 agnd Q is a non-zero
constant vector of the ambient space. Then M is locally congruent in CH™ to

the horosphere
Mﬁ:x({zEH%"“l |zo—z,|2=1})

described in § 3.
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Finally one should notice that no real hypersurface of CP" with constant
mean curvature satisfy the above differential equation AH=0Q.

1. An isometric embedding of the complex hyperbolic space in a pseudo-
Euclidean space. We consider the following Hermitian form in the (n41)-
dimensional complex vector space C"+!

n
1.1) F(z, wy=—Z,wo+ Zlijwj
=
where as usual (2, --- z,)=2z" and (w,, -+, w,)=w" represent vectors of C"*!,

( )* denoting transpose, and Z; means the conjugate complex of z;, The real
part of F is an indefinite Riemannian metric on C"*' with index 2, which we
call g. The classical definition of the n-dimensional complex hyperbolic space
CH™ goes as follows: CH™ is formed by the set consisting of the 1-dimensional
complex subspaces L=span {z} of C"*+' satisfying F(z, z2)<0, i.e. L is negative
definite with respect to g. The real hypersurface H3"*'={zC"**|F(z, z)=—1}
of C"*! is, with the induced metric g, a complete Lorentzian manifold of con-
stant sectional curvature —1, which is called the (2n-+1)-dimensional anti-De
Sitter space. In terms of the usual action of the 1-dimensional sphere S* on
H3"*') we have that H2"+' is a S'-bundle on CH™ with canonical projection
n: Hi"*"'->CH", z—[z]=span{z}. If we additionally take on CH" the Bergman
metric of holomorphic sectional curvature —4, = is a riemannian submersion,
[10], with time-like totally geodesic fibers.

Now take End(C™*!) as the space of all the C-linear endomorphisms of C"**,
Then by mapping L=[z], 2z H?"*!, in the orthogonal projection with respect
to L of the metric vector space (C"*!, F), we construct an embedding of CH"
in End(C"*'), whose image is

(1.2) {p€End(C™*")/pep=p, F(p(2), w)=F(z, p(w)), z, wEC"**, trace(p)=1}

By identifying End(C™*!) with the space formed by the complex square
matrices of order n+1, M,,,, we obtain a differentiable embedding ¢ of CH"
in M,.,, whose image is

(1.3) {AEM | A=A, GA'=AG, trace(A)=1}
where G is the matrix diag(—1, I,), I, is the matrix identity of order n, and

A (resp. A') is the conjugate (resp. transpose) matrix of A.
Therefore, given any [z]=CH™ we have
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|20]2 —Z0Zy " —20Zn

Z12, _Izllz"' —2Z1Zn
(1.4) o([z])=

ZaZ —2pZ; " _lznl2

and so ¢([z]) is the matrix of the orthogonal projection pp with respect to the
line L=[z] expressed in the usual basis of C™*'.

Consider now the (n+1)*-dimensional real subspace of M,,, defined by
H\(n+1)={A€M,.,/GA*=AG}.
If we define on H!'(n-+1) the symmetric bilinear form
(L.5) 8(A, B)y=—(1/2) trace(AB)

A, B in H'(n+1), then g is a non-degenerate metric of index n%+1. Conse-
quently (H'(n+1), &) is isometric to the pseudo-Euclidean space RZ23}3"+!,

If we agree in denoting by U'(n+1) the Lie group formed by the F-
isometric automorphisms of C*!, U\(n+1)={A=Glin+1, C)|A'GA=G}, then
we see that this group acts transitively on the anti-De Sitter space H2"*! by
means of the usual matrix product. CH™" inherits this action in a natural way
(4, [z])»—»[Az]. On the other hand, there is another action of UY{n-+1) on
H'(n+1) represented by (A4, X)—AXA-!. This action leaves invariant the
metric Z, (1.5), and ¢ is a U'(n-+1)-equivariant embedding. One can check
directely from that the differential of ¢ at [e.], ei=(1, 0, ---, 0), preserves
vectors length. Thus ¢ is an isometric embedding. Moreover, the image of ¢
given in[(1.3)is contained in the hyperplane Hi(n+1)={A= H'(n+1)|trace(A)=1}.

We end observing that [,4; is normal to Hi(n-+1) with respect to g. Hence
Hi(n+1) is a non-degenerate hyperplane of index n? and there exists no hyper-
plane of Hi(n-+1) containing ¢(CH"). Finally we summarize these facts in the
following :

PROPOSITION 1.1. The map ¢ written in (1.4) defines an U(n-+1)-equivariant
1sometric embedding of the hyperbolic complex space CH™, with Bergman metric
of holomorphic sectional curvature —4, into the pseudo-Euclidean space RZ3{3"+!
(represented as the matrix space (H'(n+1), 2)). In addition ¢ is an U'(n+1)-
equivariant embedding fully immersed in a non-degenerate hyperplane of index

2
n? of R7atin+!,

At this point we wish to emphasize some useful facts about the embedding



An Isometric Embedding of the Complex 297

we have just defined.

We begin by computing the tangent and normal spaces to CH™ at any
point. Identifying CH™ with its image under ¢ and making as in [6], p. 306,
we get

TACH™={XeH'(n+1)| XA+AX=X}

THCH")={Xe€H'(n+1)| XA=AX}

(1.6)

Choosing now any @ of H!'(n-+1), its tangential component to CH" at the
point A is

(1.7) QA+AQ+45(A, Q)A.

The complex structure of CH" is given by
(1.8) JX=+v/—=1I-2A)X

for any X in T 4(CH?"), where I is the identity matrix of order n-+1.

We denote by &, S and H the second fundamental form, the shape operator
and the mean curvature vector field associated to ¢, respectively. Then if Z
is a normal vector to CH™ and A is a point of CH™, it is not hard to check
that

(X, Y)=(XY+Y X)YI—-2A)

(1.9 ~

S X=(XZ—ZX)I—2A)
(1.10) d(JX, JY)=6(X,Y)
(1.11) Hy=—@2/n)(I—(n+1)A)

for any X, Y tangent to CH™ at the point A.
Hence from [1.10) and Codazzi equation we obtain

(1.12) Vé=0,
i.e., ¢ is parallel. Now from and (1.9) we get
(1.13) g(e(X,Y), I)=0, 86X, Y), A)=—2(X,Y)

for any A in CH™ and X,Y in T4 CH™). Finally by using that CH" has
holomorphic sectional curvature —4, and Gauss formula, we conclude from
that

(1.14)  ge(X, Y), a(V, W)=—24X, V)V, W)—&gX, W), V)
—&(X, V)Y, W)—&(X, JW)gY, JV)
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for any X,Y,V,W of T,CH™).

Perhaps to complete this paragraph we should make you notice some obser-
vations which fit in nicely with our discussion. Firstly we consider the Laplacian
A associated to the Bergman metric of CH™. We take the sign of A so as in
the standard Euclidean case A=—3%_,0°/0x% Calling X to the position vector
in H'(n+1) from the point (1/(n+41))1,i.e., X([z])=¢([z])—(1/(n+1))I, [zJ=CH™",
and using we obtain AX=—4(n+1)X and therefore ¢ embeds CH" as a
minimal submanifold of the umbilical hypersurface

U={X=sH' (n+DIZX—Q1/(n+ 1], X—(1/(n+1)])=—n/2(n+1)}.

Identifying H'(n+1) with the pseudo-Euclidean space R23{#*+! U is an
indefinite hyperbolic space H2%*?*" of sectional curvature —2(n+1)/n. Notice
that since CH™ is a space-like submanifold of R?3{?"+!' (and with negative
definite normal bundle) it can not be a minimal submanifold of an indefinite
sphere (see [2], Theorem 1). The intersection of U and Hi(n-+1)(seen as
R23+2") is the indefinite hyperbolic space H23*3"*-! and CH™ is fully embedded
as a minimal submanifold in HZ2%*3"-!. In particular for n=1 ¢ is the usual
isometric embedding of the real hyperbolic plane H:=CH*, with Gauss cur-
vature —4, into the Lorentz Minkowski space R3.

REMARK 1.2. The isometric embedding ¢ of CH" in Hi(n+1) is full, and
has parallel second fundamental form. In addition the normal vector field &
defined by &,=A, AcCH™, satisfies §5X=-—X for any XeT4CH™) and any
A=CH™. This means that ¢ satisfies for any A in CH" conditions C,(A) and
Ci(A) of [9], p. 739. Then identifying Hi(n+1) with the pseudo-Euclidean
space R?3*2" CH™ turns out to be a pseudo-Riemannian symmetric R-space in
R2%+*". In fact setting {x, y, z}=—2(5*-2)x—2(¥'-x)-z and <{x, y>=Real(Zt-y)
for any x, y, z&C™ we have that (C", { },< D) is a orthogonal Jordan triple
system in the sense of [9], p. 736, which satisfies condition (S) of [9], p. 739,
and the pseudo-Riemannian symmetric R-space associated to this orthogonal
Jordan triple system is precesily CH™ in R2»3*?",

2. Real hypersurfaces of CH". We would like to study real hypersurfaces
of CH™ by making use of the embedding ¢. To do that it is worth taking the
time to compute several formulae in some detail. They will be needed in the
next paragraphs. Whenever we mention CH" from now on, we shall assume
n=2 and it is endowed with the Bergman metric of holomorphic sectional
curvature —4. Suppose M is a real hypersurface of CH™ and represent by ¥
and V the Levi-Civita connections of CH"™ and M respectively. The Gauss and
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Weingarten formulae are written as:
2.1) VxY=VxY+g(SX, Y)N; YxN=—-SX

where d(X, Y)=g(SX, Y)N is the second fundamental form of M in CH", X, Y
are tangent vector fields to M, N is a local unit normal vector field to M, and
S is the shape operator associated to N.

If J is the complex structure of CH", then for any tangent vector X to
M we put

2.2) JX=¢X+f(X)N

where ¢X and f(X)N are respectively the tangent and normal components of
JX. As it is well known ¢ is a (1, 1) tensor field and f is a 1-form over M.
It is not hard to check the following relations:

f(X)=—g(X, JN); f(¢X)=0; @*X=—X—f(X)JN
(2.3) g@X, Y)+g(X, ¢Y)=0
g(@X, oY )=g(X, Y)—f(X)f(Y)

for any X, Y tangent to M.

Now we return to the immersion @ of M in CH™. If we compose this
immersion with the embedding ¢ given in we obtain again an isometric
immersion X of M in H'(n-+1). Calling H and H to the mean curvature vector
fields of @ and X respectively, one gets:

(2.4) H=1/@2n—1)S0(E;, E)=1/2n—1):hyN
(2.5) Hi=H,—1/Cn—){4(I—(n+1)A)+&(N, N)}

at any point A of M, ¢ being as before the second fundamental form of M in
CH"; h;;=g(SE, E;); {E,, ---, E,} is a local orthonormal basis of tangent
vector fields to M and ¢ is the second fundamental form of ¢.

Moreover using we obtain

(2.6) A, A=—1
for any point A in M, and also
(2.7) 1A= H|*—4(2n*—1)/2n—1).

One should notice that l|ﬁ]|2=§(ﬁ, H) need not be non-negative because the
restriction of Z to the normal bundle of M in H'(n+1) is not definite (compare

with formula (2.21) of [13]).
By a symilar computation to that of [13], pp. 187-188, we are able to obtain :
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PROPOSITION 2.1. Let M be a real hypersurface of CH™. If D denotes the
Levi-Civita connection of the pseudo-Euclidean space H'(n+1), Sy the shape operator
of M associated to H, V* the normal connection of M in CH™, a=g(H, N), and
A the Laplacian of M, then the following relations hold:

(2.8) Dp,A=—SyE +Vt,H~+3(E:, H)+[22n+1)/2n—1)1E,
+[2/2n—1)]1(SE:, N)—[2/2n—1)1g(JN, E)JN
for any /=1, ---, 2n—1.
(2.9) (AM).=—[4/@n—1)]JSIN—{2@n+1)—| o} H
+[8@2n-+1)/2n—1)J(I—(n+1)A)
—{—4(n+1)/Cn—1+Cn—DIH|*+(2/2n—1)a|*} (N, N)
+2a36(E;, SE)+(2/@n—1)3:6(SE., SE,)
+2S(grada)+a>): rhurEr—26(grad o, N)
—(2/2n—1)S. shi:;8(E;, N)+(Aa)N

at each point A of M. Where |o]® is the square of the length of ¢, grada
represents the gradient of &« on M and hi,-kzg((ﬁEka)(Ei, E;), N) and S0 is the
usual Van der Waerden-Bortolotti covariant derivative of the second funda-
mental form ¢ of M in CH".

In particular, taking [|H| constant, formula can be rewrite as

(2.10) (AH)4=(—4/2n—1))JSJN—{2Bn+1)—|al*} H
+@2n+1)/@2n—1)I—(n+1)A)+2a3:3(E;, SE:)
+(2/2n—1)2:6(SE;, SE,)
—{—4n+1)/Cn—1+Cn—D|H|*+2/Cn—1)|o|*} 6(N, N)

at each point A of M.
Now we wish to obtain a specially useful formula in our context. By
direct computation we obtain from [2.9), and (1.14) the following :

PROPOSITION 2.2. For any real hypersurface M of CH™ the following
formula holds
(2.11) BAH, Ay=—Cn—1)|H|2+(4@2n*—1)/2n—1)).

We should point out that it is possible to obtain formula (2.11) in a dif-
ferent way. Indeed, using one sees that the function 4 defined by h(A)=
g(H, A) for any A of M is constant. Since (Ah),=g(AH, A)+@2n—1)g(H, H)
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one gets
(2.12) 2(AH, A)+@2n—1)g(A, H)=0

for A in M. Combining [2.7) and [2.12) one derives [2.11). Observe also that
remains valid for any submanifold of a pseudo-Euclidean space provided
h is constant.

We close this section by analyzing the behavoir of the Laplacian A of a
real hypersurface M of CH". We are going to obtain some formulae which
will be used in §3.

Let M’ be the Lorentzian hypersurface of the anti-De Sitter space Hi"*!
which is a S!'-bundle on M compatible with the fibration = of H%"*' on CH™.
Since 7 : M'—M is a Riemannian submersion with totally geodesic fibers, we
have

(2.13) (Af)omn=A"(f-m)
for any differentiable function f on M, where A’ represents the Laplacian of

the Lorentz metric on M’.
If we agree to represent by D° and D the Levi-Civita connections of the
pseudo-Euclidean space R3"*? and Hi"*' respectively, then one has

(2.14) DY =DxY+g(X, Y )X

which is nothing but the Gauss formula for H3**' in R3"*?, for any X, Y
tangent to H%"*!, where g is the Lorentz metric on Hi{"*' (see § 1), and X being
the position vector at each point.

On the other hand, from the Gauss formula of M’ in H3"*' one has

(2.15) DxY=VN%Y+o'(X,Y)

for any X,Y tangent to M’, where V' and ¢’ are the Levi-Civita connection
and the second fundamental form of M’ in H3%"*! respectively. Now we use
formulae and to compute the Hessian of a differentiable function f
on M’, represented by Hess (f),

(2.16) Hess(f XX, Y)=XY (fN)—(DxY X1)
+g(X, YX()+o'(X, YXF)
for any tangent vector fields X, Y to M’.
Remenbering the known formula A’f=—trace, Hess(f) and using it

turns out that for any function f on M’ which is restriction of a linear func-
tion of R%"** in R we get

2.17) Af==2nf—2nH'(f)
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H’ being the mean curvature vector field of M’ in HI**!.
Finally, f being as above the restriction to M’ of a linear function 7 on
Ri"*? we get

(2.18) IV’ fFlI2=11D° 7124 F2—(&'(f))?

V'f and D°f being respectively the gradient of f in M’ and the gradient of f
in R2"*%, and where & is a unit normal vector field to M’ in H?%"*!,

3. Examples. In this paragraph we present two families of examples,
constructed in [8], which will play a fundamental and quite different role in
the final sections. Example 3.2 give us a family M;pi1,0041(7), 0<r<1, p+qg=
n—1, of real hypersurfaces of CH" whose immersion in H'(n+1) via ¢ (stated
in §1) is never mono-order. We recall that an isometric immersion X into a
pseudo-Euclidean space is said to be mono-order if X=X,+y where X, is a con-
stant vector and y satisfies Ay=A1y, A=R, with A the Laplacian of the sub-
manifold. This property of M,p.q 20+1(7) is essential in our proof of
4.2, and it contrasts with the complex projective case, where the analogue
family of real hypersurfaces of CP" has some members which are mono-order
via the first standard embedding of CP". On the other hand, the horosphere
M?¥* of the Example 3.1 shows what at first sight is a rather strange behaviour :
the second Laplacian of its immersion in H'(n+-1), via ¢, is a non-zero constant
matrix (that will be proved below in this §3). Moreover M¥ has constant
mean curvature in CH"”. Therefore it seems interesting to study the family of
real hypersurfaces of CH"™ verifying these conditions. This problem will be
treated in last paragraph. Meanwhile we analize these examples in some detail.

ExaMPLE 3.1. Let M, the Lorentz hypersurface of the anti-De Sitter space

H?Z"+! defined by
Mi={z=Hi"*'||z,—z,|*=1}

where z=(z,, z;, -+, 2,)=C"** as in §1. If zeM, then
§.=(—z, 20—22,, —25, **, —2n)
is a unit vector normal to M, at the point z. The corresponding shape operator
S’ is given by
3.1) S'(ae, a;, -+, an)=(ai, 2a;—ao, as, -+, az)
for any (a,, a,, -+, a,)=C"*! representing a tangent vector to M, at the point z.

From it is easy to see that trace(S’)=2n, and so formula gives
in this case
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(3.2) A'f=—2nf—2n(&(f))
for any function f: M,;—R which is the restriction of a linear one from RZ%"+2
to R.

M, is Sl'-invariant and M¥=n=n(M,) is a real hypersurface of CH", and x:

M;—M?% is a Riemannian submersion with totally geodesic fibers. Using
we obtain

3.3) A'z=—2n(z,—2y, 20—21, 0, -, 0)

where we have written z=(z,, z;, -+, 2,) for the position vector of M. From

this last equation we can compute the mean curvature vector field H of M}
in R3"*?

(3°4> H:(ZO_ZI’ 2021, 0) Tty 0):$z+z

and then H is an isotropic vector at any point. From [(3.2) again together with
one sees that

(3.5) A’H=0.

Now let us write A and H for the Laplacian of M¥ and the mean curvature
vector field of M%* in H'(n+1) via the embedding ¢ stated in §1. Thus making

use of [(1.4), (2.13), (2.18) and and the usual properties of A acting on the
product of functions, we have

(3.6) AH=Q
where we have put
1 —1
Q==—8(n2—1)/(2n—1>[1 —1’ 0
L o | o

ExaMpLE 3.2. Given integers p, ¢ with p+g=n—1and re R with 0<r<1,

we denote by M3,41,24+1(7) the Lorentz hypersurface of the anti-De Sitter space
H?"*! defined by

» n
lep+1,2q+1(7'):{ZEH§n+1|7’(_l20‘2+1§1,Zj|2>:" > lzklz}

k=p+1

where z=(z,, 21, **, Za). It is easy to see that Mjpi1 20+:(7) is isometric to the
riemannian product

37 HP+(—1/(1—r)x S+ (r /(1—7))

where —1/(1—r) and »/(1—#) are the respective equares of the radii and each
factor is embedded in H2"*! in a totally umbilical way.
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If z&M;p41.2¢+:(r) We can see that
&, =(—1/~7 Xrzo, 21, **+, ¥Zp, Zps1, ** 5 Z1)

is a unit vector normal to Mjp.1,20+:(7) at the point z.

M{pi1,2q+1(r) is S'-invariant, Mspi1,004:(r)=T(Msps1,2041(r)) is a real hyper-
surface of CH”, and © from Mypi1,2041(r) ONtO M4 2041(7) is @ Riemannian
submersion with totally geodesic fibers.

Representing by (z, w) a generic point of Mjp41,204:(7) and from we
can rewrite formula as

|20]?
—Zig'j —Ziwk
szO
A=¢([z, w=|——
WoZo
—whi,- —whwh
wq§0

where 0=/<p, 0<h, k=<q, 0<;7<p. In order to simplify computations we put
this formula in the following way
Qap

(3.8) X=¢([z, w])=

bay ]
ds,

Cas
with 0<a, B=p and 0=7, 0<q¢.
We use now the properties of the Laplacian of a Riemannian product, along

with formulas [2.17), [2.18) and [[3.7) to calculate the Laplacian of X (X being the
position vector of Mspiy,204:1(7) in HY(n+41) via ¢). If p, ¢>0 one has

2P+ —Daas+alpn | (r—1X0—(g/r ey
(r—1p—(a/Pess | 2q+1)A—rXL/7)dsy+8 ey
If p=0 and ¢>0 we have

ot are 0 | r=D{—@n=1)/by )

| ¢ —1)A—@n—1)/r)ca | An(l—r)/r)ds+4L, )

3.9) AX=

Finally, if »>0 and ¢=0 we have

dn(r—1)aqp+41n ’ (r—1X1—2n—1)/7)bao
(r—1X1—(@2n—1)/r)cos | 0
Compare (3.9), (3.10) and (3.12) with formulae and 3.5).

(3.11) sz{
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Since 0<r<1 it is easy to see from (3.9), (3.10) and (3.11) that no hyper-
surface of the family M;p41,00+1(7) is mono-order in H'(n+1). Note that for
p=0, M, ,,,(r) is a geodesic hypersphere of CH", [8], p. 255. On the other
hand certain geodesic hyperspheres of the complex projective space CP" are
mono-order via the first standard embedding. Furthermore this property charac-
terize them completely, [6], Theorem 3.1.

REMARK 3.3. Given an isometric immersion X of an indefinite Riemannian
manifold M in a pseudo-Euclidean space, X is said of finite type, [2], if the
position vection vector X admits a decomposition X=X,+¥,,+ -+ +X,, Where X,
is a constant vector and AX,,=4X,;,, 4LER and A being the Laplacian of M.
In this situation if we additionally have AH =0, with H the mean curvature
vector field of X, then we conclude from the linear independence of the eigen-
functions %,, that H=0. Hence, from this and we deduce that M, of
Example 3.1 is not of finite type in R3"**?*. Similarly from we see that
the horosphere M¥ is not of finite type in H'(n+1). Finally, using [3.8), (3.9)
and (3.10), and because p, g are integers and 0<r<1, we obtain that certain
hypersurfaces of the family M;p.1,2+:(7) are of 2-type and some of 3-type.

4. Mono-order real hypersurfaces. As we have already said, we will
show in this section the non-existence of real hypersurfaces of CH"™ whose
immersion in the pseudo-Euclidean space H'(n+1) via the embedding ¢ stated
in §1, is mono-order.

In trying to find a satisfying proof of this fact we followed two different
ways. Firstly we took in consideration the proof of Martinez and Ros for real
hypersurfaces of the complex projective space CP", [6], Theorem 3.1. Keeping
this in mind we found a proof similar to that of [6]. To do that, we needed
a classification result for the matrices of H'(n+1) up to the action of the group
U(n+1). This is shown in [Lemma 5.1. The first case of that Lemma is
treated in the same form as that of the proof in [6], leading to the fact that
our hypersurface should be locally one of the family M,p41,24+1(7). But this is
impossible as Example 3.2 shows. As for the rest of posibilities of [Lemma 5.1,
we can get rid of them on the base of algebraic considerations.

What we shall discuss now in detail is our second proof. As we shall
notice soon, we are able of adapting this new proof to the case of real hyper-
surfaces in CP", giving an alternative proof of Theorem 3.1 in [6]. We begin
by rewritting a particular case of Theorem 7.4 of in a more suitable way.
Let M be a real hypersurface of CH", n=2, we say it is y-umbilical if there
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exist real numbers a, b such that SX=aX4bg(JN, X)JN, where S is the shape
operator of M in CH™ associated to N and X is any tangent vector field to M.
Then we have:

PROPOSITION 4.1 (see [7], Theorem 7.4). Let M be a connected real hyper-
surface of CH™, n=2. Suppose M is n-umbilical. Then M is locally congruent
to one of the following spaces:

(a) A geodesic hypersphere M, on-_1(7).

(b) A real hypersurface My, (7).

(c) A horosphere ME¥.

PROOF. Notice firstly that a z-umbilical hypersurface has at most two
principal curvatures at each point. Go now to Theorem 7.4 of [7]. Case “d”
of that Theorem is not possible now because it is not »-umbilical. On the
other hand, hypothesis =3 of that Theorem is used only to assure that JN is
a principal vector with constant principal curvature. We can deduce both facts
from the p-umbilical condition. Finally note that although Theorem 7.4 of
is formulated for complete hypersurfaces, it is local in nature because it is
proved on the base of Theorem 4.1 of [7].

The above Proposition leads in turn to

THEOREM 4.2. There exist no real hypersurfaces M of CH", n=2, which
are mimimal in either a (n*+2n)-dimensional indefinite sphere or in a (n*+2n)-
dimensional indefinite real hyperbolic space of H'(n+1), that is to say, no real
hypersurface M of CH" is mono-order in H'(n+1) via the isometric embedding
¢ stated in §1.

PROOF. Suppose M is mono-order in H'(n+1), then from [2], Theorem 1,
the mean curvature vector field H of M in H (n+1) satisfies

(4.1) A=(—1/@2n—1)At=(—1/(2n—1)AX— A,)

with 20, where X=¢-f, f being the isometric immersion of M in CH™ and ¢
the embedding of CH™ in H(n+1) given in §1.
Using we have from [(4.1)

(4.2) DxH=—aSX+V*yH+5(X, H)+©2@2n+1)/@2n—1)X
+2/@2n—1))6(SX, N)—(2/(2n—1))g(JN, X)JN

with the same notations as those of [Proposition 2.1
From we have AH=21H and putting this in we get
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(4.3) A=2n—1D)|H|*—42n*—1)/2n—1)
having used also. But tell us that |H|?*=a? is constant and therefore
(4.4) VixH=0

for any X tangent to M. Combining and we can rewrite in
the following way

4.5) —(A/Cn—=1)X=—aSX+&(X, H)+(22n+1)/@n+1)X
+(2/2n—1))a(SX, N)—(2/(2n—1))g(JN, X)JN
so that equaling tangential components
(4.6) —(4/2n—1)X=—aSX+(22n+1)/2n—1)X
—(2/(2n—1))g(JN, X)JN

for any X tangent to M.
We can assume a+#0. Otherwise from one gets

(4.7) (2/@2n—1)g(JN, X)JN=(22n+1)+2)/2n—1))X
for any X tangent to M. Choosing X<(Span{JN})* we have
4.8) 22n+1)+4=0
Choosing X=JN we obtain from again
4.9 2=202n+1)42
which are clearly incompatible. Hence a+0 and from we can write
(4.10) SX=aX+bg(JN, X)JN
where a, b are real numbers given by

a=(22n+1)+2)/2n—1)a and b=-2/2n—1la.

Showing that M is n-umbilical. Using [Proposition 4.1 we should have that M
is an open subset either a geodesic hypersphere M, ,,-,(¥) or the horosphere
M%. But Examples 3.1 and 3.2 shows that this is not possible, and this con-
cludes the proof of [Theorem 4.2.

By using the same method as that of the our [Theorem 4.2, and taking into
account formula of [13], one can prove that a real hypersurface of the
complex projectivve space CP"™ which is minimal in a hypersphere of Rm™?+27+1
via the first standard embedding, is necessarily p-umbilical. On the other hand,
as a consequence of Theorem 3 of [1], a xn-umbilical real hypersurface of CP™,
n=2, is an open subset of a geodesic hypersphere of CP*. But the only such
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hypersurfaces which is mono-order via the first standard embedding is the
projection by the Hopf fibration of SV(1/2n+2)xS**-Yv/(2n+1)/2n+2)),
where v/(1/(2n+2) and ~/(2n+1)/(2n+2) are the respective radii, [6], p. 309.
This gives another proof of Theorem 3.1 of [6].

5. Real hypersurfaces of CH" satisfying a certain differential equation.
This section is mainly concerned with a characterization of the horosphere M ¥
of the complex hyperbolic space CH™ by means of a certain differential equation.
The touchstone for its characterization is the behaviour of the Laplacian of its
mean curvature vector in H'(n+1). As we proved in §3 the Laplacian of the
mean curvature vector field H of M* in H'(n+1) via the embedding ¢ (stated
in §1) satisfies

(5.1) AA=0Q

where A is the Laplacian of M¥ and Q= H'(n-+1) is a non-zero constant matrix
normal to M7 at every point. As we mentioned earlier § 3 this situation is not
possible for real hypersurfaces of the complex projective space CP” (H denoting
the mean curvature vector field via the first standard embedding). Even although
one considers a submanifold M of an Euclidean space R™ satisfying AH=Q,
with @ a constant vector of R™ which is normal to M at any point, we shall
prove soon Lemma 5.2 that Q) has to be zero. Note that in this case M can
not be compact, because if M in addition was compact then H would be zero
necessarily and this is not possible. The case AH=0 is equaly impossible for
real hypersurfaces of CP™ (for this consider formula (2.22) of [13]).

In contrast there may be submanifolds in a pseudo-Euclidean space R™
satisfying AH=0 and H=+0. It is enough to consider the submanifold M, of
R%"+?* described in Example 3.1. We shall treat here the case when Q=+0.
This leaves open the possibility of studying the real hypersurfaces of CH™
verifying AH=0. (Compare our with the above mentioned (2.22) of [13]).
We start with a technical Lemma which is an adaptation of Theorem 2, p. 229,
of [5], for our purposes, and hence it will not be proved.

LEMMA 5.1. Let V be an n-dimensional complex vector space, and F a non-
degenerate Hermitian form of index two on V. Let f be an F-selfadjoint (complex)
endomorphism of V. Then there exists a basis B of V in such way that the
matrix of f relative to B, M(f, B), and the matrix of F with respect to B, Mg(F),
fall in one of the following cases:
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—11 0
(i) M(f, B) real diagonal; Mpg(F)= _’ ]
0 | L,
a 1 0 0 1 0
(ii) M(f, B)=|0 a i Myg(F)=|1 0
0 D 0 | I,

where a=R and D a square real diagonal matrix of order n—2.

a 01 010
0ao0| 0 100 0
o | o 0 | L)

with a=R and D’ a square real diagonal matrix of order n—3.
a b

0 -1 0 0
(v) M, B):{—b a ]; MB<F>=[ 0 1‘ 1
o | o) L o |I..)

with a, bR, b+0 and D” a square real diagonal matrix of order n—2.
Note that if f satisfies a polynomial of degree 2, the case (iii) is impossible.
On the other hand if f2=0, the case (iv) is not possible too, and either f=0 or

case (ii) occurs with a=0. In this latter case M(f, B):diag((ii i), O> and

M»(F)=diag(—1; I,-,) for a suitable basis B obtained from B of (ii).
Now we prove:

PROPOSITION 5.2. Let M be a submanifold of a pseudo-Euclidean space RT.
Denote by H and A the mean curvature vector field of M in R and the Laplacian
of M respectively. Suppose that AH=C for some constant vector C of R, which

is normal to M at every point. Then either C=0 or C is an isotropic vector.

PROOF. Let g be the usual flat metric of R?, and suppose g(C, C)=+0.
Note that g(H, C) can not be a constant function on M, otherwise 0=Ag(H, C)
=g(AH, C)=g(C, C), which contradicts our assumption. Then choose a unitary
vector n of R{* so that C=ag(C, 9)y, a=-+1 or —1. We can write H as

H=(1/n)"g g(&:, &:)trace(SEs

where {§,=9, &, -, §m-»} is a local orthonornal basis formed by normal vector
fields to M, and S; is the shape operator associated to &§;. Since % is constant,
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we have S;=0 and therefore g(H, C)=0 which gives a contradiction and proves

the Proposition.
In particular if s=0 in [Proposition 5.2, i.e. if the ambient space is the

Euclidean space R™, then we obtain C=0.
Now take a real hypersurface M of CH" satisfying [(5.1). Then formula

turns to be
4Q, A)=—Cn—D|H|*+(4/2n—1))2n*—1)

at any point A of M. So that @ is normal to M at every point if and only if
|H| is constant. This shows that @ in Example 3.1 is normal to the horos-

phere M¥ of CH™.

REMARK 5.3. Let M be a real hypersurface of CP™ with constant mean
curvature. Suppose that the immersion of M in R™*+?"+! via the first standard
embedding of the complex projective space CP" in R™**2"+! gsatisfies the dif-
ferential equation AH =, where H is the mean curvature vector field of M in
R™*+2"+1 and A its Laplacian. As before, constant mean curvature is equivalent
to say that Q is normal to M(see formula (2.22) of [13]). But then using
IProposition 5.2 we see that Q=0, which is not possible from formula (2.22) of
[13]. Therefore there exist no real hypersurface of CP® with constant mean
curvature whose mean curvature vector field in R"**?"+! satisfies differential
equation [(5.1),.

Now we reach our goal by using some intermediate steps.

LEMMA 5.4. Consider a real hypersurface M of CH™ with constant mean

curvature. Then

(5.2) #AH, 5(X, N))=—4aZ(S]N, $X)—(4/2n—1)FS*/N, $X)

(see §2 for notations). If, in addition, there exists a function g on M such
that S/N=pyJN, we have

(5.3) gAH, (X, N)=0

where X is any tangent vector field to M.

Proor. Use (2.10), and (1.14) along with to get
follows early from by using condition SJN=guJN.

LEMMA 5.5. Let M be a real hypersurface of CH"™ with constant mean
curvature and satisfying the differential equation AH=Q. Then there exists a
Sfunction p on M so that SIN=pJN.



An Isometric Embedding of the Complex 311

PrRoOOF. From we have that (Q, A)=r=cte. for any A of M. But
this means that @ is normal to M everywhere and therefore the tangential
component of AH is zero. Using now (2.10) we see that ¢SJN=0. Hence [2.2)
says that JS/N=7yN where 7 is obtained from as y=—g(SJN, JN). The-
refore SIN=pJN with py=—7.

LEMMA 5.6. Given a real hypersurface M of CH™ with constant mean cur-
vature and verifying the difjerential equation AB=Q, then the function A: M—R
defined by A(A)=Z(Q, N4) is constant.

PrOOF. From Q is normal to M everywhere. Therefore X(1)=
g(Q, (X, N)) for X tangent to M. Hence from and the second
part of Lemma 5.4, we obtain X(2)=0. Therefore A is constant on M.

We finally give:

THEOREM b5.7. Let M a real hypersurface of constant mean curvature in
CH". Suppose M satisfies the differential equation AH=Q, with H the mean
curvature vector field of M in H (n+1) and Q a non-zero constant matrix of
HYn+1). Then M is locally congruent in CH™ to the horosphere M3¥—=
n({ze= H3"*'| | z—2z,|*=1}) described in §3.

PrOOF. From and one sees that Q7 satisfies
A, Q)=(—48%)/2

for any point A of M, where A=g(Q, N) and B=g(A4, Q) are real numbers.
On the other hand g(A, I)=—1/2 for any point A of M. Hence because
M is a real hypersurface of CH” and ¢ an isometric embedding which is full
in H(n+1)(see §1), then there exist real numbers r,, », and »; so that

(6.4 71Q*+7,Q+7r, ] =0.

Moreover by [Proposition 5.2 we have
(5.5) trace Q*=—22(Q, Q)=0,
and from (2.10) we obtain

(5.6) trace Q=—28(AH, 1)=0.

Now (5.5) and means that »,=0 in [5.4). Let us see that r, is also zero.
Indeed, if r, were non-zero then since @=+0, », would be non-zero. But in this
case ) would be a diagonalizable matrix which only admits as eigenvalues to
0 and —r,/r,. This contradicts (5.5). Therefore »,=0. Then means that
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Q is a non-diagonalizable matrix satisfying

(5.7) Q*=0.

Call B to 2(Q, A)=—(1/2)trace(QA) and assume B is positive (otherwise we
could find P,=U'(n+1) so that PIQP;‘Z—QI=——diag((___i i), 0)). Because

Qe H'(n+1) and verifies we know from [Lemma 5.1 that there exists P
U'(n+1) such that

—1 1
(5.8) PQP-I:{—I 1‘ 0 ]zQ,
L o | o)

(see comentaries following [Lemma 5.1)). As the metric g is UYn-+1)-invariant,
we have from

trace(Q,A)=—|z,—2z,|*=—28

for every A in M. Thus, M is locally congruent to the real hypersurface
n({z€ Hi"*'||z,—2z,|*=2B}) of CH", and this one is in turn congruent to M¥=
r({ze H{"*'||z2,—2z,|*=1}). (See [8], Theorem 5.1). This concludes the proof of
[Theorem 5.7

COROLLARY 5.8. M¥=n({z=H3"*'||z,—z,|*=1}) is, up to rigid motions of
CH?", the unique complete real hypersurface of CH™ with constant mean curviure
which satisfies the differential eqhation AH=Q, for a non-zero constant matrix Q.
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